
 

Review Chl 3 of theTextbook

Chl Preliminaries to Cpx Analysis

I Cpxnumbers Cpx plane selfreading

Recall notations

Opendiscof radius r centered at zo DrZo ZEC 17 20kt

closed discof radius r centered at Zo Dr zo EEG 17 70kt

boundary of Dr Zo or Dr to Cr 70 EEC 17 701 8

unit disc ID ZEC IZKI

diameter of a set r ca diam R 1 217 w

region open connected set in

52 Functions of the Cpxplane

2.1 Self reading

2 2 Holomorphic functions

r openset in

f cpx valued function on r



Def f is holomorphic at the point Zoe R if

play
floth 5170 exists

h

he 4 0 st Zoth ER

And if it exists it is called the derivativeof fat to

f to thy
floth 120

h

f is said to beholomorphic on R if f is holommphic
at zo ZOE R

If C is a closed set in C then f is holomorphic onC

if open set ns.t C CR and f is holomorphic

on R

f is called entire if f is holomorphic on

Cauchy Riemann equations

If f utiv holomorphic on R open u u IRvalued

then Ux by

uy ox
our



Cpx differential operators EE

E Ext Ex ify
E Ex itB Ex ify

Then Cauchy Riemann 2 0

Prop2.3 f utiv holomorphic at zo then
Zo 0

12 20 170 22h Zo

Also F R IR x y ucxy vexyi is differentiable
as r R mapping

and det JF XoYo If zo 12

where JF is the Jacobian matrix of F

Them2.4 f utiv defined on an open RCG

U U are real valued functions on r

If U U E C r and satisfy Cauchy Riemanneqt
Ux Uy
uy ox

on r

then f is holomorphic on R f 2



2.3 Power series Ioanth aned

absolute convergence at z if the realvalued series

E lanlizi converges

Thm2.5 Given Eanz define

l
R
minsupiant

TO is

then lis If IZKR Eant converges absolutely

Ii If 17 R E anz diverges

Remarks no conclusion on IZER

R is called the radiusofconvergence

IZKR the disc of convergence

Thm2.6

fiz Eo anz holomorphic on the discofconvergence
provided R O

and

flz E nanz withthesame radiusofconvergence



Cor2.7 E and infinitely px differentiable higherderivatives canbe

calculated by tenuvise differentiation inits discofconvergence

Def five is apx analytic at zoer

if E an z to with positive radiusofconvergence

suchthat
f z EoanCz Zo in anbd ofZo

Clearly byThm2.6 Cpx analytic holomorphic

53 Integration along curves Self reading

fladz

Useful notation dz dxtidy
de ax idy

Then Sytdz utiv axtidy

Syudx udy i Syludxtudy



df dutido

fx dx fydy

Edz 2 dz

f holo df f'dz



Ch2 Cauchy'sTheorem Its applications

51 Goursat's Theorem

Thmlil Cor1.2

If r open in C
notethedifferent interminology

f holomorphic on R in thetextbook
k

r boundary of a triangle T or rectangle R

st rut a rur Cr

then
of 2 dz 0

Remark The mainpoint in Goursat'sThm is that there is

noneed to assume f is continous Cauchy's first
observation used Green'sThmwhichneed to assume the

continuity of Ux Uy Ux by



2 Local existenceof primitive Cauchy'sTheorem in a disc

and AppendixB SimplyConnectivity andJordanCarveTheorem

Notation For a simple closed piecewisesmooth curve r

int x bounded componentof 18

ie the interior of the Jordan curve of 8

not the interior of 8 as a topologicalpointset

Thm2.9 onpage361 ofthetextbook

If f R is holo r open

8 simple closed piecewisesmooth curve sit

ru int r c r

Then
Sr f dz 0

53 Evaluation of some integrals self reading



54 Cauchy's IntegralFormula

Thm4.1 or4.2

If f is holo on 1.10pm

C positiveoriented simpleclosed piecewisesmooth

curve set

Vint C Cor

then zeint C n 0,1 3

flzs tie.Sccts
Zyneids.consequences

Cor4.3 Cauchy inequalities

Thm4.4 Holomaphic analytic Taylorsfumula

Cor4.5 Liouville's Theorem

Cor4.6 FundamentalTheoremof Algebra

Cor4.7 Factorization of Polynomial

Thm4.8
Cor4.9 Uniqueness of holomorphicfunction

Self reading



55 Furtherapplications

5.1 Morera'sThm converseof Cauchy'sThm

Thmbil f cts on R notethediff interminology
in thetextbook

So f 0 triangle T with TUIT CR

then f is holomaphic on R

5.2 Sequenceof HolomorphicFunctions

Thm5.2 Thm5.3

If for holo on.R

fu f uniformly oncptsubsets

Then f holo on r and

f f uniformly on opt subsets



53 Holomorphic functions defined in terms of integrals

Thm5.4 r openin

F z s NX a b

Suppose 1 For each SE a b F Z s isholo in Z
2 F E C Rx a b

Then

f z Sab F Z 5 ds

is a holomorphic function on R

Theproofis notcovered in MATH2230

Pf It is clear that one may assume a b To I

Since I may be unbounded we works on an

arbitrary disc DCDCR

For n 1 consider Riemann sum

fnlz É F Z K
Then 1 fn z is holo n 1



By 2 FEC RX 0,13

F Z S is uniformly continuous on DXTO I

E O 18 0 Sit ZED

FLZS1 FG sake Is Seko

since dist zSD se 15salad

13 Fiz S F Z 52 GE 151 salad

Therefore if not then ZED CD

fulz flz hpÉF z Jo'Flzs ds

E.sn Flz sds So'Flzssds

E Saf FEE Fiz s 1 as

ES lF13 Fiz s

ldssEESIds E

f is the unifam limit of for on D

ByThm5.2 5.3 f is holomaphic on D

Suice D CDCR is arbitrary f is holomorphic on r


