
Lecture 8
eR

Example: Consider :

aq bu = f for XE

This time ,
we approximate ad by

(*) d(Xj)-zj
+ Uj for jo,,

Again ,
we assume U-1 = UN+, U

= UNH
,

U-2 = UN-2, ... ,
etc

Motivation :

Du(Xj + zh) = u(Xj) + 2hu'(Xj) + 2hu"(Xj)
② u(Xj - zh) = u(Xj) - 24x'(Xj) + 24 u"(Xj)

0 + 0 : u(Xj +2)
+ u(Xj - 2) - 2x(Xj) =

4h u"(Xj)

This time ,
we approximate du as

(**)(Xj)



Denote (**) in matrix form as :

=11 whereBI
Denote (*) in matrix form as :
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O) = Di where D =
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Remark: D = B
2

.



Last time :

Claim: eTkX is an eigenvector of B and D.

More specifically,

:
Des

-

· Beiheitx



Now
, a d + b = f can be discretized as :

a + bB = subject to the periodic condition:

Recall : SeEXIN is a basis for I

Again , let =e and
Thenax))

-

+)e
Comparing coefficients

,
we get : (a *m + b5h) un= fr for E=0, .

. . .
N+

(algebraic equation)



Remark : ai + be = a) sith) + but
: a + b * k

= 0 if and only if sinth = o

: h=

: sinkh =0t sin(k) = 0
=) k = 0 or k =*

( for k =0
, 1

,
2, . . .,

N - 1)

(assuming N is even



For k= 0 and ,
Th = 0

·

We set 0 = 0=
In general , we set:

R = & /la Fei + bYm) for Eto , 12

O for k=0 or

k= N/

is can be obtained by inverse DFT =

(u) = Aw ((
Question: How about the general solution ?

Answer: Examine N(aB" + b) ,
the null space.



Claim : N(as + b) = spanstax
, x]

= spand( ! ) , eI 13
RoofiAhaeigenvect whose eigenvale

sa
-

N)ac+ b)

=eigerspaceofegenvalea b-

Thus
, general sol : i=i + centx +

Get
for some C , and C.

C and Ce can be determined by certain conditions (Such
asa conditions



~

Mainidea of numerical spectral method

-> solution ifDiff
. egt -> - Algebraic egt

inverse
DFT on f

je = f) ()) Y DFT

-
Fast ! (Awi)

Fast ? 3
Fast ?

&

Remark: · To develop an efficient numerical spectral method,

we need to compute Aw and fast.
· Computational cost for Aw is OCU).

(nxn)

Goal : Reduce the computational cost to P(nlogn)
e . g. h = 2

,
n

2 = 220
, nlogn = 10 . 2" < 214i. 26 = 64 times faster !


