



































































































































5.4 Schwarzreflection principle

Def An openset R in C is symmetricwithrespectto
region

the real line if

ZER EER

If r is symmetric wrt IR line we denote
I

rt z xtiy Gr y o

or Z xtiy Er yco

I IZMIR I maynotbe a single interval

Then D It UIUR

Thm5.5 symmetryprinciple

If start e f is a holo suchthat

f extendcontinuously to r UI with

ft x f x XEI

then ft z Zert

f z ft z f z ZEI isholo on R

fez zer






































































































































Pf Clearly only need to show that

f is holo at points of I

Hence we only need to consider

a disc
DCDCR sit

its center I

Then D is symmetricwrt IR line too

Consider triangle T C D

If T C D or D

then Cauchy'sThm If de 0

If TNI then Te

Case1 TMI avertexofT

Approximateby a Tec Dta5
Then uniformcontinuityof f tdz 0 veso

Safdz 0

7Case2 TMI an edgeof T

Sameargument as in Case 1






































































































































Case TAD and TMD
1T

Then TMI divides T into triangle
1Tzor polygon completely contained in

DUI or DUI

If it is a triangle apply case 2

If it is a polygon subdivide thepolygon intotriangles

as in Cases 1 2 Then using results in cases 1 2 and

bythe cancellationofthe integrals along the commonedges

we have
Sap fdz o

By Morera'sThm Thm5 1 fisholo on I
































































































































Thm5.6 Schwarz Reflection Principle

let 2 region be symmetric wrt IR line

f It C is holomorphic and extends

continuously to I suckthat

f x E R XEI

Then I F r C holomorphic suchthat

Flat f

Infact F is unique byThm4.8 assumingconnectednessof R

Pf Define f Z FTE for Zev

Then it is easy to check

f r is holomorphic

f extends continuously to I

and XEI f x FED F fix as fixer

By Thm5.5 symmetricprinciple

F z
5ᵗʰ ZERTUI

is holomorphic on r

f z F ZEE

andclearly Float t



5.5 Runge's Approximation Theorem

Omitted



Ch3 MeromorphicFunctionsandthe Logarithm

Zeros and Poles

Thml.l Thml 2 RopeninC.ZotR
f holo in R or 111703

Then in a nbd of Zo I holo function 8 and integer he sit

fez f
Z Zo g Zo is a zero fholo.ir
z 705 ga to is a pole f holo in113707

multiplicity of zeros and poles

simplezero and simple poles

Laurent series expansion fits Egan z zo isolatedsmgularities

Principalpart at a pole
Residue at a pole

residue

F t Eemanna
of

t



2 The Residue Formula

Thm2.1 Cor2.2 Cor2.3 Residueformula

Suppose f holo in an opensetcontaining

a simpleclosed veoriented piecewisesmooth curve r

and int r exceptforpoles at Z ZN E int 8

Then

f z dz ZTIEresent

53 Singularities and meromorphic functions

Thm3.1 Riemann'sTheoremon removablesingularities

Suppose I openin Zoe R

f 21220 holomorphic

If f is bounded on 212203

then Zo is a removablesingularity

i.e I canbeextended to a holomorphicfunction on r

Forisolatedsingularities either removable f boldnear to
pole If is as 7 770

or essential singularities



Thm3.3 Casorati Weierstrass

If f DrZo 1420 G holo and has an

essential singularity at to then

f Drizo 12203 dense in

extendedcomplexplane

rational functions

self readingRiemann sphere

Stereographicprojection


