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MATH 2068 Honours Mathematical Analysis II
2024-25 Term 2
Suggested Solution to Homework 3

Let f(x) == 2?sin(1/z) for 0 < x < 1 and f(0) := 0, and let g(z) := 22 for x € [0,1]. Then both
f and g are differentiable on [0, 1] and g(z) > 0 for  # 0. Show that lir% flz)=0= linb g(x)
T— T—
and that lir% f(z)/g(x) does not exist.
T—r

Solution. We only check that f is differentiable at 0. Indeed, for any = € (0, 1],

o
z||sin(1/x)| < |z|, so that f/(0) = lim 7f(x):f(0) = 0 by squeeze theorem.
0 z—0
T—

It also follows from squeeze theorem that liH(l) f(z)=0= liH(l) g(z) because |f(z)| < |g(z)| = 22
T—r T—r

for any x € [0, 1]. However, 1in% f(x)/g(x) = lin% sin(1/x) does not exist, which can be shown by
z— z—

sequential criterion. ]

Use Induction to prove Leibniz’s rule for the nth derivative of a product:
n g n n—
(1)) =3 (1) 10D ).
k=0

Solution. The formula is true when n = 1 since it is just the product rule. Suppose the formula
is true for some n € N. Differentiating the formula once more, we have

(f9)" (@)

=37 (1) (£ 0 + 50D g0 )
k=0
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= 1 @)+ 3 ()@ @) + X (1) 7P @@ + g )
k=1 k=0
= f(n+1) (2)g(z) + kzl (Z) f(”*’fﬂ)(a:)g(k) (z) + 2 <l<: ﬁ 1> f(”*k“)(x) (k) (z) + f(x)g(”“)(x)
o) + 3 ((3) + (1)) £ Vet + g )
= f("H)(x)g(m) + (n _l: 1) f(n+1fk) (a:)g(k) (z) + f(x)g("+1)(a:)
k=1
-5 (” . 1) 7R ()90 ).
k=0
It follows from Mathematical Induction that the formula holds for all n € N. O

Show that if x > 0, then1+%x—%x2§\/1+x§1+%:p.

Solution. Let f(z) =+/1+ z. Then, for any = > —1,
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BN Ttz @)= -, [(2) = W

f/(x) 4(14—.73)3/27



Fix > 0. By Taylor’s Theorem, there exists ¢; € (0, z) such that

! f”(cl) 2
fl@) = £0) + f(0)(z = 0) + (2~ 0)
1 1
g 1 — - - 2.
T s a2’
Since —W:EQ <0, we have 14+ 2 <1+ %x
Similarly, there exists co € (0, z) such that
" 0 "
1) = 10 + 70 - 0) + L@ 02+ T 0oy

2" T 8" T 16(1 + e

Since 5/23:3 > (0, we have 1+ %x — %mQ <V1+4z.
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