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2024-25 Term 2
Suggested Solution to Homework 5

If f and g are continuous on [a,b] and if ff f= f; g, prove that there exists ¢ € [a,b] such that

f(e) = g(c).
Solution. Suppose f(x) # g(z) for any x € [a,b]. Then the Intermediate Value Theorem implies

b b b
that either f —g > 0 or g — f > 0 on [a,b]. Together with / (f—9g) = / f—/ g =0,
Exercise 7.2-8 (see HW4) implies that f — g = 0 on [a, b], which contradicts the aSSUHCletiOIl at
the beginning. O

Show that g(z) := sin(1/x) for x € (0,1] and ¢(0) := 0 belongs to R[0, 1].

Solution. Clearly |g(x)| <1 for all = € [0, 1].

Let € > 0. Choose ¢ € (0,1) such that ¢ < £/4. On [¢, 1], g(x) = sin(1/z) is continuous, and hence
g € Rlc, 1] by Proposition 2.13. By Theorem 2.10, there is a partition P:c=21 < -+ <z, =1
on [c, 1] such that

0<U(g, P sz (9, P)Ax; < €/2,

where w;(g, P) == sup{|g(x) — g(2')| : x,2’ € [zi—1,25]}. Now P/:0="zp<ax1 =c<a9< -+ <
x, = 1 is a partition on [0, 1] that satisfies

0<U(g, P') = L(g, P') = szg, )Az;

= sup{|g(z) — g(2')| : x, 2" € [0, ]} )+ Zwl g, P)Ax;
2(e/4) +e/2=¢.
By Theorem 2.10 again, g € R|0, 1]. O

Let f be continuous on [a,b], let f(z) > 0 for = € [a,b], and let M,, = (f; MY/, Show that
lim(M,,) = sup{f(x) : z € [a, b]}.

Solution. Denote || f||c = sup{|f(z)| : = € [a,b]} = sup{f(z) : = € [a,b]}. Without loss of
generality, we may assume that || f|l.c > 0.

Let 0 < € < || f]|oo- By definition of supremum, there is o € [a, b] such that f(z¢) > || f]le —&/2-
Since f is continuous at z, there is a subinterval [c,d] C [a, b] such that

f(x)> f(xo) —€/2>||flloo —€ >0 for any z € [c,d].

So, for any n € N,

d d b
(d—C)(HfHoo—€)"=/ (HfHoo—E)”S/ f"S/ "< (b= a)llfll5



and thus,
1/n

b
u%wfmUﬂh—f)SN%=</ W> < (b— @)/ {1

As lim o!/" = 1 for any a > 0, passing n — oo yields
n
I flloo — € < liminf M,, <limsup M, < ||f]|oo-
n n
Since € > 0 can be arbitrarily small, we have lim inf(M,,) = limsup(M,,) = || ||, that is
n n

(M) = || flloo = sup{f(@) : @ € [a,B]}.



