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Compulsory Part

1. Prove that if D is an integral domain, then D[z] is an integral domain.
2. Let D be an integral domain and x an indeterminate.
(a) Describe the units in D|x].

(b) Find the units in Z[z].
(c) Find the units in Z7[z].

3. Let R be a commutative ring with unity of prime characteristic p. Show that the map
¢p : R — R given by ¢,(a) = a” is a ring homomorphism (called the Frobenius
homomorphism).

4. Show that for p a prime, the polynomial z? + a in Z,[z] is reducible for any a € Z,,.

5. Let oy, : Z — Z,, be the natural reminder homomorphism sending a to the remainder of
a when divided by m, for a € Z.

(a) Show that the induced map 7,, : Z[x] — Z,,[x] given by

Tml(ag + a1z + -+ + apx™) = op(ag) + om(ar)r + -+ + oplay)z”

is a homomorphism from Z[z] onto Z,,[z].

(b) Show thatif f(x) € Z[z] and G,,,(f(z)) both have degree n and ,,(f(x)) does not
factor in Z,,[x] into two polynomials of degree less than n, then f(x) is irreducible

in Q[z].
(c) Use part (b) to show that 2> + 17x + 36 is irreducible in Q|z].

6. Let ¢ : R — R’ be aring homomorphism and let N be an ideal of R.

(a) Show that ¢(N) is an ideal of im ¢.
(b) Given an example to show that ¢(/V) need not be an ideal of R’
(c) Let N’ be an ideal of R'. Show that ¢—!(N’) is an ideal of R.



Optional Part

1. Let F be a field. An element ¢ of F'¥' is a polynomial function on F, if there exists
f(z) € F|x] such that ¢(a) = f(a) forall a € F.
(a) Show that the set P of all polynomial functions on F forms a subring of 7.
(b) Give an example to show that the ring Pr is not necessarily isomorphic to F[z].

2. Give an example to show that, when F is a finite field, Pr and F'[z] do not even have the
same number of elements.

3. Let F' be a field of characteristic zero and let D be the formal polynomial differentiation
map, i.e.

D(ag + ayx + aga® + - 4+ ap,2™) = ay +2-ax + - +n-az"

(a) Show that D : F[z] — F[z] is a group homomorphism from (F'[z], +) into itself.
Is D aring homomorphism?

(b) Find the kernel of D.

(c) Find the image of F'[z| under D.

4. Let A and B be ideals of a ring R. The product AB of A and B is defined by

AB = {Zaibi:ai EA,biEB,n€Z+}.

i=1
(a) Show that AB is an ideal in R.
(b) Show that AB C (AN B).

5. Let A and B be ideals of a commutative ring R. The quotient A : B of A by B is defined

by
A:B={reR:rbec Aforallb € B}.

Show that A : B is an ideal of R.

6. Let R and R’ be rings and let N and N’ be ideals of R and R/, respectively. Let ¢ be a
homomorphism of R into R’. Show that ¢ induces a natural homomorphism ¢, : R/N —
R'/N"if ¢(N) C N'.



