
Lecture 14: Recall :

SittingChoice 3 : Successive overrelaxation method (SOR)

Consider the iterative scheme=

(Suppor A=LDT + U =5 -

yk+ = yk + w(yk
+
- yk) - (**)

TR
( Yk+1 = t((k+ + (w- 1)*k)

Putting (** ) into (A) :

(L+ [D)(k
+
+ +(wH + (w-D) -

k
= 5

or)
-(+u))yn +5
P



Remark: · SOR is equivalent to :

A = N - P=--
D+4)

Or equivalently , A = (Gij)

a
, y , + am2X2* + .. -

+ anXn" = bi for X, = X , +w(y)- xi)

az X** + Azn Ya
**
+ AusXs" +... + AnnXn" = bu for Xa

*
= Xn" +W(yc- x2)

!S
ansX *

'

+ Anuxa
**

+ .. -

+ Ann yn
**
= In for Xn

**
= Xn"+W(yx)

· SOR = Gauss-Seidel if w = 1.



Conditionfor convergence

condition (not sufficient) for SOR

Theorem: The necessary

to converge
is o <

W < 2.



Theorem : If A is strictly diagonally dominant (SPD)
,
then SOR

converges if OCW11 .

Proof:Weneed toShow
P(Msom if-

Suppor = eigenvalue 1) Such that
1x171. Then :

det (12-Mson) = o

: det (11- (D + wL)" ((l-w)D-wu)) = 0

=> det ( ( + wi
+

( (D + wL)- (( -w)D - wu)))= 0
C

=> det(C) = 0 (1:10
,
(D+WL) is invertible)



Note :
0 (1- i) = (1 -m ) = ()- (1 -w)) =w

Now,

(ii = /1- t(w))(aii) = (1- * (w))l aii)

↳ ~iik wiiCiilijl for a
i . C is SDD => C is non-singular

!!

=> det (C) + 0 #W) -*D-wContradiction-



oimal parameter Wopt for SoR method

Definition: Consider the system Ax = 5
.

Let
A diaged upa

If the eigenvalues of : <D"L + 1 D'U (2 + 0) are

independent of 2 .
Then

,
the matrix A is said to be

Econsistentlyorderedetly ordered makeis

1. Tridiagonal matrix :

(***)
* Xu

2. Block tridiagonal matrix

: T
O

whe Di = diagra-

----" I matrix
-

Pe



Theorem:[D. Young]
Assumea

2. My = NJPJ has only real eigenvalues

3
. BEp(MJ) < 1
4. A is consistently ordered,

Then : P(Msor) <I /

Also
,
the optimal parameter Wopt for fastest convergence

Wop=FB2 and

P(Msor, Wopt) = Wopt-I



Example : A = (ii)(i) = (2)
-Yod

Then : < D"L + 1 D
+
U = ( O (

: Char · poly : X
*

- (i)( ) = 0 =>12 -to = 0

1 A is consistently ordered. (independent of 2)

Also
, Mishas only real eigenvalues

and 11-t
,
12 = -to
.7

: SOR converges if <WC2. -

P(M3) <

: Optimal Wopt=M:F
= 1

. 002512

P(Msor , Wopt) = Wopt -1
= 0 ,

0025126.


