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1. Below are the simultaneous iteration method with shift and the QR iteration method with shift.

Shifted Simultaneous Iteration

Let QO =71
For k=0,1,2,...

e Choose shift s

o Y = (A - SkI)Q(k)

e QR factorization of Y: Y = Q*k+1D R(+1)

Denote RF) = RF) gk=1) ... (1)
Shifted QR Iteration
Let A® = A
For k=0,1,2,...

e Choose shift s

Q(k+1 k+1 Ak _ sl

o Alk+1) — R(k+1)Q(k+1) +spl

Denote Q%) = QMR -+ QU BY), = R RUZV ... RY),

(a) According to the definition of shifted QR iteration, directly prove A*+1) =

~(k T ~(k
and A®) = (%)) 4Q%)

T
k+1 k+1
(Q9") a®WQg"

(b) To prove the following properties, you may need mathematical induction.

i (A D) (A~ s D)
i (A= siI)(A = sp_1T)---

(A —sol) =
(A — 80])

QU1 R(E+1)
Q (k+1)

(k+1)

(Hint: using the conclusion in (a), show A — spI = le‘gl) (AGHD — g, 1) (Q k+1)> )

iii. QY = QU and R = RV

(a) show that p;’s are linearly independent.

2. Suppose A is real symmetric positive definite, and let the nonzero p;’s be A—orthogonal, that is.

k-1
plAp; =0ifi#j. let ¢, =x0 + Y, a;pj, and f(z) =
j=0

%.’BTA:I: —bTx

(b) Given a fixed integer k, show that if @ was chosen to minimize the f(x),Vx € xzo +

span {po, . . .

same as choosing 41 to minimize f(x),Ve € xo + span {py, ...

are the values of ag,...,

(¢) Denote K 41(A;r0) = span {rq, Arg, A%rg, ...,

conjugate gradient method.

a1 such that x;, =

,Pk—1}, then determining the «j such that @y + appyr minimizing f(x) is the

,Pk—1, Pk }- Moreover, what

-1
argmin  f(xo + Y o;p;)?

QQ,Q01 5.0, ap—1 j=0

A™rg}, and here is an equivalent statement of



Conjugate gradient method for solving Az = b (not optimized)

Let x¢ be the initial vector and ro = Axg — b, pg = —rg.
For k=0,1,...,
o = — Pzrk
pi Apy

Xk4+1 = Xk + QkPk
rpi1 = Axp1—b

B = _M
p; Apk
Pk+1 = —Tit1 — BePr-

in the class, we have proven the following several properties by induction.
i. for k=0,1,...,n,
span {ro,r1,...,rx} = span{po, P1, ..., Pr} = Kiy1(A;70)
ii. for 1 <4,5 <nandi# j,
rir; =0 and p;Ap; =0
Using these properties and conclusion in (b), prove that

xrp = argmin  f(x)
xexo+Ki(Asro)

3. Suppose A is a real symmetric matrix and A = QDQT where QTQ = I and D = diag(A1,..., \,).
Assume
Al > A2l >0 > [ Ag| > (Mg > -0 > Al

Let E} denote the subspace spanned by the first k columns of ), equivalently, subspace spanned
by eigenvectors associated with A1, Ao, ..., Ag, and let cos é(m(o), Ei) # 0 We define

cos Z(x, Ey) := max {cos Z(x,y) : y € E;\ {0}},
sin Z(x, Ey) := min{sin Z(x,y) : y € Ex\ {0}},
sin Z(zx, Ey)

cos Z(x, Ey)’

tan Z(x, Ey) :=

Let (™ = Amg(0) — Aw(mfl)’

NE

(a) Suppose (9 = 3 a;q;, where §; is the eigenvector associated with \;, show that

i=1

> (ag)? N Pm D)
i=k+1
k
> (@i)? [ 2mHD)
1

tan? Z(xm+Y Fp) =

(b) prove that




