Math4030 Differential Geometry November 2024

Solutions 4

(4.1) Consider a regular surface given by the graph of a smooth function f : R2 — R.

a) Find a formula for the Gaussian curvature K and the mean curvature H on the
surface in terms of f and its partial derivatives.

b) Find an example of a regular surface S with a planar point p € .S for which every
neighbourhood p € V' C S contains points laying on both sides of the hyperplane
p+1,8S.

Hint: Consider degree three homogeneous polynomials
f(z,y) = ax® + b’y + cxy? + di.

¢) Find an example of a regular surface S with vanishing Gaussian curvature K = 0,
but with points p, ¢ € .S such that

H(q) <0< H(p).

Solution (4.1)

a) Using the global coordinate chart X (u1,us) = (u1,ue, f(u1,us2)), we find that

g= (1+f12 fif2 ) h— 1 (fu f12)
fifo 1+ f2)° VI 242 \Ja fa)’
It follows that

_ fi1fo2 — f122‘ I — oo (L+ f3) + fui(1 +f22)'— 2f12f1f2.
(L4 2+ f3)% 2(1+ f2 + f3)3

b) Set f(x,y) = 2 — 3z%y and p = (0,0,0). Since f is homogeneous degree
three, p is planar. Define the sequence of points ¢, = (%, %) Pn = (%, 0). Both
Dnyqn — (0,0) as m — oo, and

2 1
f(qn):_ﬁ <0< Ezf(pn)
c) Set f(x,y) = cosz, so that K = 0, but

f11 —CoST
H = 3 = 3
201+ )7 2(1+sin’2)

3 -
2

Take ¢ = (0,0, 1) and p = (7,0, —1).



Math4030 Differential Geometry November 2024

4.2)

Let S C R? be a compact orientable surface with Gauss map N : S — S2. For

each p € S and r > 0, we define the open subset of S

Bs(p,r) :={x € S: |z —p| <r}=B(pr)nSs.

Consider the smooth function ¥ : S x R — R? defined by

a)

b)

9

d)

U(p,t):=p+t-N,, V(p,t)eSxR.

Show that for every point p € S, there exists some €, > 0 such that ¥ restricted
to Bs(p, €p) X (—€p, €;) is smooth diffeomorphism onto its image.

Fix p,q € S and let [t| < ¢, and |s| < ¢,. If U(p,t) = U(qg, s), show that

Ilp—qll <ep+ e

Show that there exists some € > 0 such that ¥ restricted to S x (—¢,€) is a
smooth diffeomorphism onto its image NS C R3.

Given a smooth function f : S — (—¢, €), we define the corresponding section of
the normal bundle to be the function oy : S — NS given by

of(p):=p+ f(p)N,, Vpes.

Show that ¢ ¢(.S) is homeomorphic to S.

Solution (4.2)

a)

b)

In local coordinates X : U — S about a point p, with X (0,0) = p, we have the
smooth function

U(u,v,t) = V(X (u,v),t) = X(u,v) + 1 Ny

Differentiating at the point (0,0,0) € U x R we have

\I]u(oaov O) = Xu(0,0), \PU(O,O, 0) = XU(O,O), lI/t(Ovoa 0) = N(O,O)v

which are linearly independent, and so d\il(O, 0,0) is invertible. Thus, by the
Inverse Function Theorem, there exists an open subset (0,0,0) €¢ W C U x R
such that WL W is a diffeomorphism onto its image. Since W is open, after
possibly shrinking W we may assume it has the form

W=VxlI,

where (0,0) € V C U isopen and 0 € I C Ris an open interval. Since X is a
diffeomorphism, it follows that ¥ restricted to X (V) x I is a diffeomorphism.
Asp € X (V) is an open subset of S, the result follows.

U(p,t) = V(q,s) <= p+tN, = q+ sN,. Rearranging and using the triangle
inequality

P — qll = [[tNp = sNg|| < [¢] [[Np]| + |s| [[Ngll = [t] + [s] < ep + €g-
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9

d)

4.3)

By part a), we can cover .S by open subsets Bg(p, %’) Since S is compact, we
may restrict to a finite subcover

N
€p,
Sete := 2 min{e,,,..., €, } > 0. By part a), the functions ¥ piece together to

form a smooth map
T: S x(—e€) =R

If W is injective, then its inverse is well-defined and agrees with the local inverse
given in part a) which is smooth, so we are done.

To show W is injective, suppose W(p,t) = ¥(q,s) for some (p,t),(q,s) €
S x (—e¢,€). We know that p € Bg(p;, €;) forsome i € {1,..., N}. By part b)
we must have

Ip —all < 2€ <ep,,

and hence ¢ € Bg(p;,¢€;) also. But then by part a), (p,t) = (g,s) and ¥ is
injective.
Since

or(p) =¥(p, f(p)), VYpeS,

oy is a smooth bijective map onto its image. It remains to show 0;1 is continuous.

Let w: S x (—¢,€) — S denote the projection map onto its first component. By
the composition of smooth functions, the projection map 7 o =1 : NS — S is
smooth. In particular, its restriction to o ¢(.5) is continuous. But this is precisely

-1
oy

Recall from §4.3 of the lecture notes that coordinates X : U — S are called

isothermal coordinates if there is a smooth function A : U — R such that the first
fundamental form

a)
b)
9

Yuv)lx = <)\2(8’U) /\2(2)1})> . Y(u,v) € U.

Show that (X, Xu) = A+ Ay
Show that AX is parallel to the normal vector V.

Find a formula relating A X with the mean curvature H, and conclude that H
vanishes on X (U) iff X is harmonic on U.
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Solution (4.3)
a)
(X Xa) = 500 (X0 X) =X,
b)
(Ko, Xu) = Op - (Xo, Xu) = (Xo, Xou)
= —%&L A Xy, Xo) = =X Ay,
and hence

(AX, Xy) = (Xoyu + Xoo, Xu) = Ay — Ay = 0.
Similarly, (AX, X,) = 0, and so AX(p) L T,,S and hence parallel to IV,,.

¢) From the notes we have that

H(p) = gi1haa + gaohi1 — 2g12h12 _ hi1 + hao
2(g11922 — 935) 2)2

Since hi1 + hos = (Xyy + Xy, N) = (AX, N), we find that
AX(p) = (AX(p),N,) N, = 20H(p) - N,,.

Since the normal vector is always non-zero, and since A?> # 0 (as g is non-
degenerate), we conclude that X is harmonic iff H = 0.



