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Introduction

This course will cover the basics of classical differential geometry: the study of local and global
properties of curves and surfaces embedded within an extrinsic Euclidean space. This is distin-
guished from the modern approach to differential geometry, which deals mainly with intrinsically
defined objects instead.

Despite the names classical and modern, the classical theory still has many uses in modern
mathematics, as well as being essential for a deep intuitive understanding of the theory as a whole.

This course will introduce the basic concepts of differential geometry and prove many funda-
mental results regarding their structure. In turn, this will motivate the more modern approach to
the subject. A fundamental result, the Theorem Egregium (1827) originally due to Gauss, states
that

The Gaussian curvature of a surface depends only on intrinsic properties of the surface, and not
on how such a surface is embedded in three space.

We will see a more precise formulation of the above theorem later in the course.

A remark on notation:
Often, I will use the notation associated with the more modern approach to the subject, rather
than the classical notation in a lot of older textbooks. For example, in this course we will denote
the first and second fundamental forms by g and A, as opposed to the notation I and I found in the
literature.



1 Curves

Recall, an interval is a non-empty connected subset of R.

Definition 1.1. A curve in R® is a continuous map y : I — R>, where I C R is an open interval.
We say that y is a smooth curve if y is a smooth function. The image y(I) C R® is called the trace

ofy.
Remark.

* Replacing R3 with R" is a valid generalisation of the above definition, although in this
course we restrict our attention to the cases n = 2 or 3.

» We specify that our domain is open since we want our curve to be locally given by a section
of the real line. Also, for smooth curves, its derivatives will then exist everywhere.

o We could replace the condition of being smooth with being C* for any k > 1 instead, and
all of the theory will carry through. However, to avoid unnecessary technicalities, we shall
always work in the category of smooth objects in this course.

Lets begin with some simple examples.

Example 1.2. The functiony : R — R3 given by

(-Lt0 <o
Y(t)_{(l,t,o) >0,

is not a curve, since the function is not continuous.
Example 1.3. Fix a, f > 0 and consider the curve y : R — R3, given by
y(t) = (xcost,asint, ft), VteR.

It is clear that y is smooth. Its trace y(R) is a helix.



1 Curves

Example 1.4. Consider the curve y : R — R?, given by
y(t) = (£2,t%), VteR.

Note that y is smooth, however, its trace appears to have a singularity at the origin - there is no
unique tangent line to the curve at this point. We will return to this example later.

Example 1.5. Consider the curve y : R — R? defined by
y(t) = (£ —4t,t* —4), VteR.
It is clear that y is smooth. However, y is not injective; there are points of self-intersection
y(2) = (0,0) = y(-2).
Example 1.6. The curve y : R — R? defined by
y(0) = (t]t]), VieR,
is not smooth, since the map t > |t| is not differentiable at t = 0.

Exercise. Find a smooth curve which has the same trace as the above non-smooth curve. What
can be said about the derivative of this curve at the origin?

In order to remove singularities such as the cusp like singularity from Example 1.4, we
introduce an extra condition on our curves.

1.1 Regular curves
Definition 1.7. Let y : I — R> be a smooth curve. We say that y is regular if
Iy’ ()l #0, Vtel

If we interpret y(t) as the position of a particle at time t, then y is regular if the speed of the
particle is never zero. Equivalently, y is regular if its velocity is never the zero vector, i.e

Y (t) #(0,0,0), Vtel.

If y is a regular curve, then for every t € I, there is a unique straight line in R? tangent to the
curve y(I) at the point y(t), given parametrically as

{y(t) +sy’(t) e R®: s € R}.
Remark. Examples 1.3 & 1.5 are regular curves, and Example 1.4 is not regular.

As we shall see in this course, the existence of a canonical tangent line (or more generally
tangent plane/tangent space) is essential for well-defined consistent formulations of calculus on
our objects. We therefore restrict our attention to regular curves for the remainder of this section.



1 Curves

1.2 Arc length

Given a closed interval [a, b] C I, the arc length of y restricted to the interval [a, b] is given by

b
L(}’I[a,b])=/ ly (t)|dt.

Example 1.8. Returning to one of the curves from Example 1.3, for y : R — R® given by
y(t) = (3cost,3sint, 4t), VteR,

we have

Iy’ (D)l = VOsin? £ +9cos? t + 16 = 5,

and hence
b
L(yliap)) = / 5dt =5(b-a).

Definition 1.9. Suppose 1, ] are open intervals, y : I — R3is a curve, and f : ] — I a continuous
function. Then the composition y ==y o f : ] — R® is called a reparameterisation of y. The two
curves have the same trace

y(D) =y().

The following example demonstrates how arc-length is invariant under reparameterisations of
regular curves.

Example 1.10. Suppose 1, ] are open intervals, y : I — R> is a smooth regular curve, and
f 2 J — Lis smooth with f' > 0. Define the new regular smooth curve y : ] — R3>viay =y o f.
It follows from the change of variables formula that

b
L(l{as)) = / Iy o £)'(5)] ds

b
- / Y (F)I £ ()ds

f) ,
_ / ' (0)]dt
f(a)

= Lrlir@.ron)-
Exercise. Let y1,y, : R — R? be the smooth curves
ri(t) = (£,0), ya(t) = (2> =1,0), VieR

Show that y1([-1,1]) = y2([-1,1]), but L(yil{-11]) < L(y2l[-1,11)- That is, for non-regular
parameterisations of curves, the arc length is dependent on the parameterisation, since we may
retrace parts of the curve.



1 Curves

Amongst all reparameterisation of a smooth regular curve, those traversed at unit speed are
particularly important.

Definition 1.11. A smooth regular curve y : I — R® is parameterised by arc-length if
Iyl =1, Vsel
Lemma 1.12. Every smooth regular curve y : I — R® admits an arc-length reparameterisation.

Proof. Fix ty € I and define the map s : I — R via

(1) = / Iy’ () ldx. (L)

Since y is smooth, s is a smooth map (Exercise) with the image of s an open interval J € R.
As s’(t) = |ly’(t)|l > 0, by the inverse function theorem, s admits a smooth inverse ¢ : ] — 1.
Consider the reparameterisation y := y ot : J] — R3. For all s € J, we have

d
170 =Ny’ ()l ‘d{‘ =y Ol Iyl =1 o

Example 1.13. For the curve y(t) = (3cost,3sint,4t) from Example 1.8, since its speed is
constant, we find a simple arc-length parameterisation

t 4t

() = [3cos £, 3si
=(3cos—,3sin—, —|.
Y 5 55

Example 1.14. Returning to the curve y(t) = (t> — 4t, t* — 4) from Example 1.5, an arc-length
parameterisation is given by the composition of y with the inverse of the function

t
s(t) = / Vx4 — 20x2 + 16 dx.
0

This example demonstrates that, although such an arc-length parameterisation always exists,
even in simple cases it is difficult to express explicitly.

1.3 Curvature, Torsion, and the Frenet formulas

Given a regular smooth curve y : I — R3 parameterised by arc length, we note that differentiating
the equation ||y’|| = 1 gives the identity

<}/,, )/N> — O
Example 1.15. Consider y : R — R? with

y(t) = (cost,sint).



1 Curves

This curve respresents a particle moving around the unit circle at unit speed. Differentiating we

find
Y'(t) = (—sint,cost) L (—cost,—sint) =y”(t), VteR,

or the acceleration of the particle is perpendicular to the velocity. In particular, since the
magnitude of the velocity is constant, the acceleration measures precisely the change in direction
of the velocity.

The magnitude of the acceleration of a curve parameterised by arc-length is known as the
curvature of the curve.

Definition 1.16. Given a regular smooth curve y : I — R> parameterised by arc length, the
number x(s) == ||y’ (s)|| = 0 is called the curvature of y at s € I.

At a point where k(s) > 0, we define the orthogonal unit vectors

Y’ (s)
ly” ()1
We call T the tangent vector, N the normal vector, and B the binormal vector at y(s). Define

Span{T(s), N(s)} to be the osculating plane at y(s), and the orthonormal frame {T(s), N(s), B(s)}
the Frenet frame at y(s).

T(s) =y'(s), N(s):= B(s) :=T(s) X N(s).

Theorem 1.17. Let y : I — R> be a regular smooth curve parameterised by arc length with
curvature k > 0 (non-degenerate). Then the Frenet frame {T, N, B} satisfies the differential

equation
’

T 0 k O0\/(T
N|=|-« 0 N |,
B 0 -7 0/\B

where t is a smooth function called the torsion of y.

Proof. From the definition of curvature, T’ = kN. Since N and B have unit length, N’ 1L N and
B’ L B. In particular, we find that

N’ =(N’,T)T + (N, B) B,
B = (B, T)T +(B/,N)N.

We first note that, by the product rule for the dot product
(N",T) =(N-Fy —=(N,T') = —«.

If we define the torsion 7 := (N’, B), we can conclude that N’ = —«T + 7B as required. Finally,
we finish the proof by calculating

(B',T) =((TxN), Ty =(I’xN,T) +(T x N',T) =0,
(B',N) =(TxN',N) =(T X (—-kT + tB),N) =1 (T X B,N) = —1. O



1 Curves

As a consequence of Theorem 1.17, we see that
B’ = —1N,

and hence the torsion is a quantative measure of how quickly the binormal vector moves in the
direction of the normal vector. Alternatively, one may view the torsion as a measure of twisting
of the osculating plane, with a fixed osculating plane along the curve corresponding to zero torsion.

As we shall in this chapter, the torsion and curvature completely characterise the geometry
of a curves trace. We begin with the following simple lemma for particularly special cases of
curvature and torsion.

Lemma 1.18. Suppose y : I — R is a regular curve parameterised by arc length. Then
(i) k =0 < y(I) is a straight line.
(ii) k >0andt =0 — y(I) is a plane curve.

(iii) k = ro_1 > 0 is constant and t = 0 <= y(I) is a circular arc of radius r,.

" —

Proof. (i) If the curvature vanishes, then y”’ = 0. This second order differential equation has
general solution y(t) = at + b for some a, b € R®. The converse is obvious.

(ii) Recall, the torsion vanishing is equivalent to the binormal vector B being fixed. If y is a
plane curve, then the osculating plane and binormal vector B are fixed. Conversely, if B is
a fixed vector, fix ty € I, and consider the smooth function

f(t) = (y(t) —y(to),B), Vtel.

Differentiating, we have f’(t) = (T,B) =0, and as f(t)) =0, f = 0 or y(t) — y(¢,) L B for
all t € I. Therefore y(I) lies in the plane containing y(t,) orthogonal to B.

(iii) By the previous part, we may assume y(I) lies in the plane {z = 0} with B
Consider the smooth function

(0,0,1).

f(t)=y(t)+rN(t), Vtel

Differentiating

f(#) =T(t) —rox()T() =0,
and so f = a, for some fixed vector a € R®. In particular, ||y — a|| = ry. The converse is
again obvious. |

Although the formulas for curvature and torsion are expressed simply with respect to an
arc-length parameterisation, in practise, such a parameterisation is impractical. The following
lemma gives the appropriate formulas for a general regular smooth curve.

Lemma 1.19. Given a regular smooth curve y : I — R3, not necessarily parameterised by arc
length, we have the following formulas for the curvature and torsion:

k(1) = Iy (&) xy” @Il (v (&) xy" (), y"" (1))
Iy - lly" (&) Xy (D)|I?

7(t) = , Vtel

10



1 Curves

Proof. Lets : I — ] be as in (1.1) so that y o s™1 is an arc-length reparameterisation of y. In

particular, % = |ly’(¢)]|. Applying the chain rule, we have
oy = WY ds _ ,
V() =L60) - T =T - Iy Ol
, dT ds ,
T'(t) = —(s(1)) - = =k (ONQ@) - [y (D]l
ds dt

Combining these formulas, we find that
y' = (Y IIT) =1y I'T +1ly'II’kN,

and therefore
Y xy" =Y IT < (Y’ I'T + Iy’ I1’eN) = lly’ I’xB,

which taking the length of and rearranging, gives the formula for x. Next, we note that
Y= (I 1T+ 1Y 1PN = 1y 11T + 17T + (elly 12N +xlly [N
Using the Frenet formulas and the chain rule, we have that
klly’ II’N" = lly'I>(=«T + zB),

and so
y"" = fT+gN+clly’|I’B,
for some smooth functions f, g : I — R. Therefore
(v xy".y""y = (klly'I’B. T + gN + zxlly’|I’B)
= 2(xlly'IP)? = z(lly" x v II). o

1.4 Isometries of Euclidean space

In order to classify curves inside of R®, we need to be able to say when two curves are ‘equivalent’.
For example, if the trace of two different curves are related to one another by a translation of
R3, then despite them having different traces, their geometry is the same, and we would like
to identify these two curves as being equivalent. In particular, the two curves are related by an
isometry of R?; a bijective map into itself which preserves distances.

Definition 1.20. An isometry of R" is a bijective function ¢ : R"™ — R", such that
lo(x) =Wl =llx-yll, VYx,yeR"

Suppose ¢ : R" — R”" is an isometry that preserves the origin (¢(0) = 0). Then, by the
polarisation identity, ¢ must also preserve angles:

2 2 _ _ 2 2 2y — 4112
<go(x),(p(y)):IIqo(x)ll + eI = llo) —eWI* _ lIxlI® + llyll® — llx ~ yll _¢

2 2 5Y)-

11



1 Curves

Suppose M : R" — R" is a linear isometry (that is, M is both a linear map and an isometry). We
can rewrite the condition that M preserves angles as

((M™M - L)x,y) = (Mx,My) — (x,y) =0, Vx,y € R",
from which it follows that MTM = I,,.
Definition 1.21. We define the orthogonal group
O(n) == {M e R™" : MTM = I,}.

In fact, it turns out that modulo translation, every isometry of Euclidean space is precisely an
element of the orthogonal group.

Theorem 1.22. Any isometry ¢ : R* — R" is of the form
o(x) =Mx+b, VxeR"
where M € O(n) and b € R™.

Sketch of Proof. Translations are isometries, and the composition of isometries is an isometry.
Therefore, setting b = ¢(0), we consider the new isometry ¥/(x) := ¢(x) — b, which preserves the
origin. To see that i/ is a linear map, for any x,y € R" and A € R, we have

Iy (x +y) = Ay (x0) =y WI* = Iy Qx + I + 2P 1 + Iy @)II°

= 2y (Ax +y), W (x) + ¥ (1)) + 24 (Y (x), ¥(y))
= 2+ yll” + A2|Ix]1? + [y lI* = 2 (Ax +y, Ax +y) + 24 (x, y) = 0.

Therefore, ¢ is a linear isometry of R", and so must be an element of O(n). O

The following lemma shows that isometries preserve the arc length, curvature and torsion of a
smooth non-degenerate curve.

Lemma 1.23. Let y : I — R3? be a regular smooth non-degenerate curve parameterised by arc
length, and ¢ : R®> — R3 an isometry. Then, y := ¢ oy : I — R® is also parameterised by arc
length, and has the same curvature and torsion.

Proof. By the previous theorem
7(s) =My(s)+b, Vsel,
for some M € O(3) and b € R®. It follows that for any s € I, we have

17/ ($)II* = (My'(s), My’ (s)) = <MTM Y'(S),)"(S)> =y (s)II° = 1.
——

I

Next, since y is also parameterised by arc-length,

k(s) = 7" 1 = 1My () = lly” () = x(s).

12



1 Curves

To show that the torsion is preserved, we use the formula from Lemma 1.19
_ vy
Iy < y”II>
Using that M € O(3) we have
17 > 7112 = 07 121717 = 1K 7)1
= My I1PIMy” |1 = My, My”)|®
= Iy 1%y 1% = Ky y)I
=y xy"II*
Given vy, v,, 03 € R?, let [0y, 05, 03] denotes the 3 x 3 matrix whose columns are given by the three
vectors. Then

<}7/ X yll, )7///> — det[}'}l, )7”, )7///]
= det[My’, My”', My""]
=detM - det[y’,y",y""’]
— <)/’ X )//’, y///) .
Thus, 7(s) = 7(s). O

1.5 Existence and Uniqueness of Linear ODEs

Let A : I — R™" be a smooth family of n x n matrices. Fix ¢, € I and y, € R", and consider the
initial value problem (IVP)

{y’(t) = A(t)-y(t), Viel 12

y(to) = yo.
Theorem 1.24. There exists a unique smooth solution y : I — R" to the above IVP.

Sketch of Proof. Without loss of generality, we may assume ¢, = 0. Define the following functions
inductively: yo(t) = yo, and

t
Yn(t) =Y0 +/ A(S)Yn-1(s)ds, Vtel, VneN.
0

Fix a compact subset 0 € K € I. Since A is continuous, C := supy ||A|| < oo, and hence for ¢t € K,
we have

1Yne1(8) = yu(DI < II/0 A(3)(Yn(s) = Yn-1(s))ds||

<

/0 A Hyn(s) = yn-1(s)llds

3 MC’ /0 1yn(5) = yor () s

13



1 Curves

Setting L := supy ||y1 — yol| < oo and iterating the above procedure, we find that

t Sn—1 S1
f / / 1y2(s) = yolldsds, -« dsns
0 0 0
t Sn—1 S1
// / dsds, - ds,_,
0 0 0

_CLp _ CMLIK]”
T n

Yns1 () = yu(D| < C"

<C'L

Therefore the series y,+1(t) — yn(t) is locally uniformly absolutely convergent, and hence there
exists a function y, : I — R", with y,, — Yo locally uniformly. In particular, we conclude that

t
Yoo(t) = Yo +/ A(S)y(s)ds, Vtel,
0
from which it follows easily that y., is a smooth solution to the IVP.

To show uniqueness, suppose we have two solutions y, y : I — R” of the same IVP. Since the
ODE is linear, their difference n(t) := y(t) — y(t) is a smooth solution to the differential equation
n’(t) = A(t) - n(t), with (0) = 0. Note that for t € K, by Cauchy Schwarz we have

%Ilﬂ(t)llz = 2(A(n (1), (1)) < 2MlIn(D)I*.

Therefore, for t € K we can conclude that
d ( _omr 2)
— t <0,
= (e n(0)?) <

from which it is easy to see that y = 0, or equivalently, y = y. O

1.6 Fundamental Theorem of Curves

Definition 1.25. Given two subsets X,Y C R3, we say that X and Y are isometric, written X =Y,
if there exists an isometry ¢ : R®> — R3 such that p(X) = Y.

The following theorem states that every non-degenerate regular curve in R? is uniquely deter-
mined by its curvature and torsion.

Theorem 1.26. Let x : I — (0,00) be a smooth positive function and t : I — R a smooth
function. Then, there exists a regular non-degenerate curve y : I — R3 parameterised by arc
length such that the curvature and torsion of y are precisely the functions x and t. Moreover, if
n : I — R? is any other curve parameterised by arc length with the same curvature and torsion,

then y(I) = n(I).

Proof. To show existence, we first fix fo € I and recall the Frenet formula from Theorem 1.17

T 0 k O0\/T
N|l=|-«x 0 N
B 0 -7 0/\B

14
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Note, defining the smooth family of 9 X 9 matrices A : I — R°*? by

0 K(t)Ig 0
A(t) =|—x(t); 0 ()15 |,
0 —T(l’)I3 0

where I3 denotes the 3 X 3 identity matrix, the Frenet formula then corresponds to the ODE

y(t) = A(t)y (1),

with

y(t) = (T, Tz, T3, Ny, N2, N3, By, B,, B3),
the Cartesian coordinates of the Frenet frame put into a single vector in R°. Therefore, given any
initial data point y(,), by Theorem 1.24 there exists a solution to the corresponding IVP. We

choose our initial data to be
y(t) =(1,0,0,0,1,0,0,0,1),

so that the Frenet frame at t, is the standard basis of R3.

Claim. y(t) defines an orthonormal frame at each time t € I.
Proof of Claim. Setting T = (y1,¥2,¥3)s N = (Y4, Y5, ¥s) and B = (y7, s, o), We see that

(T-T) =2x(T - N),

(T-N)' = k(T -T) + (T - B) + k(N - N)
(T-B) =—1(T-N) +x(N - B)

(N-N) =-2x(T - N) +2¢(N - B),
(N-B) =—x(T-B)—tN-N+7(B - B),
(B-B) = —2¢(N - B).

Note that this linear ODE has a solution
T-T=N-N=B-B=1, T-N=T-B=N-B=0,

with initial condition (1,1,1,0,0,0). Therefore, by the uniqueness in Theorem 1.24, this is
precisely the solution y generates of the above system. O

We currently have a Frenet frame satisfying the Frenet formula for the corresponding functions
k and 7. To generate a curve from the Frenet frame, we simply integrate it up. To be more precise,
define

y(t) = /tT(s)ds, Vit eI,

ty
where the integral is evaluated componentwise. By the fundamental theorem of calculus, we find
that y has precisely the curvature x and torsion 7 required.

15



1 Curves

To show uniqueness, suppose y, 7 : I — R are two such curves. Consider their Frenet frames
{T,N, B}, {T, N, B}. Since O(3) acts transitively on orthonormal frames, there exists M € O(3)
such that at £,

T=M(T), N=M(N), B=M(B).

Since {T, N, B} and {M(T), M(N), M(B)} both solve the same linear ODE with the same initial
condition, by the uniqueness in Theorem 1.24, they agree on all of I. Therefore, (y — My)’ =0
and so there exists b € R® such that

y(t) =Mjp(t)+b, Vtel O

16



2 Regular Surfaces

Recall, for an open subset U C R" and a differentiable function f : U C R" — R™, the derivative
of f at x € U is the linear map df (x) : R® — R™, given in Cartesian coordinates by the Jacobian
matrix

O O
o=\
) - W)

Definition 2.1. For an open subset U C R" and a differentiable function f : U — R™, we say
that f is an immersion if, at every point x € U, the derivative df (x) : R™ — R™ is an injective
linear map.

Example 2.2. In the case n = 1 and m = 3, a smooth curve y : I — R® is an immersion if and
only if y’ # 0, which is precisely the definition of y being regular.

We see that a (local) parameterisation being an immersion is the correct way to generalise
being regular to higher dimensions.

Definition 2.3. S C R? is a regular surface if, for every p € S, there exists open sets U C R? and
pevVc R3, and a smooth map X : U -V NS C R3, such that

(i) X is an immersion:
dX(q) : R? — R3 is injective, for all q € U.
(ii) X is a homeomorphism:
X is bijective with both X and X~ continuous.

The map X : U — V N S is called a local parameterisation of S, or local coordinates on S. The
set V N S is called a local coordinate chart on S. That is, a regular surface is any subset S C R®
which can be covered by local coordinate charts.

Remark.

e In constrast to curves, we have defined a regular surface as a subset of R3; this would
be equivalent to defining curves via their trace. In particular, unlike for regular curves,
regular surfaces do not have points of self-intersection.

* QOur local coordinates being an immersion ensures the existence of a tangent plane at every
point on our surface.

* Requiring our local coordinates to be a homeomorphism forces every point in our surface
to have a neighbourhood which is topologically equivalent to a small neighbourhood in the
plane. This will be essential later for a consistent definition of what it means for a function
to be differentiable over a surface.
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2 Regular Surfaces

2.1 Local Graphs

The simplest examples of regular surfaces are given by a single global parameterisation.

Example 2.4. Consider the subset S = {(x,y,z) € R® : z = x? + y*}. Letting X : R> — S be the
smooth function defined by X (x,y) = (x,y, x? + y*), we see that

(i)
1 0
dX(x,y) =10 1|,
2x 2y

which has full rank, so X is an immersion.

(ii) X~1: S — R? is given by X 1(x,y,x2 + y?) = (x,y), which is continuous. So X is a
homeomorphism.

Therefore, S is a regular surface with a global parameterisation. Defining the function f : R? — R
by f(x,y) = x* + y?, we see that S = Graph(f).

In general, we see that the graph of any smooth function over an open subset of the plane lying
in R? is a regular surface.

Lemma 2.5. Let U C R? to an open subset and f : U — R be a smooth function. Then

Graph(f) = {(x.y, f(x.y)) € R’ : (x,y) € U},
is a regular surface.

Proof. Define the smooth function X : U — Graph(f) by X(x,y) = (x,y, f(x,y)). Then X is a
homeomorphism with continuous inverse X! (x, y, f(x,y)) = (x,y), and X is an immersion with

1 0
dX(x,y) = 0 1 .
x(x, y) fy(X, y)
Therefore, Graph(f) is a regular surface with a single global coordinate chart. O

Most regular surfaces do not admit a single global parameterisation like a graph does.
Example 2.6. Consider the unit sphere
St={(xyz) e R : x* +y* +2* = 1}.

Setting D = {(u,v) € R? : u? +0? < 1} to be the unit disk in the plane, we have local charts
X1,X, : D — R3 defined by

X1(u,0) = (u,0, V1 — u? — 0?),
Xo(u,0) = (u,0,-V1 — u? — 02).

18



2 Regular Surfaces

These charts cover everything on the unit sphere except for the equator. In order to cover the
entire sphere, consider the same charts under rotations of the sphere: X3, X4, Xs5,Xs : D — R?

defined by
X3(u,0) = (u, V1 — u? — 0%, 0),
Xa(u,0) = (u,—V1 —u? — 0%, 0),
Xs(u,0) = (V1 —u? — 0%, u,0),
Xs(u,0) = (=V1 —u2 — 0% u,0).

Example 2.7. There are multiple ways to take local coordinates on a surface. Lets consider
again the sphere S%. Using spherical coordinates, we can find a chart on the sphere covering
everything but half a great circle. That is, take

U={(6,p) eR*:0 € (0,27),¢ € (0,7)},
V=R¥\{(x,0,2) e R®: x > 0},

and X : U — V N S?% by
X (0, ¢) = (sin ¢ cos 8, sin ¢ sin 0, cos ¢).

Checking, we find that X is smooth with

X
7" (—sin ¢ sin 0, sin ¢ cos 6, 0),

X
P (cos ¢ cos B, cos ¢ sin 0, — sin @),
¢

which are linearly dependent iff sin ¢ = 0 iff ¢ € wZ. Therefore, X is an immersion on U.

Exercise. Show that X is a homeomorphism.

We can then perform the same trick as before of rotating the sphere to find two more charts
which completely cover the sphere.

Example 2.8. There is another very important example of a pair of charts on S* which each
cover all of the sphere except a single point. These are known as stereographic projection.
Define the charts 1, ¢, : R — S? via the formulas

2u 20 ur+02 -1
Xi(wo) = | T Ty g ’
u+ovc+1 u+o0c+1 u“+ov-+1
X, (1) 2u 20 1—u?—o?
u,v) = s s .
2 1+ul+02" 14+u2+02" 1+u2+02

Exercise. Derive these formulas from the geometry and prove they define charts on S?.
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2 Regular Surfaces

From the previous examples we see that the unit sphere is a regular surface which cannot be
represented by a single graph. However, being able to be locally represented by a graph is indeed
a characterisation of regular surfaces.

Lemma 2.9. Let S C R be a regular surface and p € S. Then there exists an open subset V. C R3
with p € V, such that S NV is the graph of a function of two variables.

Proof. Fix p € Sandlet X : U — V N S be local coordinates on a neighbourhood of p, with
q € U such that X(q) = p. We decompose X using Cartesian coordinates on U and V in the form

X(u,0) = (x(u,0),y(u,0), z(u,v)), VY(u,0)e€U.

Since dX(q) is injective, the vectors % (9), % (q) € R3 are linearly independent. In particular,
one of the three submatrices

IxX  Ox ox  ox oy 9y
u Jdou du v a a2
(—"y —"*’)’ (—‘” @)’ (—ag ‘9—)

ou v du v du do

must have non-zero determinant, where all three are evaluated at the point g € U. Without loss of
generality, let us assume that the first submatrix has non-zero determinant. In particular, if we
define 7 : R* — R? to be the projection map onto the first two coordinates 7(x,y,z) = (x,1),
then 7 o X : U — R? has invertible derivative

ox  9Ix

1o o\% &)\_ (% &
d(moX)(q) =dn(X(9))odX(@) =, | o 2|=|% 8]
Jz 9z ou v

ou dv

By the inverse function theorem, after possibly shrinking U and V if necessary, there exists a
smooth inverse (7 0 X)™! : 7(V) — U. Note that 7 : V — z(V) is now bijective, with

r'=Xo(mroX)™\.
Therefore, defining the function f : 7(V) — R to be
flxy) =z((r o X) " (x,y)),
we have S NV = Graph(f). O
Combining Lemmas 2.5 and 2.9:
S is a regular surface iff S is locally a graph.

Lemma 2.9 can also be helpful in showing that a given subset is not a regular surface.

Example 2.10. The cone {(x,y,z) € R®: z = \Jx2 + 42} is not a regular surface. If it were, then
in a neighbourhood of the origin, it would be a graph of a smooth function of two variables by
Lemma 2.9. Since its projection onto the {x = 0} and {y = 0} planes is not injective, it must be a
graph over the {z = 0} plane. That is, locally near (x,y) = (0,0), the cone is given by the graph
of f(x,y). However, it must be that f(x,y) = \/x? + y? which is not smooth at the origin. So the
cone cannot be a regular surface.
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2 Regular Surfaces

The following technical lemma follows from the same idea as in the proof of Lemma 2.9. It
states that, if we know that S is a regular surface a priori, then for a smooth immersion X to be a
coordinate chart, we only need to check that X is bijective - we do not need to also check that
X~!is continuous.

Lemma 2.11. Let S C R3 be a regular surface. If X : U C R? — S C R? is a smooth injective
immersion, then it is a homeomorphism onto its image, and hence a coordinate chart on S.

Proof. Fix q € U. By the same reasoning as in the proof of Lemma 2.9, there exists open subsets
V1, Vo € R? with g € V; € U and 7 o X(q) € Vs, such that

ToX: Vi -V,
is a smooth diffeomorphism. Since X is injective, it is a bijection onto its image, with
Xt=@moX)or: X(V}) > Vi

Therefore, X! is continuous at X (q), and since g was chosen arbitrarily, X “lisa homeomorphism
onto its image as required. O

2.2 Level sets

As we saw in the previous section, the unit sphere S? is a regular surface. One natural definition
of the unit sphere is as a level set of a smooth function. To be more precise, consider the smooth
function f : R® — R given by f(x) = ||x||?>. Note that the unit sphere (and indeed all scaled
versions of it) are level sets of f. i.e S = f~1(1), and f~1(1) is a regular surface, for all 1 > 0.
However, the level set £71(0) = {0} € R? is not a regular surface. This leads to the following
question:

Given a smooth function f : R — R, for which values A € R are the level sets f~*(A) regular
surfaces?

Definition 2.12. For an open subset U C R" and a differentiable function f : U — R™, we say
that x € U is a critical point of f if the rank of the linear map df (x) : R® — R™ is not maximal.
The image of a critical point f(x) € R™ is called a critical value of f. A value A € R™ which is
not a critical value is called a regular value of f. That is, A € R™ is a regular value of f if df (x)
has maximal rank for every x € f~1(1).

Remark. In the case n > m, df (x) having maximal rank is equivalent to df (x) being surjective.

Lemma 2.13. Let U C R® be an open subset and f : U — R be a smooth function. If A € Ris a
regular value of f, then the level set

f7I) ={(xy2) €U: fxy.2) = A},

is a regular surface.
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2 Regular Surfaces

Proof. Fix (xo,yo,z0) € f~1(1). Without loss of generality, we may assume that fz(xo, Yo, 20) # 0.
Therefore, applying the implicit function theorem, there exists open subsets U € R2, U C R, with
(x0,yo) € U and zp € U, and a smooth function p:U— U with @ (x0, Yo) = 2o, such that

fxye(xy) =24 V(xy) eU.

In particular, f~1(1) is given as the graph of the smooth function ¢ locally about the point
(%0, Y0, 20), and hence by the results of the previous section, £~ (1) is a regular surface. O

Lemma 2.13 allows us to very efficiently check if certain subsets are regular surfaces. Thanks
to Lemma 2.11, this in turns makes finding coordinate charts easier also.

Example 2.14. For the function f = ||-||?, we see that
foyz)=x2+y* +2%  df(xy z) = (2x, 2y, 22),

which is non-zero away from the origin, which lies in the zero level set. Thus, f~1(A) is a regular
surface for all A > 0.

Example 2.15. For a,b,c > 0 consider a variation of the previous function

x? oy Z? 2x 2y 2z

f(x y’Z) _+ﬁ+_: df(x>yaz)= _zaﬁac_z)a

which is again non-zero away from the origin. Thus, the ellipsoids f~'(1) are regular surfaces
forall A > 0.

Example 2.16. Consider the smooth function
floy,z) = —x*+—-y*+2%  df(x,y,z) = (-2x, -2y, 22).
Thus, the hyperboloid of two sheets f~1(1) is a regular surface.

Exercise. Which quadric surfaces are regular surfaces?

2.3 Surfaces of Revolution

Suppose y : R — R? is a smooth regular curve parameterised by arc-length. We say that y is a
closed curve of length L > 0 if

y(s1) =y(s;) & s;—s;€L-Z.

With respect to Cartesian coordinates, we can write y(s) = (f(s), y(s)). Since the curve is closed,
after possibly translating, we may assume that f(s) > 0. We now rotate the curve about the y-axis
to generate a surface S. That is, define the coordinate charts X, Y, Z : (0,L) X (0,2x) — R3, by

X(s,0) = (f(s)cosb,y(s), f(s)sinb),
V50) = s 5 cos(0+ huts s 5. s+ 5 sin0+ )

Z(s,0) = (f(s + %) cos(0+ m),y(s+ %),f(s + %) sin(0 + 7'[)) .
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2 Regular Surfaces

We note that these are smooth and cover all of S. We now check that X is a coordinate chart (the
arguments for Y and Z are identical). To check that X is an immersion we calculate

f'(s)cos® —f(s)sin@
dX(s,0)={ y'(s) 0

f'(s)sinf  f(s)cos

Note that X fails to be an immersion if and only if at some point (s, #), all three submatrix of
dX (s, 0) have zero determinant, which is equivalent to the three equations

F()y (s)sin@ = f(s)*f'(s)* = f(s)y'(s) cos O = 0.

Diving through by f(s) # 0 and summing the equations together, we find that

Iy (DN =f () +y'(s)* =0,

which is a contradiction to the original curve being regular. We have shown X is an immersion.
Next, it is clear from our choice of domain for our parameterisations that X is bijective onto its
image. To show X! is continuous, we need to show that s and 6 are continuous functions of
(x,y,z). We first note that s is a continuous function of y and Vx? + z2, and thus s is a continuous
function of (x, y, z). To check the continuity of 6, we split our argument into two cases:

(8 # m): In this case, we note that

tang _ 2sin § cos ¢ __sinf _ f(s)sinf z
2c0s2§ 1+cos@  f(s)+f(s)cos Y+ 22 4+x
and hence

0 = 2 arctan

z
Vel + 2 4+x

(60 = r): We repeat the argument but for the cotangent

COtQZZSingCOSg __sinf _ f(s)sin@ _ z
2’ L 1-cosh  F()-f()cosh Vs x
and hence

0 = 2 arccot

z
Vx2+22 —x
We have shown that surfaces of revolution are regular surfaces.

Example 2.17. Take 0 < a < b, and let y : R — R? be the circle centred at (b, 0) of radius a
s . s
y(s) == (b+acos - sin E), Vs € R.

Note, this is a closed curve of length 2rra. Rotating about the y-axis in R® generates a torus.
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2 Regular Surfaces

2.4 Differentiable Functions

Consider a function f : S — R defined over a regular surface. Since S admits local coordinates,
we should be able to use these coordinates to define what it means for such a function f to be
smooth. In particular, for each coordinate chart X : U — S, we could consider the function
foX:U — R, which is now from an open subset of the plane to the reals.

At first glance there is a problem with this idea:

What if on a different coordinate chart, the composition is not smooth?

The following lemma rules out such behaviour.

Lemma 2.18. Let S C R® be a regular surface and X : U CR? — S, Y : V C R? — S be two
coordinate charts, with p € X(U) N Y(V) = W C S. Then the change of coordinates function
h:X1oY:Y Y (W) — X"Y(W) is a smooth diffeomorphism. That is, h is a smooth bijection
with smooth inverse h™1.

Proof. Using property (ii) of coordinate charts, h is a composition of homeomorphisms and
hence is a homeomorphism itself. We note that we cannot use the same argument to conclude that
h is a diffeomorphism, as we do not yet know what it means for X! to be smooth as a function
on a regular surface: X! is only defined on a codimension one subset, and not on an open set of
R?.

Instead, fix r € Y™1(W) and let ¢ = h(r) € X1 (W). Again, if we write our coordinate chart

X(u,0) = (x(u,0),y(u,v),z(w,0)), VY(u,v) €U,
we may assume without loss of generality, that the matrix

x  ox
u v
(ﬂ ﬂ)’

ou v

is invertible at q.

We now find an invertible extension of X! defined on a cylindrical neighbourhood over S at
X(q). More precisely, we define X : U X R — R? via

X(u,0,t) = X(u,0) +(0,0,t) e R Vit eR.

Since
X x  ox
det(dX(g,0)) = det (% 33) # 0,

ou dv

by the inverse function theorem, there exists an open set N C R? containing X (g.0) = X(q), an
open set U C U containing ¢, § > 0, and a smooth inverse

X 1:N > Ux(=636).
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2 Regular Surfaces

As Y(r) = X(q) € N, by the continuity of Y, there exists an open neighbourhood r € N C V
such that Y(N) C N. Therefore we may write

By =X"'oY|N,

and by the composition of smooth functions, we can conclude that k is smooth at » € N. Since r
was arbitrary, h is smooth on Y ~!(W). Repeating the exact same argument but swapping X and
Y, we conclude that A~! is smooth on X~ 1(W). ]

Remark. The proof of Lemma 2.18 relies heavily on assumption (ii) in our definition of a
coordinate chart. Without the homeomorphism assumption, the lemma would fail and the
subsequent definition would not be consistent.

Definition 2.19. Let S C R® be a regular surface and f : S — R a function. f is said to be
smooth at p € S if, for some coordinate chart X : U C R? - VNS C R3 with p €V, the
composition f o X : U — R to smooth at X~ (p). We say that f is smooth if f is smooth at every
p ES.

Remark. Using Lemma 2.18, we see that the definition is independent of the coordinate chart
chosen. Thus, in the definition above, we could equivalently require that f o X is smooth at
X~Y(p) for every coordinate chart about p.

Example 2.20. Let S C R3 be a regular surface and O C R? be an open subset with S C O.
Suppose f : O C R* — R is a smooth function in the usual sense. It follows from the composition
of smooth functions that f o X is smooth for any coordinate chart X on S, and hence the restriction
fls is a smooth function on S.

Example 2.21. Fix v € R? and consider the smooth function f : R®* — R, given by f(x) = {x,0).
We call f a height function, as it measures the perpendicular distance from the plane with normal
vector v. For any regular surface S, the restriction f|s is a smooth function on S by Example 2.20.

Example 2.22. Fix xo € R® and consider the smooth function f : R® — R, given by f(x) =
lx — xol|2. f is the distance (squared) function from the point x,. Again, for any regular surface
S, the restriction f|s is a smooth function on S by Example 2.20.

Our definition of smooth functions from a surface to the reals can easily be extended to
functions between surfaces.

Definition 2.23. Let S;,S; C R® be a pair of regular surfaces and f : S; — S,. f is said to be
smooth at p € Sy if there exists a pair of coordinate charts Xy : Uy — ViNSyand X, : Uy — VaNS,
about p and f(p) respectively, such that the composition

X, o foX; U — Uy
is a smooth function at X; ' (p). f is smooth if f is smooth at every p € S;.

Definition 2.24. Let S1,S; C R® be a pair of regular surfaces. A diffeomorphism between S; and
Sy is a smooth bijection f : S — S, with a smooth inverse f‘1 : So — 5. If a diffeomorphism
between two surfaces exists, we say that Sy is diffeomorphic to Sy, and denote this by S; = S,.
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2 Regular Surfaces

Example 2.25. If S C R? is a regular surface and X : U — S is a coordinate chart on S, then
Lemma 2.18 implies that X' : X(U) — U is smooth, and hence U = X (U) for any coordinate
chart.

Remark. The previous example leads to the following characterisation of regular surfaces:

S € R3is a regular surface if and only if it is locally diffeomorphic to R?.

2.5 Tangent Planes

Definition 2.26. Let S C R® be a regular surface and p € S. A tangent vector to S at p is a vector
Y’ (0) € R3, where y : (—€,€) — S is a smooth curve in S, with y(0) = p. The collection of all
tangent vectors to S at p is called the tangent plane of S at p, denoted by T,S C R3.

Lemma 2.27. Suppose X : U — S is a coordinate chart on a regular surface S. Then
Ixg)S = Im(dX(q)), VqeU.

Remark. Since coordinate charts are immersions, the above lemma implies that the tangent space
T,,S is a well-defined two-dimensional subspace of R3. Moreover; the plane Im(dX (X~ 1(p))) is
independent of the coordinate chart X.

Proof. If w € Tx(4)S, then there exists € > 0 and a smooth curve y : (—¢,€) — X(U) € S with
y(0) = X(q) and y’(0) = w. By definition, the curve n := X ' oy : (—¢,€) — U is smooth with
n(0) = g, and therefore, by the chain rule

w=y'(0) = (X o) (0) = dX(g) - 1 (0) € Im(dX(g))
On the other hand, given q € U and v € R?, consider the curve 7 : (—¢, €) — U defined by
n(t) =q+to, Vte(-¢e).
Then, y := X on: (—¢,€) — S is a smooth curve with y(0) = X(q), and therefore
dX(q) -v=dX(7(0) - 7' (0) = (X 0 )/ (0) = ¥/ (0) € T()S- 0

Given local coordinates X : U — S on a neighbourhood of p € S, writing an element of the do-

main as (uy, uz) € U in Cartesian coordinates, if ¢ = X ~!(p), we generate a basis {g—ffl (9), g—i (@)}

of the tangent space T,,S called the basis associated with X. We use the shorthand {X;(q), X2(q)}
for this basis.

Given a vector w € TS, there is a smooth curve y : (—€,€) — S with y(0) = p and y’(0) = w.
The curve 7 := X 1 oy : (—¢,€) — U is then a representation of y with respect to the coordinate
chart X, given by 5(t) = (u1(t), up(t)), with n(0) = g. Therefore,

V(0) = (X o)/ (0)
= & X (0,10 o
= X1(q)u1(0) + X2(q)uy(0) = w.
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That is, in the basis {X;(q), X2(q)}, w has coordinates (u;(0),u;(0)), where (u;(t),uz(t)) is a
parameterisation of the tangent curve y with respect to the local coordinate chart X.

Consider now a smooth function f : S; — S, between regular surfaces. Again, for p € §;
and w € T,S;, let y : (—€,€) — S; be a smooth curve with y(0) = p and y’(0) = w. Note that
that composition f oy : (—¢,€) — S; is a smooth curve in S; with f o y(0) = f(p), and so the
derivative of this curve at zero should give a tangent vector in Tf(,)S;. If we could apply the
chain rule, then this tangent vector should be equal to the image of w under the derivative of f at
p. We therefore make the following definition.

Definition 2.28. Suppose S1,S; C R® are regular surfaces and f : S; — S, a smooth function.
For each p € Sy, define the derivative of f at p to be the map df (p) : T,S1 — Ty (p)S:z given by
the formula

df(P) TW = (f © Yw),(o)’ Yw € Tpsl,
where y,, : (—€,€) — S; denotes a smooth curve with y,,(0) = p and y,,(0) = w

Before we can be confident in our definition, we need to check that the derivative (f o y,,)’ (0)
used in the definition is independent of our choice of curve y,,, and instead only depends on the
choice of tangent vector w. This is the content of the following lemma.

Lemma 2.29. Let S1,S; C R® be a pair of regular surfaces, f : S; — S; a smooth function and
p € S1. Then the derivative of f at p given above is a well-defined linear map.

Proof. Choose X : U — S;and Y : V — S, to be coordinate charts about the points p and f(p)
respectively. With respect to these coordinates, we can write
flu,uz) = (filun, uz), fa(ur,uz)),  V(u,uz) €U,

—— —
U1 02

and y,, (1) = (u1(t),uz(t)). If g= X" (p) € Uand r = Y-1(f(p)) € V, with respect to the basis
{Xi1(q),X2(q)} we have w = (u](0),u,(0)). Moreover, with respect to the basis {Y;(r), Y2(r)}
we have

(feyw)'(0) = i(ﬁ(ul(t)’uZ(t))’ﬁ(ul(t)’uz(t)))|t=0

ﬁ() [ (0) + fl(q) (0,2 fz (q) - ,(0) + f2<q> )(0))
ofi 9fi
T (g (u (0))
(:iifm 2 )ui@'

The formula above demonstrates that (f o y)’(0) depends only on w = (u](0), u;(0)). Moreover,
with respect to our bases {X1(q), Xz(q)} on T,,S; and {Y;(r), Y2(r)} on Tg(,)Sz, we can rewrite

our definition in the form
9fi Ih
w1 E u
df(p)-(W2)=(3_f; 3;) ():

au] aug q

for all w = (wy, wp). In particular, df (p) is linear. O
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Now that we have the basic definitions under our belt, we may begin to study the geometric
properties of a regular surface.

In R3, the notion of distances and angles is given by the standard dot-product. We also used
the dot product at each point in R® to define lengths of curves: recall that, given a smooth regular
curve y : [ — R?, its arc-length over some compact interval [a, b] C I is given by the formula

b b 1
L(yl{as)) = / Iy (1) d = / G,y (D)} dr.

At every point of our curve y(t), we look at the size of the vector y’(¢) using the dot-product on
R3, and integrate this value over the domain.

3.1 First Fundamental Form

We want the intrinsic geometry of a regular surface S C R? to be inherited from the geometry of
its ambient space. More precisely, given any smooth regular curve y : I — S, we require that its
arc-length inside of S is the same as if we measured it as a curve inside of R®. As such, we see
that for each p € S, the tangent plane T,S inherits a natural inner-product (-, -),, as a subspace of
R3.

Definition 3.1. Let S C R® be a regular surface. For each p € S, we define the first fundamental
Sform of S at p to be the non-degenerate quadratic form g, : T,S — [0, 00), given by

gp(v) ==v-0, VoeT,S.
Remark.

* The first fundamental form is non-denegerate in the sense that g,(v) = 0 if and only if
v=0.

* The quadratic form uniquely determines a non-degenerate symmetric bilinear form T,S X
T,S — R, also denoted by gy, via the formula

1
gp(v, W) := > (9p(0+w) —g,(0) —gp(w)), Vo,weTS. 3.D

* Notice that all of the intrinsic information of the surface (i.e lengths of curves, angles of
tangent vectors, areas of regions) is captured by the first fundamental form.
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Suppose X : U — S is a coordinate chart on a neighbourhood of p € S, with ¢ = X~ 1(p) € U.
For any tangent vector v € T,S, there exists a smooth curve y : (—€,€) — U such that

Xoy(0)=p, (Xoy)(0)=uo.
Writing y(t) = (uy(t), u2(t)), we find that
9p(v) = (X 0y)(0) - (X 0y)'(0)
= (X1(@)u1(0) + Xz(q)u5(0). X1 (q)u (0) + Xz(q)u3(0)),
= (X1, X1),, u1 (0)? + 2 (X1, Xp), 5 (0)u5(0) + (Xo, X2, u5(0)°.

In particular, if we let {X;(q),X2(q)} be the basis of T,,S associated with X, then g, can be
expressed with respect to this basis as the symmetric matrix

_ (X1 X)), (Xl,X2>p)

_ g11(p)  gi2(p)
P=\0ex), 06X),

- (921(17) gzz(P)) ’

so that if v = (vy, v3) with respect to this basis, then our equation becomes

o)

This local expression for g can now be used to calculate the length of curves in S using only
local coordinates. That is, suppose y : I — S is a smooth regular curve in S. Let [a,b] C I and
X : U — S be local coordinates on S such that y([a, b]) € X(U). Then, if we write

y(t) = X(ui(t),uz(t)), Vvt € [a,b],

T
, 9 01 g 912
V) = 05+ 2 0109 + Uy, =
gp(0) = g1107 + 29120102 + g220; (02) (921 gzz)

we find that

b
L(¥ljas) = / Iy (1)t

b
- / gy (v ()t

1

b 2 2
= / (Zgu(y(t))-ulf(t)u}(t) dr.

i,j=1

Example 3.2. Consider an affine plane P C R® with a global parameterisation X : R* — P given
explicitly by
X(ug,up) = x +uywy +upwo,  V(ug,up) € R?,

where x € R and wy, wy € R® are orthonormal vectors.

At any point p € P, we see that X; = wy and X, = wy. Therefore, our first fundamental form is
given in this parameterisation by the identity matrix everywhere

g= gu giz| _ 10
go1  G22 0 1)
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3 Geometry of Surfaces
Example 3.3. Consider the cylinder C C R® with cross-section the unit circle {(x,y) € R? :
x? +y? = 1}. The cylinder admits a coordinate chart X : (0,27) X R — C given by
X(uy,up) = (cosuy, sinug,up)  VY(ug,up) € (0,27) X R.

Notice that
X1 = (—sinuy, cosuy,0), X, =1(0,0,1).

g= gu Gz _ 10
go1  Gg22 0 1)’

and the first fundamental form is also given by the identity matrix.

Therefore,

Example 3.4. For > 0, consider the helix (as in Example 1.3 with « = 1)
y(t) = (cost,sint, ft), VteR.

For each t € R, consider the line parallel to the plane {z = 0} connecting the point y(t) and the
z-axis. The surface this generates H is called a helicoid, and admits a global coordinate chart
X :U =R? — H given by

X(u1, up) = (ug cosuy, uq sinuy, Puy), V(ug,up) € U.
Exercise. Show that H is a regular surface for any p > 0.

Since X1 = (cosuy, sinuy, 0) and X, = (—uy sin uy, uq cos uz, f), we see that the first fundamen-
tal form is given in these coordinates by

g= gu giz| _ (1 0
921 922 0 ui+p?)
The curve y : R — U defined in our coordinate system by y(t) = (a,t) will map under X to a

curve which has trace the helix with parameters o and . Since u} = 0 and u; = 1, using the first
fundamental form, we find its length to be

21 2
L(yl{ap)) = /0 Vg2 (a,t) = /0 Vo2 + 2 = 2/ + B2,

as expected.

Example 3.5. Recall from Example 2.7, the unit sphere S? admits a coordinate chart X : U =
(0, ) % (0,2m) — S? given by spherical coordinates

X(uy,uy) = (sinug cos uy, sinuy sinuy, cosuy), VY(ug,upy) € U.
Since

X1 (uq,uz) = (cosuy cos uy, COS Uy Sin Uy, — sin uy),

X5 (uq, uy) = (— sin uq sin u,, sin uy cos uy, 0),
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3 Geometry of Surfaces

it follows that the first fundamental form in this coordinate chart is given by

g= gu giz| _ 1 0
921 gzz 0 Sil’l2 ui )
Consider the two curves y,n : (—€,€) — U given by

n)=(x+t), yt)=(c+t,r+t),

for some constant ¢ € (0, ). Note that, with respect to the basis {X(c, ), X>(c, )}, we have

, _ , . _ 1 0
7(0)=(0,1), ¥(0)=(11), g<c,n>—(0 Sinzc)-
and so we have

9(c,m) (’7/(0)) = sin’ ¢ Y(erw) (}/(0)) =1+ sin2(c), 9(c,m) (’7/(0)’ }/(0)) = sinz(c),

from which we see that the angle between the curves is given by

9iem (0 (0),y'(0)) ) B ( sinc )
n - | = arccos | ———] .
9(c,) (’7,(0))E 9(c,r) (}/,(0))E 2¢

6 = arccos

1+ sin

Example 3.6. Let U C R? be an open subset and f : U — R a smooth function. In Lemma 2.5
we showed that Graph(f) is a regular surface with global coordinates

X(uy,uz) = (ug, up, f(ug,u2)), V(upuz) €U.

As X1 = (1,0, 1) and X, = (0,1, f), the first fundamental form is given in these coordinates by

9=(9“ 912):(1+f12 ﬁfz)
g1 g2 fife 1+

3.2 Area

As well as length of curves in our surface, our first fundamental form can also be used to find the
area of subsets within a regular surface.

Let X : U — S be a coordinate chart on S about a point p € S, and consider the deriva-
tive dX(q) : R*> — T,S, where ¢ = X~ !(p). Note that dX(q) maps the standard basis vectors
e1 = (1,0),e; = (0,1) to the vectors X;(q), X2(q) € T,S respectively.

As such, the image of the unit square spanned by e; and e, is mapped to the parallelogram

spanned by X;(q), X2(q), which has area || X;(q) X X2(q)||, and thus, the infinitesimal area of our
surface is given in the local coordinates X by the formula

dA = ||X1(q) X X2(q)||duidus,.
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3 Geometry of Surfaces

Suppose Q c X(U) C S is a compact subset within our coordinate chart, or equivalently,
X~1(Q) is a compact subset of U. Consider the integral of our infinitesimal area over this region

/ [1X1 (g, uz) X Xo(uy, up)||dusdus.
(ur,uz)eX~1(Q)

We now show that this integral is independent of the choice of coordinate chart X.

Suppose X : U — Sand Y : V — § are a pair of coordinate charts on S, and that without loss
of generality, X(U) = Y(V) as subsets of S. Given coordinates (u, u;) € U and (v1,v;) € V, we
can consider the change of coordinate map h:= Y~ ! 0 X : U — V to be the expression

h(ul’uZ) = (Ul (ulsu2)702(u1>u2))’ v(uls uZ) eU.

Fix g € U and r € V so that X(q) = Y(r). Since X = Y o h, we can apply the chain rule to find
that

Xi(q) =dX(q) - &
=dY(r) -dh(q) - &1
AW
= av(r) (_ _) o)

duy duy

| | 0,
=|Yi(r) Ya(r) (%)

At
_ duq du,
= S @0+ 22 @B 0).

Similarly, we find that
801 (902
X =—(9)Y; + —(q)Yo(r).
2(9) = S (@) + 22 (@Y()
Therefore, their cross product satisfies

dvq vy duq 003
XixXo=—Y1+—Y|x|—Y+—Y,
8u1 aul 8u2 8u2
dvy dvs d0vs vy
=2y x 22y, + 2y, x Ly,
du, duy du, duy
dv; v 0vy v
= (22 2y xy,
Ju; duy,  duq duy

= det(dh) - Y1 X Ya,
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3 Geometry of Surfaces

and by the change of variable formula for multi-variable integration, we have
/ 1X1 (w1, uz) X X (uy, uz)||dusdus
(u1,u2) €X71(Q)
-/ 1¥4(01,02) x Ya(or,00) | det dh(us, )] dusdy
(u1,u2) €X71(Q)
=/ [| Y1 (01, 02) X Yo(01,02)||dv1do,.
(01,02)€Y71(Q)

We have shown that the infinitesimal area form dA is independent of the choice of coordinate
chart. In fact, it can be expressed purely in terms of the first fundamental form

1X1(q) X Xa(q) | = \/IIX1(q)||2||X2(<1)II2 - (X1(q), X2(g))*
= V911922 — g12921

= 1/detgp,
dA = \/det g(y, u,)duidus,.

Definition 3.7. Let S C R® be a regular surface, X : U — S be local coordinates on S, and
Q C X(U) be a compact subset of S lying in the image of the coordinate chart X. Then the

integral
/dA ::/ \Jdet g, uy) durdus,
Q (u1,u2)€X~1(Q)

is a well-defined (independent of coordinate chart) non-negative real number known as the area
of Q.

and hence

Remark. Although we have only defined the area of subsets contained within a single coordinate
chart, for a general subset, we can simply decompose the subset into a disjoint union of subsets,
with each component contained within a single coordinate chart. We can then define the area of
the original subset to be the sum of the areas of the components.

Example 3.8. Let us return to Example 3.6. Since the first fundamental form is given by

(if 24
I=\ A 1+8)

we see that the infinitesimal area form is given by

dA = +/det gdu,du;
= U+ (1 + ) - fffdurdu,

= ,/1 +le +f22du1duz
= 1+ [df [Pdusdus.
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3 Geometry of Surfaces

Example 3.9. Consider the torus T from Example 2.17, with a = 1, and b = 2. That is, we have
the coordinate chart X : U = (0,2m) X (0,271) — T given by

X(uy,uz) = ((2 + cosuy) cosuy, sinuy, (2 + cosuy) sinuy), V(up,uy) €U,
which covers everything in the torus except for a meridian and a parallel. Since

Xi = (- sinuy cos uy, cos uy, — sin uy sin uy),

X5 = (—=(2+ cosuy) sinuy, 0, (2 + cosuy) cosuy),

it follows that the first fundamental form is given in these coordinates as

[ 0
9= o (2+cosuy)?|”

For any r € (0,7), let Q, := X([r,27r — r]?) C T. By taking the determinant of the first
Jfundamental form, we find that the infinitesimal area is given in these coordinates as

dA = \/det g(y, uy,)durduy = (2 + cosuy)duduy,
2mr—r 2mr—r
/ dA = / / (2 + cosuq)duidus
Q, r r

=2(m —r) (2uy +sinuy |77

and hence

=2(r—r)(4(xr—r)+sin(2r —r) —sinr).

By taking r | 0, we see that the area of the entire torus is given by the limit

lim dA =1lim2(x —r) (4(w = r) +sin(27 — r) — sinr) = 87°.
rlo Jo, rlo

3.3 Orientability

Let S C R® be a regular surface and X : U — S local coordinates on S. For each p € S, the
tangent space T,,S is a 2-dimensional subspace of R?, and hence admits a 1-dimensional orthogonal
subspace (with respect to the dot-product). In particular, if g € U is such that X(g) = p, then we
can take the vector X;(q) X X»(q) as a non-zero vector lying within this orthogonal subspace.
Normalising this vector, we get a smooth map N : X (U) — R3, given by

X1 XX,

- XX Ve X(U), 3.2)
P Ry X o VP EX(U)

That is, for each p € X(U), we have a unit normal vector N, L TS, ||N,|| = 1.

Remark. If we swapped the order of X, and X,, then we would reverse the sign of N. This detail
will be important later.
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3 Geometry of Surfaces

We now have a well-defined smooth normal vector locally. This raises the following question
Can we extend this map to the whole of S in a smooth way?

Given a real n-dimensional vector space V, consider the collection of ordered bases of V
B:={(er,...,en) € V"' :ey,...,e, form a basis of V}.

Given by = (e, ...,en), b2 = (fi,. .., fn) € B, there exists a unique linear transformation, known
as a change of basis matrix, A : V. — V, such that Ae; = f;, fori = 1,...,n. i.e, A maps b; to b,.
Note that A is invertible and so det A # 0. We define an equivalence relation on 8 by declaring
by ~ by iff det A > 0.

Definition 3.10. The space of orientations on'V is defined as the quotient space Or(V) := B/~.

Lemma 3.11. For any real vector space V, the space of orientations on V is a set of exactly two
elements Or(V) =~ {%1}.

Proof. Let b, = (ey,...,e,) be any ordered basis of V. Define a new ordered basis by swapping
the first two elements around. That is, let b_ = (e, e, e3,...,e,). It follows that the change
of basis matrix S from b, to b_ satisfies detS = —1, and hence [b.], [b_] € Or(V) are distinct
elements. Let b = (fi, ..., f,) be any other ordered basis of V. Let A denote the change of basis
matrix from b to b,. It follows that S o A is the change of basis matrix from b to b_. If det A > 0,
then b ~ b,, otherwise detA < 0 and hence detSA = detSdetA = —detA > 0,s0b ~ b_.
Therefore Or(V) = {[bs], [b-]} = {*1}. O

Given a regular surface S admitting local coordinates X : U — S about p € S, the orientation of
the tangent space T,,S with respect to X is the choice of orientation corresponding to the ordered
basis {X;(q), X2(q)} (where ¢ = X! (p)). More precisely, we make the choice of orientation

[(X1(9). X2(q))] € Or(T}S5).

Given different local coordinates Y : V' — S about p, with Y(r) = p, we have a different choice
of orientation on T,,S with respect to Y. Let W := X(U) N Y(V). Note that the two bases are
related in the following way

du u
Yi(r) = =—=Xi(q) + ——Xa(q),
(901 801
duq ou,
Y. =—X + —X .
2(r) 0, 1(9) 0, 2(q)

In particular, the orientations on T, S with respect to X and Y agree if and only if (X;(q), X2(q)) ~
(Y1(r), Y2(r)), if and only if

. dw
det | 5 % > 0.
302 (9212

i.e, the Jacobian matrix of the change of coordinates map X~ ! oY : Y"}{(W) — X1(W) has
positive determinant at the point r.
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3 Geometry of Surfaces

Remark. Since the change of coordinate function X"' oY : Y"Y(W) — X Y (W) is a smooth
diffeomorphism, the determinant of its Jacobian matrix is a smooth non-zero function on Y~1(W),
and hence has locally constant sign. Therefore, if the orientations with respect to X and Y agree
at the point p € W, and if W is connected, then they must agree everywhere in W C S.

Definition 3.12. A regular surface S C R is called orientable if we can cover S by a collection
of local coordinate charts, such that the orientation on each tangent space is independent of the
coordinate chart chosen from the collection.

A choice of such a collection of charts on S is called an orientation on S.

Example 3.13. A regular surface given by the graph of a smooth function f : U C R? — R is an
orientable surface, since it has a single global coordinate chart.

Example 3.14. The two sphere S? C R is an orientable surface. To see why, cover the sphere
via a pair of stereographic projections

X:R* > S*\{N}, Y:R?®—S?\{S},

where N, S denote the north pole and south pole respectively. Note that W = S? \ {N, S} is a
connection open subset of the sphere. Consider the change of coordinate functionh := Y 10 X :
XY W) — Y Y(W), given in local coordinates by

h = (hi(u1, u2), ha(ur, 1)), V(ur,up) € X~ (W).

Fix a point p € W. If det(dh|x-1(,)) > 0, then by our earlier remark, since W is connected,
det(dh) is positive everywhere in X "1 (W), and so S? is orientable with this pair of charts.

Alternatively, if we find that det(dh|x-1(,)) < 0, then we replace the chart Y : R* — §%\ {S}
with the chart Y : R* — S2\ {S}, defined by swapping the coordinates around

1?(01,02) = Y(Uz,vl), V(Ul,vz) eR%.

In particular, we find that the change of coordinates function h=Y"'loXis given in local
coordinates by .
h = (ha(u1, uz), by (u1, u2)),

and so we find that det(dﬁlel(p)) = —det(dh|x-1(,)) > 0, and the same argument as before
follows.

The following lemma shows that orientability is a topological property of the surface S; it does
not depend on how we embed S into the ambient R3.

Lemma 3.15. Let S,, S, C R? be regular surfaces which are smoothly diffeomorphic S; = S,.
Then S; is orientable if and only if S, is orientable. That is, orientability is a topological invariant.

Proof. Let f : S; — S; be a smooth diffeomorphism, and assume S; is orientable. Then, from
the definition of orientability, we can cover S; with charts such that on their intersection, the
Jacobian of the change of coordinate functions have positive determinant. For every such chart
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3 Geometry of Surfaces

X : U — Sy, precompose with the diffeomorphism f o X : U — S,. Since f is a bijection, this
new family of coordinate charts covers S;. Moreover, given any two such charts f o X : U — S,
and f oY : V — Sy, the change of coordinate function is given by

(foX)_lo(on) :X_lof_loon:X_loY,
———
=ids,

and its Jacobian has positive determinant. So S, is also orientable. m]

Example 3.16. Recall, for a, b,c > 0 we showed previously that the unit sphere S? is diffeomorphic

to the ellipsoid
xz 2 zz
Ei:{(x,y,z)eR3;E+%+c_2:1},

Therefore, using Example 3.14, every such ellipsoid E is also orientable.

Before we provide an example of a non-orientable surface, we give a more geometric descrip-
tion of orientability using normal vectors. Note, this characterisation is specific to regular surfaces
lying in R3.

Lemma 3.17. A regular surface S C R is orientable if and only if there exists a smooth global
choice of unit normal vectors N : S — R>. That is ||N,|| = 1, N, L T,,S, for every p € S.

Proof. 1If S is orientable, for each coordinate chart in our orientable collection X : U — S, define
NX:X(U) - R*asin (3.2)

P T X
IfY : V — S is another coordinate chart in our orientable collection, p € X(U) N Y(V), and if
h := Y~! o0 X denotes the change of coordinate function, then

X7 X X
X 1 2
=7 3.3
A Tas Al 3-3)
det(dh)Y1 XY,
= 1 3.4
ldet(dn v, x v ¥ ®) 34
det(dh) , .y
=— N, =N_, 3.5
det(dn)| ? (3-5)

and so the maps agree on their intersection, and hence piece together to give a well-defined global
map N : S — R3,

Conversely, assume we have a global map N : S — R3, and consider local coordinate charts
X : U — S covering S. Note that, after possibly splitting these charts up into more charts, we
may always assume U (and hence X (U)) is connected. For each such chart, fix p € X(U). After
possibly swapping the coordinates (u, up) € U, we end up with

X1 X Xs |
= ——|x-1! .
PTIX X XX
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3 Geometry of Surfaces

Since the inner product <N., % | X*l(.)> : X(U) — {1} is continuous on a connected set, it
must be constant, and hence
X1 X X,
TS AR
In particular, for any two of these coordinate charts, by a similar calculation to (3.3), we see
that the change of coordinate function h = Y~! o X must have positive determinant. That is, we

have found a collection of coordinate charts covering S which give the same orientation on each
tangent space, and hence S is orientable. |

Vp € X(U).

Example 3.18. For k € Z, we define the following family of regular surfaces

Cr := {((2 — vsin(ku)) sin(2u), (2 — v sin(ku)) cos(2u),v cos(ku)) : u € [0, x],v € (—1,1)}.
Exercise. Check that C,. C R® is a regular surface for each k € Z.

We first consider Cy which is the cylinder {x* + y* = 4,|z| < 1}. By defining the outward

(x,4,0)
2 ’

normal vector N(x,y,z) = we see that Cy is orientable.

Next, consider Cy, which is a Mobius band. We can cover Cy with two charts X,Y : (0, 1) X
(=1,1) — Cy each omitting a single interval in C;
X(u1,uz) = ((2 — ug sin(uy)) sin(2u1), (2 — uz sin(uy)) cos(2uy), uz cos(uy)),

Y (01,03) = (—(2 — v3 cos(vy)) sin(2v1), —(2 — v3 cos(v1)) cos(201), —v, sin(vy)).
The intersection of these coordinate charts is disconnected W = Wy U W,, where

Wi =X ((0,7/2) x (-1,1)) = Y((/2, ) X (-1, 1)),
Ws = X((r/2,7) X (=1,1)) = Y((0, 7/2) X (=1, 1)).

The change of coordinate function is given by
T
(01,02) = (u1 + E,uz), on Wy,
T
(01,02) = (w1 — > —uz), on W,

Therefore, the Jacobian is positive on Wy, but negative on W.
To show that C, is non-orientable, suppose for a contradiction that there is a smooth global
unit normal field N : C; — R3. Interchanging u; and u, if necessary, we may assume
X1 X X5
= —————|y-1(5), Vp € X(U).
P o) X e VP EXU)

Similarly, after potentially swapping v, and v,, we may also assume
YI XY,

TR

However, the Jacobian of the change of coordinates must be —1 in either Wy or W,. This implies

that N, = —N,, at any point on this component of the intersection, which is a contradiction.
Therefore, the Mobius strip Cy is non-orientable.

Vp e Y(U).
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Exercise. For which values of k € Z is the surface Cy orientable?

To finish this section, we show that all of the regular surfaces we constructed in §2 are
orientable.

Lemma 3.19. Suppose U C R? is an open subset, f : U — R is a smooth function and A € R a
regular value of f. Then the regular surface S = f~'(Q) is orientable

Proof. As A 1is aregular value of f,
VI(p) = (felp). fy(p). f2(p)) € R,

is non-zero at every p € S. Moreover, by applying the chain rule, we find that Vf(p) L T,S at
every p € S. Therefore, we can define a smooth global unit normal field N : § — R? via the map

N, = @)

Sivepn e

Exercise. Show that any surface of revolution is orientable.

3.4 Gauss Map and Shape Operator

In this section, we take S C R to be an oriented regular surface. That is, S is a orientable regular
surface equipped with a specific orientation.

Due to Lemma 3.17, this is equivalent to S coming equipped with a smooth global map
N : S — R3 such that INy|| = 1and N, L T,S for every p € S. The condition ||N,|| = 1 for every
p € S is equivalent to saying that the image lies inside the unit sphere N : § — S2.

Definition 3.20. For an oriented regular surface S C R3, the map N : S — S? defined above is
known as the Gauss map.

Remark. The Gauss map depends on the choice of orientation on the surface; changing the
orientation will alter the Gauss map.

Since locally the Gauss map is defined as in equation (3.2) using coordinate charts from our
orientation, it is clear that the Gauss map is a smooth map between regular surfaces. Hence, we
can consider its derivative at any point

AN, : T,S — Ty, S Vpe€S.

We first observe that T,,S and TNPS2 are both 2-dimensional subspaces of R* perpendicular to Nj,.
It follows that they must be the same space, and so we can think of the derivative as a linear map

dN, : T,S > T,S, VpeS.

Definition 3.21. For an oriented regular surface S C R>, the negative derivative of the Gauss
map —dN, : T,S — T,S at p € S is known as the shape operator at p.
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Remark. The inclusion of a different sign on the derivative is just a convention.

Let us unwind the definition slightly to see what the shape operator is measuring. Suppose
y: (—€,€) — Sisacurve in S with y(0) = p € S. Then the curve N oy : (—¢,€) — S? describes
the normal vector to S along y. Then —dNj, - y’(0) = —(N o y)"(0) measures the rate of change of
this normal vector along the curve y at the point p.

For curves, the derivative of the normal vector (with respect to arc-length) is precisely the
curvature of the curve k € R. For surfaces we shall also think of as the curvature as the derivative
of the normal vector (i.e the shape operator), however, this is now a 2 X 2 matrix.

Example 3.22. Returning to Example 3.2, for an affine plane P with global parameterisation
X:R2—>P
X(ur, uz) = x +wwy +upwy,  V(ur,uz) € R,

where x € R3 and wy, w, € R® are orthonormal, the Gauss map N : P — S? is the constant map
NPZW1XW2, VPEP,
so the shape operator —dN, vanishes everywhere and P has ‘no curvature’.

Example 3.23. Consider S? equipped with the orientation corresponding to the Gauss map
N : S? — S? given by the identity on the sphere. In particular dN, : T,S — T,S is the identity
map at any point p € S?, and so S? has ‘constant curvature’

1 0

Example 3.24. Returning to Example 3.18, consider the cylinder
Co={(xy,2) e R : x* +y* = 4,|z| < 1}.
With respect to an appropriate orientation, this cylinder has Gauss map N : Cy — S?,
N(x,y,2) = %(x, y,0), V(x,y,2) € Cy.

Along any curve y(t) = (x(t), y(t), z(t)) € Co with y(0) = p, we have

N o y(t) = 2 (x(1), y(1),0),

and hence .
dN,(x'(0),y'(0),2'(0)) = (N oy)’(0) = E(X'(O),y'(o),O).

Since T,C, is spaned by a pair of vectors vy,v;, where vy is parallel to the {z = 0} plane and
vz = (0,0,1), we find that dN, - v, = %01, and dNyvz = 0. Thus, with respect to this basis of T,Cy,
the cylinder has shape operator

Ly
an-(3 )
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Example 3.25. Consider the hyperbolic paraboloid H = {z = y* — x*} which is a graph given by
the global parameterisation

X(uy, up) = (ul,uz,uﬁ - uf), V(uy, uz) € R
With respect to this parameterisation we have
X1 =(1,0,-2uy), X, =(0,1,2u,),

and hence the Gauss map is

2u, —2uy 1

N(ul,uz): > >
\/1 +4u? + 4u’ \/1+4uf+4u§ \/1+4uf+4u§

Consider a curve y(t) = X(uy(t), uz(t)) in H with y(0) = (0,0,0) = p. Then
Y (0) = X1u1(0) + Xau3(0) = (u7(0),5(0),0),
in Cartesian coordinates. Therefore
(N oy)(0) = (2u1, —2u3,0),
and so with respect to the basis X, = (1,0,0), X, = (0, 1,0), we have
~dN, = (_02 (2)) :
Lemma 3.26. The shape operator —dN,, : T,S — T,S at a point p € S is a self-adjoint linear

map. That is
<de * Wi, W2> = <W1, dNP . W2> , Ywi,wy € TPS (36)

Proof. Since the shape operator is linear, it suffices to check (3.6) for a single basis {w, wz} of
T,S. Lets choose wy = Xj, wp = X, for some local coordinates X : U — S about p.

Ify: (—ee€) = X(U) € Sis asmooth curve with y(0) = p, expressing it in local coordinates
as
y(1) = X(ui (), u2(1)), Vit € (—€¢),

we find that
dN, (X1u;(0) + Xpu5(0)) = dN,, - ¥/ (0)
d
=7 (N (u1 (), uz(t))| =0
= N1uj(0) + Nouy(0).
In particular, we have dN,, - X; = Nj and dN,, - X3 = N,. Thus, it suffices to show that

(N1, X2) = (X1, No) .
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3 Geometry of Surfaces

As we have (N, X;) = (N, X;) = 0locally in X (U), differentiating these quantities yields

0= _aa ((N, X1)) = (N2, X1) + (N, X12),
Uy

0= —aa ((N, X3)) = (N1, X2) + (N, X1) .
U1

Since X is smooth, partial derivatives commute, and hence
(N, X1) = = (NX12) = = (NXa1) = (N1, Xz),
as required. O

Let {01, 02} be an orthonormal basis of T,,S. As the shape operator is self-adjoint, the matrix of
dN,, with respect to this basis is symmetric:

(de)ij = <de . Ui,0j> = <Ui,de . Uj> = (de)ji-

Therefore, by standard Linear Algebra, dN,, can be diagonalised by an orthonormal basis of
eigenvectors. i.e. there exists constants k1, k; € R and an orthonormal basis {ey, e} of TS such
that, with repsect to this basis

—dN, = (’Bl :2) . 3.7)

Definition 3.27. k1, x; € R as defined above are known as the principal curvatures of S at p.
Remark. Without loss of generality, we always assume k1 > K.

There are precisely two invariant polynomials on the space of 2 X 2 matrices (under conjugation
by GL(2,R)) - the determinant and the trace. In each case, they can be written explicitly in terms
of the principal curvatures.

Definition 3.28. Let S C R® be an oriented regular surface with Gauss map N : S — S%. At
any point p € S, we define the Gaussian curvature of S at p to be the determinant of the shape
operator
K :=det(-dN,) = kka,
and the mean curvature of S at p to be the one half of the trace of the shape operator
K1+ Ko
2

Remark. Note that, although switching the orientation on S will potentially reverse the sign of
the mean curvature, the Gaussian curvature is independent of the orientation chosen.

1
H = ZTr(=dN}) =

Example 3.29. Returning to our earlier examples (equipped with the appropriate orientations)
from before, we see that for the

* Affine plane P, xk; =k, =0, H=0, K = 0;
* Sphere S*, k1 =k =—1, K=1, H=—1;
e Cylinder Cy, k1 =0, Kk = _%, K=0H= _%;

* Hyperbolic paraboloid H, k1 = 2, k, = =2, K = -4, H = 0.
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3 Geometry of Surfaces

3.5 Second Fundamental Form

Since the shape operator is self-adjoint, this allows us to consider the quadratic form associated
to it at each point.

Definition 3.30. Let S C R® be an oriented regular surface with Gauss map N : S — S?%. For
each p € S, the second fundamental form of S at p is the quadratic form hy, : T,S — R, given by

hy(v) == (—de . v,v), Yo € T,S.

Remark. Unlike the first fundamental form, note that the second fundamental form can be
degenerate.

Recall, if {ej, e;} is our orthonormal basis of eigenvectors for the shape operator —dN,,, so
that (3.7) holds with respect to this basis, then for any v € T,,S, writing v = v;e; + vze; for some
01,02 € R, we have

hy(v) = (k101€1 + Ka02€0,0) = Klz)f + szg.

Thus, we find that the principal curvatures are precisely the maximum and minimum values of
the second fundamental form on the unit circle in T,,S:

k1 =max{h,(v) : v € T,S, [jo]| =1},
ko = min{h,(0) : v € T,S, o]l = 1}.
As with the first fundamental form, we find an expression for h using local coordinates. That

is, suppose X : U — S are local coordinates about p € S. Using the basis of T,,S associated with
X, we find that

hy(X1) = (—dN, - X1, X1) = — (N1, X1) = (N, X11),
hy(Xz) = (=dNp - X2, X2) = (N, Xa2) ,

hp (X1, X2) = (N, X12),

hp (X2, X1) = (N, Xa1) .

X1 XXy _ XiXXp

XXXl ™ \/detg

the basis of TS associated with X as

and so, since N =

, we have that h,, can be expressed as a matrix with respect to

hy = (hn h12) _ ((N,Xn) <N,X12>) 1 ((Xl,Xz,Xu) (X1, X2, X12) (3.8)

ha1  hoy (N, Xa1) (N, X3) detg (X1, X2, Xo1) (X1, X2, X22))
where (v1,vs,03) = (01 X U5, 03) denotes the triple product.

Example 3.31. Consider again the torus T with coordinate chart X : U = (0,27) X (0,27) — T
given by

X(uy,u2) = ((2+ cosuy) cosuy, sinuy, (2 + cosuy) sinuy), V(u,up) €U,
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We calculated previously that

Xi = (- sinuy cos uy, coS Uy, — sin 1y sin uy),

X5 = (—(2+cosuy) sinuy, 0, (2 + cosu;) cosuy).
Differentiating the vector X again to find the second derivatives, we have

X11 = (— cos uy cos uy, — sinuy, — cos u; sinu,),
X1z = X1 = (sinuy sinus, 0, — sin uy cos uy),
Xo2 = (—(2 + cosuy) cosus, 0, —(2 + cos uy) sinuy),
and since
X1 XX
T IX x X
plugging everything into (3.8) we have

= (cos 1 COS Uy, Sin Uy, cos Uy sinuy),

ho— ((N:X11> <N,X12>)
PN Xa1) (N, Xpp)

= 0

B ( 0 —(2+cosuy) cosul) '

We now find an expression for the shape operator (and hence the Gaussian and Mean curva-
tures) purely in terms of the 1st and 2nd fundamental forms:

Let S C R3 be an oriented regular surface with Gauss map N : S — S2, and fix some local
coordinates X : U — S about p € S. With respect to the basis {X1, Xz} of T,,S associated to X, we
can express the shape operator at p as the 2 X 2 matrix

[~dN,]x = (6111 6112).

dz1 42
i.e. —=dN, - Xj = a1;X; + az; Xy, for j = 1, 2. With respect to the same basis of T,S, it follows that
hij = (—dN, - X;, Xi) = (a1, X1 + a2jX2, X;) = ginay; + gioaaj,

for any i, j € {1, 2}. In particular, with respect to the basis of T,S associated to X, we have the
matrix relation

= (20 )< (0 2500 95 g

g21 g22) \d21 Az2

Since g, is non-degenerate, its matrix with respect to the basis associated with X, [g,]x is
invertible, and hence

[-dN,1x = [gpl%" - [hp]x. (3.9)

Taking the determinant and trace of (3.9), we have the following lemma.
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Lemma 3.32. IfS C R? is an oriented regular surface with local coordinates X : U — S about
p €S, then the Gaussian curvature at p is given by

K(py = Tuhaz = hizhes
g11922 — 912921

and the Mean curvature at p given by

gllhzz + 922h11 - glzhzl - gzlhlz
2(911922 — 912921)

5

H(p) =

where g, and h, are expressed with respect to the local coordinates X.

Proof. Taking the determinant of (3.9) yields

K(p) = det[-dN,]x
= det([gp]x" - [hp]x)

= det([gp]x) ™" det[hy]x
_ hithay = hizhyy

- 911922 — 912921 '
Next, taking the trace of (3.9) yields

2H(p) = tr[—de]X
= tr([gp];}l : [hp]X)
__ L. (( 922 —912) (hn h12))
det[g,]x —go1 911 ) \ha1 ho
_ 1 t (gzzhll — gi2h21 - )
=—tr
911922 — 912921 - —g21h12 + g11ha

_ gllhzz + gzzhll - glzhzl - 921h12
911922 — 912921 '

Example 3.33. For the torus T from Example 3.31, we have that in local coordinates
(1 0
9p = \o (2 + cosuy)?)’

(-1 0
P7\0 —(2+cosuj)cosuy]’

Plugging these into our formulas, we conclude that

K(p) = cosuj(2+cosu;)  cosu

p)= (2+cosuy)?  2+cosuy’

H(p) = —(2+cosuy)? — cosui (2 + cosuy) _ l+4cosuy
p)= 2(2 + cosup)? © 2+4cosu;
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3 Geometry of Surfaces

In this example, we note that
2w 2
/KdA :/ / deetgduldug
T 0 0

2 2
= / / cos uduiduy = 0.
0 0

That is, the torus has total curvature zero. In fact, as we shall see at the end of the course, this is

true regardless of the way we embed a torus into R3; if S is any regular surface diffeomorphic to
T, then /s KdA = 0 also.
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4 Curvature

4.1 Gaussian Curvature

In §3 we defined all of the operators and quantities describing the geometry of a regular surface.
We now investigate the geometric significance of the Gaussian curvature K : S — R. We begin
with the following definition regarding the sign of K at each point.

Definition 4.1. A point p on a regular surface S is called:
1. ellipticif K(p) > 0;
2. hyperbolic if K(p) < 0;
3. parabolic if K(p) = 0, but AN, # 0;
4. planar if dN, = 0.

Warning: Contrary to the name, the shape operator vanishing at a single point does not imply
that the surface is a plane.

Example 4.2. Consider the surface S given by the graph of the smooth function (x, y) — (x?+y?)2.
This is a regular surface with global coordinate chart

X(u,0) = (u,0, (u? +0%)?).
It follows that

Xy = (1,0, 4u(u? +0%), X, = (0,1,40(u’ +0?)),

Xuu = (0,0,12u% + 40%),  Xyuo = (0,0,8u0), Xy = (0,0, 120% + 4u?).

Therefore, the point p = (0,0,0) is planar.

Since the Gaussian curvature is the product of the principal curvatures, its sign indicates
whether the signs of the principal curvatures agree. In particular, this tells us geometrically how
the surface bends locally about the tangent plane.

Lemma 4.3. Let p be a point in a regular surface S. If p is an elliptic point, then there exists an
open set 'V in S containing p such that all of the points inside of V lay on the same side of the
affine plane p + T,S. If p is a hyperbolic point, then for any open set V in S containing p, there
exists points in V on either side of p + T,S.
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4 Curvature

Proof. Let X : U — S be local coordinates about p with X(0,0) = p, and normal vector Nj,.
Define the signed distance to p + T,Sby d : U — R,

d(u,up) = <X(u1,u2) -, Np>.

Since X is smooth, we can approximate it about the origin using Taylor’s theorem

_ 1 2 2
X(ul, uz) = X(O, O) +X1Ll1 + X2L£2 + (X11u1 + 2X12u1u2 + Xzzuz) + g(ul, uz),
——— 2 ———
p o(ut+ul)

where the error function e(uy, u) is a smooth function U — R3 such that

. e(uq, uz)
lim > > =
(u1,u2)—(0,0) uy + u;

It follows that the signed distance is given by

d(ula u2)

1
3 (<X11, Np> uf +2 <X12, Np> Uiy + <X22, Np> ug) + <€(u1, Up), Np>

1
5 (hllbﬁ + 2hou Uy + hzzug) + <€(U1, U2), Np)

%h,,(w) + {e(un ), Np)

Dl w | [2e(unu)
= (h”(||w||)+< w2 ’N”>)’

where w = u1 X; + upX; € T,,S. Note that

u

W = dX (yy uy) - ( 1), V(uy, uz) € U.

Uy

After possibly shrinking U we may assume that the linear isometries given by the directive at
every point dX are uniformly bounded on U, and so we have that

2 2, .2
Wil > c(uf +u3),

for some ¢ > 0. If p is elliptic, the signs of k; and k; agree, and hence h,(w/||w]||) has a
fixed sign. Without loss of generality, assume that the principal curvatures are positive, and so
hy(w/||w]l) > k5 > 0 for any non-zero w € T,,S. After possibly shrinking U, we can assume that

zg(uls u2) >
—— N, )| £
K [wiiz >

and hence d > 0 on U. The conclusion for p elliptic follows by taking V = X (U).

2
c

g(ula u2)

< K2
2 2|~ ’
uj + U,

If p is hyperbolic, then x; > 0 and x, < 0, and we may again shrink U so that

2€(uy, up) 2 1.
— = N, )| < - < —min{ky, —K>}.
K iz y minten, k)

Cc

€(uy, up)
u? +ul
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4 Curvature

Let ej,e; € T,S denote the orthonormal basis of eigenvectors corresponding to the eigenval-
ues k1, kz. If e1 = a1 X7 + ax Xy and e; = b1 Xy + by X, then for § > 0 sufficiently small,
(bay, bay), (6by, 6b,y) € U, and we have

52
d(5a1,5a2) > ZKl > 0,

2

1)
d(5b1,5b2) < ZKZ < 0.

Since § can be made arbitrarily small, the case when p is hyperbolic follows. m|

In fact, the sign of the Gaussian curvature at a point allows us to classify its local second order
asymptotics.

Lemma 4.4. Let p € S and ey, e; € T),S be the orthonormal basis of eigenvectors for the shape
operator —dN,. After applying a translation and rotation so that p = (0,0,0), e; = (1,0,0) and
ey = (0,1,0), the surface S is locally given by the graph

Fey) = 5 i + ) + 0 + 7). @1
That is, the second order asymptotics of S at p are given by
* An elliptic paraboloid if p is elliptic;
* A hyperbolic paraboloid if p is hyperbolic;
* A parabolic cylinder if p is parabolic.

Proof. By Lemma 2.9, S is locally a graph of two variables at p. Moreover, as N, = (0,0, 1)
lies in both of the planes {x = 0} and {y = 0}, S must locally be a graph over {z = 0}. That is,
for some open subset U C R? containing (0, 0), S is locally the graph of some smooth function
f:U — R. By our assumptions, T,,S = {z = 0}, which implies that f;(0,0) = £,(0,0) = 0.
Locally, we have the coordinate chart X : U — R® given by X (uy, up) = (uy, g, f(uy, uz)). It

follows that
(-fi,=f 1)

1+ R+ 17

Xl = (1’0’ﬁ)5 X2 = (0’ 1’fé)’ N=

Differentiating the normal yields

1 fifii+ fofar
-N; = — (fir, f21,0) - ———— (1, 2, 0),
1+flz+f22 11, f2 (1+f12+f22)5 1, f2

(i finn0) = D2 ¥ PS2 06 )

1
1+ 2+ f7 1+ fE+fP)2

—N, =

which at p evaluate to

—Ni = (fi1, iz, 0),  —Nz = (fiz, f22,0).
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Using the formula —N; = —dN,, - X; = k;e; at p, we also have
—N; = (k1,0,0), —N; =(0,k2,0).
Equating the two expressions for —N; and —N,, we find that
fu=xi, fiz=f1=0, fa=ks.
Equation (4.1) follows from Taylor’s theorem. m|
Consider a regular surface S € R* equipped with local coordinates X : U — S about p. Recall
that the infinitesimal area form on S is given by
dAs = || X, X X,||dudo,
with respect to X (u, v). Locally, we have the normal map N : X(U) — S2, and so we can consider
the smooth map N o X : U — S2. It follows that infinitesimal area form on the sphere is given by
dAg> = ||N, X Ny||dudo,
with respect to N (u,v). Recall, in §3.2 on area, we showed that
[INu % Nl = |det dN(u,o| - 1Xu X Xoll = K] - [1Xu X X,

and therefore, the size of the Gaussian curvature can be thought of as the distortion of the map
dAs — dAs: induced by the Gauss map. By integrating this quantity up and taking limits, we
have the following lemma.

Lemma 4.5. Let S be a regular surface and X : U — S local coordinates about p € S. Suppose
p € B, € X(U) are sequence of compact subsets on the surface with

lim sup [|p —qll = 0.

n—e pep
Then the size of the Gaussian curvature at p is given by the limiting ratio of the areas

N (5, dAs:

/B,, dAs

Proof. Let X(U,) = By, so that by the discussion previous to the lemma, we have that the ratio is
given in local coordinates as

/N(Bn) dAs ) /U" N, X Ny||dudo B /Un IK (u,0)] - || Xy X Xp||dudv
/B,, dAs /Un 1%, X X, ||dudo /Un 1%, X X, ||dudo

IK(p)] = lim

In particular, we have
Jvs,) Az
Js, dAs

Ju, (UK (u,0)| = [K(p)]) - X X Xo|ldudv
fUn [| Xy X X,||dudo

. fUn [IK (u,0)[ = [K(p)I] - [|Xu X Xo||dudo

h fUn 1X, X X,||dudo

< IK(u,0) = K(p) L= (U,)-

Since K is smooth, taking n T oo, the right hand size is null and the conclusion follows.

—IK(P)||=
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Example 4.6. The previous lemma gives us another interpretation of why the cylinder C has zero
Gaussian curvature: indeed, the Gauss map of a cylinder traces out the equator N(C) = S! C §?,
and since the area of the equator is zero inside the sphere, the Gaussian curvature K = 0 on C.

O

4.2 Principal curvatures

We return to the principal curvatures k1, k2 : S — R defined at each point p € S to be the
eigenvalues (with corresponding orthonormal eigenvectors ey, e; € T,,S5) of the shape operator
—dN,,.

P

Consider a smooth regular curve y : [ — S parameterised by arc-length inside of our surface.
For each s € I, the derivative 7,(5) := y’(s) is a unit vector laying within T (5)S. If Ny
denotes the unit normal vector to S at y(s), then the triple {7, (s), Ny (s), Gy (s) = Ny(s) X Ty(5)} 18
a orthonormal basis of R3, with Gy(s) € Ty(s)S for each s € I. In particular, the second derivative
y”'(s) is then a vector laying within the span of G and N at y(s).

Definition 4.7. With the above set-up, define the smooth functions kg, kn : I — R via the
relationship
Y (s) = kG (s) - Gy(s) + KN (S) - Ny(s), Vsel 4.2)

We refer to the values kg (s) and kn (s) as the geodesic curvature and normal curvature of y at s
respectively.

Remark.
* Changing the orientation on S will change the sign of both kg and k.

* For a fixed Gauss map N, changing the direction in which we traverse the curve does not
change y"”, but will swap the sign of T and hence G. So reversing the direction changes the
sign of kg, but not k. i.e. ky is independent of the direction the curve y(I) is traversed.

* Since the vector Gy (s) L Ny(s) everywhere, taking the norm of (4.2) we find that
K(5)? = kG (5)* + kn (s)%,

where k(s) denotes the usual curvature of the curve y as a curve in R®. In particular, we if
choose 0 to be the angle formed between v, the normal vector of the curve y, and N, the
normal vector to S (that is, cos(0) = (v, N)), then it is true that

KNy =kKcosO, kg =ksinb.

Example 4.8. Given any smooth regular curve y : I — P in an dffine plane P, we see that the
normal to the curve v is always perpendicular to the normal to the plane P, and hence knx = 0
and kg = k.
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4 Curvature

All of the curvature of y is due to its bending within P, and not due to the bending of P in the
ambient space.

Example 4.9. Consider the equator y : R — S?, y(s) = (coss,sins,0). In this example, the
normal to the curve v is parallel to the normal to the sphere N, and hence kg = 0 and kN = k.

All of the curvature of y is due to the bending of S? in the ambient space and not due to its
bending within S?.

The following lemma shows that the normal curvature of a curve depends only on its first order
information. That is, for any two curves y,n : I — S with y(so) = n(so) and y’(so) = 1’ (o), then
the normal curvatures of y and n agree at s.

Lemma 4.10. The normal curvature xn of a curve y : I — S depends only on the tangent vector
to the curve y. Moreover, the normal curvature is bounded by the principal curvatures at each
point

K2(s) < kn(s) < ki(s), Vsel.

Proof. Recall, the normal curvature is given by the inner product

kn(s) = <}/”(S), Ny(s)>
=(Y'(s), (N oy)'(s))
= (‘dNy(S) ¥ (s), Y’(3)>
= hy(s) ()/ (S)),
which depends only on y(s) and y’(s), showing the first part. The second part follows from the

previously shown fact that the second fundamental form h,, is bounded by the principal curvatures
on the unit circle in T,S. O

Definition 4.11. A point p € S is called umbilic if k1(p) = x2(p).

Lemma 4.12. Let S be a regular surface and X : U — S be local coordinates on S with U
connected. If for some function A : X(U) — R the following equation holds

—dN, = A(p) -idr,s, Vp € X(U),
then X(U) is contained either within a plane or a sphere. Such a region X (U) is called umbilical.

Remark. A priori, the function A given in the lemma can change from point to point, even

discontinuously. The fact A is constant is a consequence of the lemma.

. . (=dNp-Xu.Xu)

Proof. Since we may write A(p) = R
u

differentiating the identities

, it follows that A is a smooth function. Next,

- u:/l'Xu, _Nv:/l'Xv;

we find that
- uv:/lv'Xu'i'A'Xuz)s _Nvu:Au'Xv"'A'Xvu-
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As X, N are both smooth, partial derivatives commute, and we conclude
Ao Xy —Ay - Xy, =0.

But since X,,, X, are linearly independent, this implies 1, = A4, = 0 on X (U) connected, and hence
A is constant. In particular, it follows that the quantity N + AX is constant. We now split the final
analysis into two cases

e If A = 0, then the normal vector is constant, and hence X (U) is contained within the
hyperplane with normal N passing through a point X (p).

* Otherwise, we label the fixed vector X, := N + AX. Rearranging gives X = Xy + A"!N, or
X lies in the sphere X, + A71S2. o

Corollary. IfS is a regular connected umbilical surface: there exists a function A : S — R such
that
—de = A(p) : idTps, Vp €S,

then S is contained with a plane or a sphere.

Proof. Fix py € S. By the previous lemma applied to the connected components of coordinate
charts (which cover S), we see that A is a smooth function. Note that the set

Q={peS:Ap)=Apo)}

is a non-empty subset of S. It is closed since A is smooth. By the previous lemma, it is open. Since
S is connected, we conclude Q = S and A is constant. The result then follows via an identical
argument. O

4.3 Mean curvature

We now find a geometric interpretation of the mean curvature via variations of regular surfaces.
In particular, we look at the case when the mean curvature vanishes

Definition 4.13. A regular surface S is called minimal if H = 0 everywhere.

Let S C R3 be an oriented regular surface with Gauss map N : S — S%. We will consider
compactly supported variations of S. More precisely, fix a compactly supported smooth function
f € C2(S), and cover the support of f by coordinate charts. For simplicity, we will assume that
there is a single coordinate chart X : U — S such that supp(f) € X(U). We then look at the
variation X : U x R — R?, given by

X(u, 0,t) == X(u,0) + tf(u,0) - Nuo)-

Claim. There exists ¢ > 0 sufficiently small such that X (-, t) is an immersion for every |t| < e.
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Proof of Claim. Calculating the partial derivatives of X (-, t) : U — R® we have
Xu(t) = Xy + tfuN +tfN,,
Xo(-t) = Xy + tfuN + tfN,,

and therefore, as f, N are smooth on supp(f) compact,

Xu(', t) XXU('; t) =Xy X Xy + O(t)’

which is non-zero for ¢ sufficiently small. i.e. the vectors Xu (-, 1), Xy (-, t) are linearly independent.
O

Exercise. Show that for t sufficiently small, X (-, t) is a homeomorphism onto its image.

Combining this exercise with the previous claim, we see that for |t| < &, X (-, t) defines local
coordinates for a new regular surface S; € R3. Consider the family of first fundamental forms
g(t) on S;. With respect to the local coordinates X (-, t) we have

gij(t) = <Xi('> t)’Xj(" t)>
= (X; + tfiN +tfN;, X; + tf;N + tfN;)

= gij + tf ((NuXj) + (N;. Xi)) +0(t%)
=4ij — thhij + O(tz),

which we write as matrix formula

[9(D)]x.0) = [glx — 2tf [h]x + O(E2). 43)

We want to look at how the area is changing under this compact variation, and so we need the
following result.

Claim. For any n X n matrix M,

d
E det(In + tM)ltZO = tr(M).

Proof of Claim. Since all of the off-diagonal entries of the matrix I, + tM are O(t), we have

n
det(I, + tM) = l_[(l + tM;;) + O(t)
i=1
n
= 1+tZMii +O(1%). o
i1

———
tr(M)
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Applying the determinant to (4.3) we have

det[g()] (. ,) = det([glx — 2tf [h]x + O(t%))
= det([g]x — 2tf[h]x) + O(t?)
= det[g]x - det(I - 2tf[g]x' [h]x) + O(t?),

and so by the claim and equation (3.9)

d
Z detlg(t)] g . im0 = —2f detlg]x tr([g]x' [A]x)

dt
= —2f det[g]x tr([-dN]x)
= —2fH det[g]x
On the level of infinitesimal area forms, this corresponds to the relationship
d d
ad/\sthzo =7 det[g()] (. 1)le=0 dudv
= —fH+/det[g]x dudv
= —fHdAs.

Integrating this quantity up, we have the first variation formula for the area of an oriented regular
surface under compactly supported variations.

Theorem 4.14. Let S be an oriented regular surface with Gauss map N : S — S%. For any
f € CX(S), let Sy denote the regular surfaces generated by variations along fN as above. Then
we have the formula

d

dt Joupp(f)
Corollary. An oriented regular surface is a critical point of the area functional under compactly
supported variations if and only if it is minimal.

dAS[|t:0 = / —fHdAS
supp(f)

Proof. The if direction follows immediately from Theorem 4.14. For the reverse direction,
suppose there is a point g € S with H(g) # 0. Let ¢ be any smooth compactly supported non-
negative function on S with ¢(gq) > 0 and let f = ¢H € C°(S). Then, considering the variation
with respect to f, Theorem 4.14 implies that

d
'R dAs, =0 = / —pH%*dAs < 0. O
t supp(f) supp(¢)

There are special coordinates on any regular surface under which checking minimality is much
simpler.

Definition 4.15. Local coordinates X : U — S are called isothermal coordinates if there exists a
smooth function A : U — R such that the first fundamental form is given in these local coordinates
by

A2(u,
[g(u,v)]X = ( (g 0) /12(2’ U)) s V(u, 0) eU.
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4 Curvature

Fact: By solving a local system of partial differential equations, one can show that every
regular surface S can be covered by isothermal coordinate charts. Recall the following definition
of a harmonic function

Definition 4.16. A function X : U C R? — R? is harmonic if
AX (u,0) = Xy (u,0) + Xpo(u,0) =0, VY(u,0) € U.

Exercise. Let S be a regular surface. Then S is minimal if and only if, all isothermal coordinates
X : U — SonS are harmonic.

Example 4.17. For the Catenoid C, we have the parameterisation
X(u,v) = (coshvcosu,coshvsinu,v), (u,0)€ (0,27) XR.

Recall from the midterm, the first fundamental form with respect to these coordinate is given by

(cosh2 v 0 )
g = b

0 cosh®v
and therefore are isothermal coordinates. Then we find that
AX = Xy, + Xy = (— cosho cosu, — cosh v sinu, 0) + (coshv cosu, coshwv sinu, 0) = (0,0, 0),
and so C is a minimal surface.
Example 4.18. For the Helicoid H, we have the parameterisation
X(u,v) = (sinhvcosu,sinhosinu, u), (u,0) € R?.

The first fundamental form with respect to these coordinates is again

(cosh2 0] 0 )
g = b

0 cosh?v
and therefore these are isothermal coordinates. Then we find that
AX = Xy + Xy = (—sinh v cos u, — sinh v sinu, 0) + (sinh v cos u, sinh v sinu, 0) = (0, 0, 0),

and so H is also a minimal surface.

4.4 Theorem Egregium

We split the geometric properties of a regular surface into two cases:
* Intrinsic: depends only on the first fundamental form g.

* Extrinsic: depends on how S is embedded inside R3.
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4 Curvature

Example 4.19. Consider the cylinder C and the plane P. We can parameterise the cylinder by
X(u,v) = (cosu, sinu,v), and the plane by Y (u,v) = (u,0,0). It follows that

X, = (=sinu, cosu,0), X, =(0,0,1), Y, =(1,0,0), Y, = (0,1,0),

and hence
[9lx = L = [gly.
Therefore, lengths, angles and areas are identical within these coordinate charts. However, the

mean curvature of the cylinder is non-zero and it is zero for the plane, and so the mean curvature
is extrinsic!

Question: Is the Gaussian curvature K intrinsic?

Recall that the formula for the Gaussian curvature involves both the first and second fundamental

forms
deth,

K(p) = detg,’

and as the mean curvature is extrinsic, it is tempting to conjecture that the Gaussian curvature is
extrinsic also. However, Gauss’s remarkable theorem is that K is in fact intrinsic.

Theorem 4.20 (Theorem Egregium). The Gaussian curvature K of a regular surface is intrinsic.

Our goal is to now prove Gauss’s Theorem Ergregium. Throughout this section (and the rest of
the course) we make the following short hand convention which is commonplace in the subject.

Einstein summation convention: repeated indices within an equation are summed!

Example 4.21. The length of a curve with respect to the first fundamental form is expressed in
the Einstein summation convention as

b 1
Lo = [ (oot o) .

Given local coordinates X : U — S, consider the vector X;; € R expressed with respect to the

basis {Xi, X5, N}. Since (Xl- N ) = h;;, we can find coefficients I“l.lj, I“l.zj € R such that

Xij = hijN+ rlI;Xk
Definition 4.22. 1"1.’;. are known as the Christoffel symbols with respect to the coordinates X.

Remark. The Christoffel symbols come with natural symmetry. Since X is smooth, X;; = Xj;,
and so
hiiN + T}Xp = hjiN + TiX;.

In particular, by the linear independence of the vectors X1, X, N we can equate coefficients to
find TS, = T%,
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4 Curvature

Lemma 4.23. The Christoffel symbols (and thus the second derivative of X projected onto the
tangent plane) depend only on the first order information of g

1
ri’;' = Egkl (9:9)1 + 9;9i1 — 9193j) (4.4)

where g'/ are the coefficients of the inverse of the matrix [g]x, i.e g*gr; = ;).
Proof. Since
digj1 = 0 - (X, X1)
= (Xij X1) + (X, Xur)
=9ip- I“f;. +9jp- FS’
the term in the bracket on the right hand side of (4.4) becomes
digji + 0591 = Agij = Gip - T+ gjp - T +a1p T +9ip - Th = gjp - T = gip - T},

It follows that

1
TS =6y T =" - gip - TP = =g (3191 + 9,901 — a1945) -

ij ij 2
[}

Lemma 4.24. The third order derivatives of X satisfy the following equation
Xijk = (akhij + rg.h,,k) N+ (akr;]’. — hijhigg™ + rgr]fq) X, (4.5)

Proof. Using the definition of the Christoffel symbols and the product rule we have
Xijk = o - (h,- N+ rl.‘;.xp)
= Okhij - N+ hij - Ni + 0 - TF - X + T - Xy
= Gkhiy - N+ hij - N+ 0Ty - X + T (g - N+ L, - X, )
- (akhl-j + rif]’.hpk) N+ (akr}j’. + rgr,fq) - X, + hyj - Ni.

Since Ny is perpendicular to N, it has the form Ny = a,X), for some coefficients @, € R. Taking
the inner product with X, we have

ap = arbrp = argrngp = <Nk’Xq> 9% =- <N’ qu>gqp = _hkngp’

and therefore
Ny = —hkngp - Xp. a
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Claim. For any 2 X 2 matrix M, we have
tr(M)? — tr(M?) = 2 det(M).
Proof of Claim.
tr(M)? — tr(M?) = (Myy + Maz)® = (M*)11 + (M?)23)

= M}, + M3, + 2My1 Myy — (M3, + 2My2 Moy + M3,)
= 2(My1May — Mi3Myy) = 2 det(M). o

We are now ready to put everything together and prove Gauss’s Theorem Egregium.

Proof of Theorem 4.20. Since X is smooth, partial derivatives commute, and so Xjjr = Xji;. In
particular,

(Xiji- Xp) = (Xikj» Xp)

which by Lemma 4.24 implies

K], = hijhigg®™ + TAT0 = ;T — hixhjqg™ + T TT. (4.6)

Letting p = k and summing over k = 1, 2 in (4.6) we have

k k qrk qrk _ k k
akrij - ajl"ik + Fijl“kq - Fikl“jq = hijhkng - hikhquq s

which multiplying by g%/ implies
g (Tl - oy + TITE, = TATE ) = (69 hi) (6% hig) = (6 hue) (ghgy)
= tr(=dN,)? - tr(=dN}) = 2K(p).
Therefore 1
— 1iJ k k a7k qrk
K(p) = 59” (akrij =9l + I, = rikrjq) g

and so the Gaussian curvature depends only on the second order information of g, and is thus
intrinsic. O

With Theorem 4.20 now in our toolbox, it is desirable to have a more robust notion for when
two surfaces have the same first fundmental form locally.

Definition 4.25. Given two regular surfaces S,S C R>, an isometry between S and S is a
diffeomorphism ¢ : S — S such that

gp(u,0) = gw(p)(d(pp ‘u,dop-v), Vp €S, Yu,v € T,S. 4.7
In this case S and S are said to be isomorphic.

Lemma 4.26. If a diffeomorphism preserves lengths, then it is an isometry. That is, equation
(4.7) is equivalent to

9p(U) = Go(p)(dop -u), Vp €S, YueT,S. 4.8)
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Proof. (4.7) implies (4.8) is trivial. For the converse, fix u,v € T,S and let u(t) = u+to for t € R.
Then, as dg,, is a linear map, we have

d )
7799 (@(®)e=0 = 2 (u(0), u’(0)) = 29, (. v)
d . , .
E%p(p)(d‘/’p “u(t))]r=0 =2 <d(Pp - u(0), d(Pp “u (0)> = 29<p(p)(d‘Pp ‘U, d‘/’p “0).
Since the left hand side of these two formulas are the same, (4.7) follows. O

Definition 4.27. A map ¢ : V C S — S on an open neighbourhood V in S is a local isometry if
there exists an open set V. C S such that ¢ : V — V is an isometry.

Example 4.28. The cylinder is not isometric to the plane. However, every point in the cylinder
admits a neighbourhood which is isometric to an open subset of the plane, and so the cylinder is
locally isometric to the plane everywhere.

By its definition, a local isometry between two surfaces implies they have the same fundamental
forms locally. In fact, the converse holds, and so two surfaces have the same intrinsic information
(locally) iff they are (locally) isometric.

Lemma 4.29. Given regular surfaces S, S with local coordinates X : U — S, X : U — S, if
gij = gij on U, then the function

p=XoX':X(U)— S,
is a local isometry.

Proof. Fix p € X(U) and w € T,S. Then w = w; - X; for some coefficients w; € R, and
gp(w) = gijw;w;. Recall that
dop - w = (¢ oy)(0),
where y : (—€,€) — X(U) is a curve such that y(0) = p and y’(0) = w. Letnp = X oy :
(—€,€) — U, where now n’(0) = (wy, ws). y and n are then related in the following way
(poy:)ZoX_loXoU:)N(ory,
and so
dop-w=(poy)(0) = (X 0n)'(0) = w;X;.
In particular
g(p(p)(dG"p ‘w) = gijwiwj,

and by the assumption on the first fundamental forms, (4.8) holds and ¢ is an isometry. |

Corollary. The Gaussian curvature K is invariant under local isometries. That is, if o : V C
S — S is a local isometry between regular surfaces, then

K(p) =K(p(p)), VpeV.
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4.5 Covariant Derivatives

Given some local coordinates X : U — S and a pair of smooth functions wy, w; : U — R, the
function W : X(U) — R3 defined by

W (X (uy, uz)) = wi(uy, uz) - Xi(u1, uz),
is smooth with W(p) € T,,S for all p € X(U).

Definition 4.30. A smooth vector field W on a regular surface S is a correspondence which
assigns to each point p € S a tangent vector W(p) € T,S, such that for any local coordinates
X :U — S, we can express

W oo X(uy, uz) = wiup, uz) - Xi(up,uz),  V(u,uz) €U,
for some smooth functions wi, wy : U — R. We denote this by W € C*(TS).

Example 4.31. Given some local coordinates X : U — S, the image of the coordinates X (U)
is itself a regular surface. Then, the coordinate vector fields X; € C*(TX(U)) are by definition
smooth vector fields on X(U).

Question: Given W € C*(TS), p € S and u € T,S, can we find a reasonable intrinsic notion of
the variation of W in the direction of u at p?

Flat case: In the case we are working in R", a smooth vector field W € C*°(TR") corresponds
to a smooth function W : R* — R”

W(xt, ..., xn) = (Wwi(xg, ..., %), .o, wp(x, ..., X)) .

For any point p € R” and tangent vector u € T,R" = R", the variation of W in the direction of u
at p is the collection of directional derivatives

DuW(p) = (Duwl (P)> cee :Duwn(P)) € R”,
—————
(Vwi(p).u)

which can alternatively be written as the limit of the quotient

W(P + tu) - W(P) c Rn.
t

D, W (p) := lim (4.9)
tlo

For the general case, can we just use (4.9)?

The first immediate problem one runs into is that for a general surface S, p € S and u € T,,S, it is
not true that p + fu € S, and so the equation is not even well defined. Instead, we could replace
this with a path in S. So, given y : (—¢,€) — S with y(0) = p and y’(0) = u, (4.9) becomes

W) -WO) _
: .

(Woy)(0) = lim

However, this definition is still not sufficient for detecting intrinsic variations.
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Example 4.32. Consider the cylinder with the local coordinates
X(uy,up) = (cosuy, sinug, up), VY(ug,up) € (—m,m) XR.
Defining W = X1 and y(t) = (cost, sint, 0), we see that
(Wo y)'(O) =(-1,0,0).

However, recall that the cylinder is locally isomorphic to the plane, via the map (cos uy, sinuy, up) +—
(u1, up) on X(U). Under this local isometry, the vector field W is mapped to ¢.(W) =dp - W =
(¢ 0 X)1 = (1,0), and the curve is mapped to ¢ o y(t) = (t,0). Therefore, we see that

(p(W) o (¢oy))(0)=0.

If this quantity was detecting intrinsic variations in our surface, it should be invariant under local
isometry and therefore should not give these two different answers.

The reason for the discrepancy is that in the cylindrical case, W o y(¢) needs to accelerate to
remain inside T, (;)S. To account for this, we project the derivative onto the tangent plane.

Definition 4.33. Given a regular surface S and a smooth vector field W € T(TS), the covariant
derivative of W at p € S in the direction of u € T,,S is defined to be

DW(p) = [(W o) (0)]” €T,S,
where y : (—€,€) — S is smooth with y(0) = p and y'(0) = u.

Remark. Since (T,S)" is spanned by the normal vector N, we could alternatively write the
covariant derivative as

DyW(p) = (W o) (0) = (W 0 y)"(0), Np) Np.
Given local coordinates X : U — S, suppose W = w; - X; and y(¢) = X (u;(t), us(t)). Then

Woy(t) = wiui(t), u2(t)) Xi,
—_———
;i (1)

and hence
(W @) )/)/(0) = wl{ . Xi + w; - Xiju}.

Recall,
X = (@8- X+ hiyN)T = TEX,
and therefore

DWW (p) = ] - Xi + w; ) T - X (4.10)
In general, we only need our vector field W to be defined along a curve in order to be

differentiated in the direction of the tangent of the curve.
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Definition 4.34. Given a smooth curve y : I — S, we define a smooth vector field along y to be
an association t € I to W(t) € T, S such that in any local coordinates chart X : U — S,

W(t) =wi(t)- X, VtelIny (X)),

with w; smooth. We denote this by W € C*(Ty(I)). We define the covariant derivative of such a

W along y in the exact same way as before, but now we denote it by %.

Example 4.35. Giveny : I — S smooth, we could take W (t) = y'(t) € T,(»)S. This is clearly a
smooth vector field along y with

Dw _ " T
W(t) =[], Vtel,

the tangential acceleration of y.

Vector fields whose covariant derivative vanishes along a curve are particularly important.

DW _

Definition 4.36. A smooth vector field W along a curve y is called parallel if =;

Example 4.37.

* For any curve in the plane, a vector field along the curve is parallel iff the vector field is
constant.

* For a unit curve moving around a cylinder perpendicular to its translational symmetry, the
tangent vector field of this curve parameterised by unit speed is parallel.

* For a great circle on a sphere, again, the tangent vector field of this curve parameterised
by unit speed is parallel.

Lemma 4.38. If V(t), W(t) are smooth parallel vector fields along a curve y : I — S, then
V@), W) =(V(s),W(s)), Vs tel.
In particular the length of a parallel vector field along a curve is constant.

Proof. Since V' (t) — g—y(t) is perpendicular to the tangent space, we see that

% V), W) =(V'(1), W(t)) +(V (1), W (1))
Dv Dw
= <W(t),W(t)> + <V(t), T(t)> =0,

and so (V(t), W(t)) is constant in t. O

For a smooth vector field W along y, recall that in local coordinates (4.10) the covariant

derivative is given by
aw , )k
? = w; - Xi + w; uj Fij - Xk.
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By equating coefficients, we see that W is parallel along y iff

a),'c+a)iu}1“i];:0, for k =1, 2.

This is just a system of first order linear ODEs, and hence by the existence and uniqueness
theorem from §1, we guarantee the existence and uniqueness of such a vector field given suitable
initial data.

Lemma 4.39. For a regular smooth curve y : I — S, ty € I and Wy € Ty (4,)S, there exists a
unique parallel W € C*(Ty(I)) such that W (ty) = W.

4.6 Geodesics

Along any smooth curve y : I — S, there is an obvious choice of smooth vector field along y,
namely its velocity y’ € C*(Ty(I)). If the velocity is parallel (i.e. the curve has no intrinsic
acceleration) we call y a geodesic.

Definition 4.40. A non-constant smooth curve y : I — S is a geodesic if

Dy’ 3

") =0, Vtel
o [y (t)] €

Remark.

o We know immediately from the Lemma 4.38 that geodesics have constant speed, and are
regular. In particular, we may as well linearly scale the speed so that our geodesics are
always parameterised by arc-length.

* If our surface is oriented, then for any arc-length curve y : I — S we have that equation
(4.2) holds
}/”(t) =kg(t) - G),(t) +kn(t) - Ny(t)’ vVt el

From which it follows that the covariant derivative of y’ along y is

Dy’ 3
dt

Y1 =6 - G.

Therefore, y is a geodesic if and only if kg = 0, and hence k = ky - N.

Recall that for a vector field W along y, in local coordinates X : U — S, W being parallel is
equivalent to the system of equations

Wi+ w; u; I“l.’j. =0, ke{1,2},

where y(t) = X(uy(t),uz(t)) and W = w; - X;. In the case W = y’(t), we find that w; = u] and so
our local geodesic equations are

uf + T ujuf =0, ke{1,2}. (4.11)
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Corollary. If ¢ : S — S is an isometry, then'y : I — S is a geodesic iffy == poy:1 — Sisa
geodesic.

Proof. To show that a curve is a geodesic, it suffices to check that (4.11) holds locally. Given
local coordinates X : U — S, by the same reasoning as in the proof of Lemma 4.29 we can show
that X := ¢ 0 X : U — S are local coordinates on S with g;; = g;; everywhere in U:

gijwiwj = gp(Wz‘Xz‘) = éw(p)(widﬁop - X;)) = g~(p(p)(wi)~(i) = éijWin.

Under these local coordinates, if y(¢) = X (u;(t), up(t)), then y = X(u;(t), ux(t)) also. Since the
Christoffel symbols I‘i]j. depend only on the first fundamental form, it follows that y solves (4.11)

in X (U) iff j solves (4.11) in X (U). O

To understand the geometric significance of geodesics, its necessary to consider them from a
variational perspective.

Given a connected regular surface S, and a pair of points p,q € S, consider the family of
smooth curves in S joining p to g, under the following renormalisation:

Cpq ={y : I — S| yis a smooth regular curve, with [0,1] € I,y(0) = p,y(1) = q}.

It is a fact (used in Homework 2) that C,q # (. To each curve we have the associated length from
ptog

1
Mﬂmu)=/QHV®Wd& Vy € Gy
0
Goal: Minimise the length functional.
d(p,q) == inf L(yl[o1))-
yeCpq

Lety :IX(-8,8) — S be a smooth 1-parameter family of regular curves inside of S such that
7(-,t) € Cpq foreach t € (=9, 6), with y = ¢(-,0). Let

Z(t) = L(y (- Dljo1)), VYt € (=6,9).

Then y being a local minimiser of the length functional implies that along this (or any such)
variation we have #’(0) = 0. Note that

1
$@=%A<Mmeﬁwwm
1
=£<MﬂMW”%$M%®MS
_ ! s Ys(s) >
‘£<%”“”mw|&

__ ! 5 (s . Ys(s))>s
AG“”@(M@|¢
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Note that W (s) = y;(s, 0) is a smooth vector field along y, with W(0) = W(1) = 0, and so

R ys(s) \|"
Z'(0) = _/o <W(s), [83 . (l)/s(s)|)] >ds. (4.12)

Lemma 4.41. y € C, is a critical point of the length functional if and only if the vector field

V(s):= Iﬂgl for s € (0,1) is parallel along y.

Sketch of Proof. If V(s) is parallel then (4.12) implies that £’ (0) = 0 along any variation, and
S0 y is a critical point of the length functional. Conversely, consider the smooth vector field along
y given by the covariant derivative

pv [ wG ]
E(s) = [83- |Ys(3)|} , Vsel

Suppose for some sq € (0, 1) that %(so) # 0. Choose a smooth cut-off function ¢ € C°((0, 1))
such that ¢(sg) > 0 and ¢ > 0. For each s € I, define n, : (—Js, 65) — S such that

1O =y(5), 1) =p(5) T-(5) € TS,

When ¢(s) = 0, then we can extend the function 5, : R — S, as ns = y(s). In particular, since the
support of ¢ is compact, there exists § > 0 such that we can define the map y : I X (=§,8) — S
with

7(s, t) == ns(t), VY(s,t) € IX(=54,9).

Note that y(-,0) = y(-). It can also be shown that y(, t) € Cpq for each t € (=4, §). Finally, along
this variation we find that

, ! DV
70 == [ 9012 0)lFds <0
0 S
and so y is not a critical point of the length functional. O

In the case that y is parameterised by arc-length, then y is a critical point of the length functional
if and only if y is a geodesic. However, the length functional does not pick up any information on
how the curve y is parameterised, and so in general y is not a geodesic and we can only conclude
that its trace y(I) will have a parameterisation which is a geodesic.

Alternatively, to remove the reparameterisation invariance of our length functional, we could
instead consider the energy functional

1t
Elo) =3 [ IO ds ¥y e Gy
0

Note that by the Holder inequality

L<y|[o,1]>2=( / ||y'<s>||ds) s( / ||y'<s>||2ds)( / 1ds)=z~E<y|[o,l]>,
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with equality if and only if the curve is parameterised by constant speed. Therefore, minimisers
of the energy functional should correspond to minimisers of the length functional with constant
speed, which are precisely geodesics!

Lemma 4.42. y € C, is a critical point of the energy functional if and only if y is a geodesic.

Sketch of Proof. For a variation y as before, if
&(t) = E(y(-Dlo1)), Vt e (=6,9),

then we calculate

, d 1, )
80 =5 [ 5 0075 dsl

1
= /0 (Vst(s,0),ys(s)) ds
1
= /(; (95 - 1:(5,0),ys(s)) ds

1
__ / (715, 0), yss (5)) ds,

and so .
&'(0) = — / (W(s), [yss(s)]") ds. (4.13)
0
The result follows by the exact same argument as in Lemma 4.41. O

Remark. In general, geodesics are not length minimising paths. Consider a large section of
a great circle on the sphere S?. Although this curve is a geodesic, there exists a shorted path
(also a geodesic) by traversing the great circle in the opposite direction. However, by looking
at the second variation of length/energy, one can show that that geodesics are locally length
minimising.
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5 Abstract Manifolds

The content of this section is non-examinable.

So far in the course, we have dealt with regular surfaces which live inside an ambient space R>. In
general however, we can utilise the tools we have developed in the course to do intrinsic geometry
on a surface without the need for an embedding of the surface within a higher dimensional
ambient space.

We begin by considering a general topological space. Recall, this is a pair (M, 7) where M is a
set and 7 C P (M) satistying the following properties

s O, Mer;
e U,...,.U, et = m;-l:lUjET;
* {Ulier St = UjigUier.

We will denote this in general just by M, with those elements of r known as open sets in M. For
simplicity, we will always assume M is a connected topological space. In order to use M as the
foundation of an abstract smooth surface, we need to add some technical assumptions to M.

Definition 5.1. A ropological space M is called:

Hausdorff if open sets separate point.
— For any p,q € M with p # q, there exists open sets U,V C M withp € U, q € V and
unv=>0.
Paracompact if every open cover has a locally finite open refinement.

— For any open cover M C J;c; Ui, there exists some new open cover M C Uje] Vi,
such that for any j € ], there exists i € I with V; C U;, with the property that for any
p € M, there is some open set O € M with p € O such that the set {j € ] : ONV; # 0}
is finite.

2nd countable if M has a countable base.
— There exists some countable collection of open subsets O in M such that any open set

in M can be written as the union of elements of O.

Just like for a regular surface in R®, we want local regions of our space M to be homeomorphic to
open subsets of the plane (or more generally n-dimensional Euclidean space) via local coordinate
charts.
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5 Abstract Manifolds

Definition 5.2. A local coordinate chart on M is a homeomorphism X : U — V C M, where
V C M is an open subset of M and U C R" is an open subset of Euclidean space. An atlas on M
is a collection of coordinates charts on M, which we denote by {X; : U; — V; C M} ey, such that
the coordinate charts cover all of M, i.e.

MC U V.

Fact: If U € R" and V C R™ are open subsets which are homeomorphic to each other, then
n=m.

As a consequence, given an atlas {X; : U; — V; C M};c; on M, every U; is an open subset of
R™ for some fixed value of n. We note that here we have used that M is connected.

Definition 5.3. A Hausdorff, paracompact, 2nd countable, connected topological space M
equipped with an atlas is called an topological manifold. We say that M is n-dimensional if its
atlas consists of coordinate charts defined on open subsets of R".

We have a topological notion of a surface (and higher dimensional analogues), but how do
we now define a smooth structure on M? Recall, for a regular surface S C R3, the change of
coordinate functions between any pair of coordinate charts was always a smooth diffeomorphism
between open subsets of R?. We use this conclusion in the regular surface case as a definition in
the abstract setting.

Definition 5.4. Given an n-dimensional topological manifold M, we say that M is a smooth
manifold, if it admits an atlas {X; : U; — V; C M}ey, such that every transition function

X o X X (Vi) = XN (Viy),

1
is a smooth diffeomorphism between open subsets of R", where V;; := V; N V; C M.

From the definition of a smooth manifold, it now makes sense to talk of a smooth function
between smooth manifolds, as we did in the case of smooth functions between regular surfaces.

Definition 5.5. Given a pair of smooth manifolds M, M, we call a function f:M—- M smooth if
for any pair of coordinate charts X : U — M and X : U — M, the composition

X lofoX:U—U,
is smooth as a function between open subsets of Euclidean space.

In particular, it makes sense to consider smooth paths y : I — M. Fix p € M and consider the
collection of all smooth curves in M passing through p

[, :={y:I— M:yissmooth with 0 € I, y(0) = p}.

Under some local coordinates X : U — M about p, we want then to consider the tangent space to
M at p as we did in the case of regular surfaces to be the tangent vectors y’(0) for curves y € T,
However, we need to be slightly careful as naively consider this set as the tangent space would
incur multiple copies of each tangent vector, as there are multiple curves with the same derivative
at zero. To fix this, we define the equivalence relation on I, by setting y ~ 7 if y’(0) = "(0) for

any y,n € I}.
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5 Abstract Manifolds

Definition 5.6. For a smooth n-dimensional manifold M with p € M, the tangent space to M at
p is T,M =Ty, /~. That is, one can think of a tangent vector v € T,M as an equivalence class
v = [y’ (0)], for some y € T},

One can show that for any p € M, T,M is a well-defined n-dimensional vector space.

Exercise. Try to find a suitable definition for what it means for a smooth n-dimensional manifold
to be orientable.

So far, we have only considered ourselves with (differential) topology. In order to make sense
of the geometric notions from the course, we need to introduce a generalisation of the first
fundamental form. In particular, we make a choice of quadratic form on each tangent space in
a smooth way. This is exactly a generalised notion of the first fundamental form for regular
surfaces, but in this case without the need for an ambient space which induces it.

Definition 5.7. Given a smooth n-dimensional manifold, a Riemannian metric on M assigns to
each p € M a non-degenerate quadratic form

9p : TM — [0, ),
in a smooth way.

Remark. Note that for each p € M, given local coordinates X : U — M about p, we can
view the Riemannian metric g locally as a symmetric n X n matrix [g]x = (gij), where g being
smooth means precisely that the components g;; : X(U) — R are smooth functions for every

i,je{1,...,n}.

Such a pair (M, g) is known as a Riemannian manifold. Note that we can make sense of all of
the intrinsic quantities we have consider so far in the course for these abstract spaces.

Question: How do these abstract spaces relate to the regular surfaces we studied in the course?

We note that every regular surface in R*® equipped with its first fundamental form is a 2-
dimensional Riemannian manifold. In fact, every regular surface in RN equipped with its first
fundamental form is a smooth 2-dimensional Riemannian manifold. That is, these abstractly
defined spaces include within them all of the regular surfaces studied thus far. One may wonder
however if these abstract spaces include more examples than those we are interested in. The
following remarkable theorem originally due to John Nash tells us that this is not that case, and
that our abstractly defined surfaces coincide precisely with those embedded within an ambient
Euclidean space.

Theorem 5.8 (Nash’s Embedding Theorem). Every smooth 2-dimensional Riemannian surface is
isometric to a smooth regular surface S € RN for N < 51.
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6 Global Geometry

We finish the course by looking at a powerful theorem in geometry relating the total curvature of
a surface, which is a global geometric quantity, with the Euler characteristic of the surface, which
is a topological invariant of the surface. One way to paraphrase this is that although locally we
have near unlimited freedom of the geometric structure we define on a surface, globally we are
highly constrained.

6.1 Local Gauss-Bonnet

We begin with a local observation as motivation for the theorem. Suppose S is an oriented regular
surface and Q € S is a compact region contained within a single coordinate chart X : U — S.
Moreover, we may assume without loss of generality that X are isothermal coordinates, so that

2f
lglx = (60 e(z)f)’

for some smooth function f : U — R. We assume that there exists a continuous function
a :[0,L] — S such that
oQ = a([0,L]),

satisfying the following assumptions
e aisclosed: a(0) = a(1),
o aissimple: a(t) = a(s) = t=sors,te€{0,L},

* ¢ is piecewise smooth and regular: there exists fo ;=0 < t; < -+ < fx < L =: t}41 such
that |y, s,,,) is a smooth regular curve parameterised by arc-length fori € {0,...,k}.

* « is positively oriented: at regular points t € (0,L) \ {t1,...,t}, the inward pointing
normal of the curve is given by
G=Nxda.

Exercise. With respect to the isothermal coordinates defined above, the Gaussian curvature is
given by the formula
K = —e Y Af.
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Hence the total curvature over the compact region Q satisfies

/KdA:/ (—e_zfAf)ezfdudv
Q X-1(Q)
:/ —Afdudv
X~1(Q)
:/ (Vf,G)ds,
X Ha)

where the third equality follows by Green’s theorem. Within our coordinates, we find that
e =elX, e=e’X,

form an orthonormal basis of each tangent plane, with N = e; X e;. Where « is smooth and
regular, there exists a smooth function 6 such that

a' =cos@-e  +sinb - ey,
and hence
G=Nxa =-sin0-e; +cos0 - e,.
It follows that the geodesic curvature is given by
kG = {a"’,G)
=0 (G,G) +(cos0-e| +sinf- ey, —sind-e; +cosb - e,)
=0 +cos’ 0 (e{, ez> —sin% 6 <e§, el>

=60+ (e{, e2> .

Note that
(e e2) = (77X €77 X0)
=e ¥ (X, X,)
= e Y (Xt + Xuot', X)
with
1 1
Ko Xo) = 5 (X0, X))y = 5 () = fue,
1 1
Xuwo Xo) = = (X Xuo) = =2 ((Xu X)) = =5 (¥ )o = —foe™,
and thus

(e, e2) =0 fu —u'fy.

Substituting this back into our equation for the geodesic curvature, we find that

kg =0 +0f, —u'f,.
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If a(t) = X(u(t),o(t)), then G = (—v’,u’) and hence

(V.G = (fu fo) - (=0 ) =u'fo -0 fu = 0" — xc.

Substituting this back into our formula for the total Gaussian curvature we find that

k tiv
KdA+/K ds = / 0’ (t) dt
‘/Q a ¢ ; t;

k
= D10t - 0]
i=0
where f(ty) = limyp,, f(t) and f(t;) = lim, |4, f(¢) denote the one-sided limits. We now find a
more geometric interpretation of the quantity on the right hand side. Recall, cos 6(¢) = (&', e1),
and so 6(t) is measuring the angle between the tangent vector to the curve at ¢ and the direction
(1,0). Reordering the terms, we have that

1

k k-1 k
[0(t7,1) = 0(5))] = O(LY) + >~ 0(t,1) = 0(07) = D 0(£7)
=0 i=0 i=1

k

= [0(L") - 0(07)] = D [0(17) - 0(£))]

i=1

By drawing a suitable picture, we see that for any i € {1, ..., k}, the exterior angle formed at
ti, which we denote by ¢;, is precisely the difference 0(t;) — 0(t]). Moreover, at the point
y(0) = y(L), we see that

O(LY) + @y =27+ 6(07),

since the closed curve makes one complete turn. Therefore

k

k
[0(t5) = 0] =27 = ) .
=0

i=0

4

Combining everything, we have a local version of the Gauss-Bonnet theorem.

Theorem 6.1 (Local Gauss-Bonnet). Let S be an oriented surface with some oriented isothermal
coordinate chart X : U — S. For any compact region Q € X(U) which has a closed, simple,
piecewise smooth and regular boundary o, we have the formula

k
KdA+/K ds + i = 2, 6.1

where a is choice to be positively oriented and Zf:o @; denotes the sum of the exterior angles. In
particular, if a is smooth (a has no vertices), then equation (6.1) reduces to

/KdA+/KGds=2n.
Q a
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Remark. In the proof of this theorem, we showed that

/ KdA = / (el e2) ds. (6.2)
Q a

For any other positively oriented orthonormal frame {fi, f2} on X(U), we have that
fi=cosp-e +sinp-e;, fo=—sinp-e; +cosp - ey,
for some smooth function p : X(U) — R. In particular, we find that

fi=p'fatcosp-e +sinp-e,
and hence

[igras= [ o+ teeas= [ (eeas

Therefore (6.2) holds for any positively oriented orthonormal frame.

Example 6.2. For a polygon in the plane, the total curvature inside the polygon is zero, and the
geodesic curvature of each edge is zero. Therefore (6.1) becomes

k

Zq)i = 27.

i=0
That is, the sum of the exterior angles of any polygon is 2.

Example 6.3. Consider any closed smooth regular curve a in the plane. By the Jordan curve
theorem, it bounds a compact region Q. Since the plane is flat, (6.1) becomes

/KGIZJT.
o

That is, for any closed smooth curve in the plane, its total geodesic curvature is 2.

Example 6.4. Consider a regular geodesic triangle a on the sphere whose interior is exactly 1/8
of the total sphere. Since K = 1 and the area of the enclosed region is Z, (6.1) becomes

3
<P0+¢1+§0z=7-

Since we assumed the triangle is regular, po = @1 = @2 = 7, and hence we conclude that the
exterior (and hence interior) angles of this triangle are all 7!

6.2 Euler Characteristic

We now find a global topological invariant for our surfaces. Consider a closed regular surface S.
For us, closed just means that the surface S is a compact set.
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Definition 6.5. A triangle in a regular surface S is a compact subset of the form T = y(T’),
where T’ is a triangle in R?, and  a diffeomorphism. The vertices, edges and face of T are the
image of those of T' under . A triangulation of a regular surface S is a collection of triangles
{Ti}ier in S such that S = U;e(T;, and if T; N T; # O, then the intersections consists or either a
single vertex, or a single edge and two vertices.

Theorem 6.6. Every closed regular surface S admits a finite triangulation T = {Ty, ..., In}

Definition 6.7. Let S be a closed regular surface and T~ a finite triangulation of S. Let V, E and
F denote the number of vertices, edges and faces of T. We define the Euler characteristic to be

xS, T)=V-E+FeN.

Example 6.8. Consider the sphere S%. One could triangulate this by taking 8 copies of the
geodesic triangle as mentioned in Example 6.4. This triangulation 71 is a smooth version of an
octahedron. For this triangulation, we have V = 6, E = 12 and F = 8, and so

x(SLT) =6-12+8=2.

Example 6.9. Consider instead triangulating the sphere using just 4 geodesic triangles. This
triangulation T, is a smooth version of a tetrahedron. For this triangulation, we have V = 4,
E=6andF = 4, and so

(ST =4-6+4=2.

As it turns out, the Euler characteristic is independent of the triangulation we take!

Theorem 6.10. For any closed regular surface S, the Euler characteristic is independent of the
(finite) triangulation. As such, we simply denote it by x(S).

Sketch of Proof. Suppose 7 is a triangulation of S. For any triangle T € 7, we subdivide
the triangle into three new triangles to make a new triangulation 7. Note that for this new
triangulation, we have

V'=V+1, E =E+3, F =F+2,

and therefore y’ = y. Iterating this procedure a finite number of times, we deduce that the
Euler characteristic of any subdivision is the same as the original. Then, given any pair of finite
triangulations 77, 73, we find a common subdivision of the two, and hence conclude the Euler
characteristic is independent of the triangulation chosen. |

Corollary. If S and S are two diffeomorphic regular surfaces, then x(S) = x(S).

6.3 Gauss-Bonnet

We are now ready to state and prove the Gauss-Bonnet theorem.

Theorem 6.11 (Gauss-Bonnet). Let S be a closed orientable surface. Then

/K dA =21y (S),
s

where K denotes the Gaussian curvature of S and x(S) denotes it Euler characteristic.
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Remark.

» This theorem is relating a topological invariant with a global geometric quantity. The
geometry is being constrained by the underlying topology!

» The theorem still holds without the orientability hypothesis, although we will not bother to
prove this here.

Proof of 6.11. By Theorem 6.6, S admits a finite triangulation 7. After possibly subdividing
the triangulation further, we may assume without loss of generality that every triangle T € 7 is
contained within a oriented isothermal coordinate chart. Applying (6.1) to each triangle T and
summing we have

Z /K dA + Z / KG ds + Z (o1 + @17 + @27) = 27F. (6.3)
Ter vT Teg Yol TeT

By the definition of a triangulation, we see that the first term in (6.3) is just the total Gaussian
curvature of S. By the orientation restriction on the boundaries of the triangles given in Theo-
rem 6.1, we see that every edge is traversed exactly twice and in opposite directions, and thus the
second term in (6.3) is zero. Therefore, it suffices to show that

27 F — Z (@o1 + Q1.7 + @21) =27 x(S).
TeT

We first note that the interior angle at each vertex 1} r satisfies
Lr+eir=m Vje{0,1,2}, VIeT.

Then, since each vertex is a point in a regular surface, the sum of the interior angles around each
vertex is exactly 2. Therefore

Z (to,r + 1,7+ 127) = 27V,
TeT

and hence

27 F — Z (o1 + @17 + @27) = 2nF — 37F + Z (to7 +uT+127)
TeT TeT

=2xF —3nF +2xV.

Finally, since every face has 3 edges, and each edge has exactly two faces, we have the relationship
3F = 2E, which subbing into the above gives

2nF — Z (@o1 + @17 + @21) = 20F = 2nE + 27V = 27 x(S). m]
TeT
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Figure 6.1: A triangulation of T with Figure 6.2: A triangulation of C with

V=4E=12 F=38. V =12,E =30, F =18.

6.4 Closed Orientable Surfaces

Now that we have the Gauss-Bonnet theorem, we may ask for some examples of closed orientable
surfaces for which the theorem holds. We begin with the simplest example; the sphere. One way
to change the underlying topology and keep the surface closed and orientable, is to add a handle
onto the sphere, which produces a torus. We could iterate this procedure and keep adding handles
onto our surface. To enumerate this process, we start by labeling the sphere as genus zero, and
after adding g handles onto the sphere, we produce a closed orientable surface of genus g, which
we denote by %,. For example, >, is topologically a torus.

The following theorem tells us that this enumeration covers every possible closed orientable
regular surface!

Theorem 6.12. Every closed orientable regular surface S is diffeomorphic to %, for some g € N,.

Example 6.13. We have already seen that y(%) = y(S?) = 2. Consider a triangulation of a
torus 31 as indicated in Figure 6.1. In particular

x(Z)=4-12+8=0

/ KdA =0,
21

for any closed orientable surface of genus one.

and so

Theorem 6.14. If 3, is a closed orientable surface of genus g, then

x(Zg) =2-2g.
Proof. Since y(X,) = 2, the formula holds for g = 0, and we proceed by induction. Consider a
triangulation of %, and the triangulation of a cylinder C indicated in Figure 6.2. Removing two
of the triangules from the triangulation of %, and gluing in the cylinder C as a handle we get a
triangulation of 34.;. Note that this new triangulation has F* = F + 16, V' =V + 6 E' = E + 24,
and hence by the induction hypothesis
XEgr1) =V —E +F =V -E+F-2=x(3y) -2=2-2(g+1),

as required. o
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With this theorem in mind, we can rewrite the Gauss-Bonnet theorem as

/ K dA =4n(1-g).

Zg

6.5 Poincaré-Hopf Index Theorem
This subsection is non-examinable!

Finally to conclude the course, we look at another theorem in global geometry similar in ways to
the Gauss-Bonnet theorem, which finds a correlation between the zeros of a smooth vector field
and the Euler characteristic of the underlying surface.

Definition 6.15. Let V be a smooth vector field on a regular surface S. We say that p € S is a
zero of V if V(p) = 0 € T,,S. We say that V has isolated zeros if the set of zeros

{pesS:V(p) =0}
is an isolated set.

Given a smooth vector field V € C*(TS) with isolated zeros on a closed oriented surface S,
it follows that V has a finite set of zeros {ps, ..., px}. Without loss of generality, we may find a
finite triangulation 7~ = {Tj}ﬁ.\’: , of § such that each

pi €T, Vji=12,...,k

where here we mean that the zero lies in the face of the triangle T}, and moreover that each T; lies
within an oriented isothermal coordinate chart.

Definition 6.16. Given the above set-up, we define the index of the zero p; to be

3(pj) = L‘/ arccos( {V.6) ),ds,
o,

2z VI

where & denotes a non-vanishing smooth vector field on the isothermal coordinate chart T; lays
within.

Exercise. 3(p) is independent of the choice of suitable triangulation T, as well as the choice
non-vanishing vector field &.

Example 6.17. In the case that V is non-vanishing and there is no zero inside the triangle, then
choosing &€ =V, we have that the index of any point p inside of T is given by

J(p) = L‘/ arccos(1)’ds = 0.
21 Jor

T

Therefore, the index is only important at zeros of V!
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Example 6.18. The vector field V(x,y) = (-y, x) has a zero at the origin. Choosing & = (0, 1)
and integrating around the unit circle in the anti-clockwise direction, we see that

21
5((0,0)):%/0 0 (s)ds = 1.

Exercise. If moving in the anticlockwise direction is positively oriented (like in the previous
example), show that the vector field V (x,y) = (x* — y?, —2xy) has J((0,0)) = —2.

Theorem 6.19 (Poincaré-Hopf Index Theorem). Let S be a closed oriented regular surface and
V € C*(TS) with isolated zeros {p1, . - ., px}. Then

k
3(pj) = x(S).
Jj=1

Proof. By the Gauss-Bonnet theorem, we have

N
Zn)((S)=/KdA=Z/KdA.
§ =1 YT

Note that
k k
Z/KdA:Z (e}, e2) ds
=1 YT j=1 7 9T;
For j=k+1,...,N we can take f; = ﬁ and f; = f; X N, and since the triangulation covers

each edge twice we have

Jj=k+1%7J Jj=k+1

k
<ﬁ=]‘z>ds=—;/an(ﬁ,ﬁ>ds.

aT;
Thus
k
1
S)=) — Lex)—(f{, f2)ds.
X(S) ;2”/%@1 &)~ (. ) ds
By the proof of the local Gauss-Bonnet theorem, we have that
(e ey =0 —ks, (fl.fo) =0 —xa,

where 6 denotes the angle between the tangent vector to 97; and e;, and 6 the angle between the
tangent vector to dT; and f; = ”TV” That is, 8 — 6 denotes the angle between V and e;, and so

k ’
1 <V,€]>
(S) = —/ arccos( ) ds =
* ]Z 27 Jor, Vi

Corollary (Hairy Ball Theorem). There does not exist a smooth nowhere vanishing vector field
V € C®(TS?).

k
3(pj). O
7=
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Appendix

Theorem (Inverse Function Theorem). Let Q C R"” be open, f : Q@ — R" be a C* function, and
f(a) = b. Suppose Df (a) is invertible (as an n X n matrix). Then there exists open sets U,V C R"
with a € U and b € V, and a unique function g : V. — U with g(b) = a such that

gof(y)=y. VyeUl,
fog(x)=x, VxeV.

That is g is a local inverse to f. Moreover, g is also a C* function with
Dg(x) =Df(g(x))”!, VxeV.

Theorem (Implicit Function Theorem). Let Q C R™* be open and F : Q — R be a C®-function.
Denote x = (x1,...,xp) €R™, y = (y1,...,yx) € RF, and

Fi(x,y) Fi(xt, . s Xns Y15+ -5 Yk)
Fixy)=| + |= :
Fr(x,y) Fr(x1, - Xy Yty -+ - Yk)

Suppose (a,b) € Q is such that F(a,b) = ¢ € R¥, and that the k x k matrix

aF1 aFl
Si(ab) - S(ab)
oL @) =
ay - : i :
Sk(ab) - SE(ab)

is invertible. Then, there exists open sets U C R", V C R¥ withae U andb €V, and a unique
Sfunction ¢ : U — V such that ¢(a) = b and

F(x,p(x)) =¢c, VYxeU.
Moreover, ¢ is a C* function with Jacobian matrix

o oF\™' (oF
— | = —], VxeU.
ox ay ox

S~— —— Y—
kxn kxk kxn

Written in full, this is the equation

Z—Qm "‘”l(x) aFl(x p(x) o L(xp)) §—§;<x,<p<x>> aFl(x o(x))
‘;‘,’;’;<x> "“”k(x) 3—§j';<x,<p<x>> o S (x, (%)) axl(x p(x) - "Fk<x <o<x>>
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