



































































































































Them9.4.13 UniquenessThm

If I anx Ibnx converge to the samefunction f

on an interval r r no then

an bn nEIN

In fact an bn h f o

Pf By remark i of Them9.4.12 KEIN

flex Enthy anx XE r r

f cos char 0ᵗʰ 0 fansk

an co same for bk

Taylor Series

Let f has derivatives of all orders at a point CER

then one can fam a powerseries Is th x c

Notethat no convergence yet unless x c

Even it converges it may not equal Ex9.4.12














 Def wesay that fix If ex con

is theTaylorexpansion of f at c if Rso suchthat

E x c converges to fix on C R CTR

and are called Taylorcoefficients

ie The remaider Ru x in Taylor's Thm 0 on C RCTR

Remark By UniquenessThm9.4.13 if Taylor expansionexists

it is unique

Eg9.4.14

a f x stux XER

Then f x
1 six if n 2k

ERASX if n zktl

0 if n 2kAt c o we have
40

up if n zktl

Furthermore by Taylor'sThin6.4.1 the remainder RnX satisfies

Ruhl i for some c between to

is so



i sinx Ican
t

xeR

is the Taylor expansion of sinx at X 0

Then application of DifferentiationThm9.4.12 we have

as x Eo 21 x XER

is the Taylor expansion of ax at x 0

Remarks i In this example weused RemainderofTaylor'sseries

to calculate the radiusof convergence not directly

from definition or using him19h whenlimitexists

Note that the series only have even terms or odd terms

92kt 0 or 92k 0 Hence 191 is not well

defined and hence him 11 cannotbe used

To use definition g binsupant we note forog

that for sine series an if n zktl

if n 2k

the seq Ian I s s 0 75 0 has

linsuptank this kt o R is



Hi But caliulationof radiusof convergence doesn't prove the Taylors

series converges to the original function

b gix ex EIR

Then g x e XER 9 o 1

By Taylor'sThm6.4.1 the remainder satisfies

IRulx 1 1 forsome c between so

Eh so as new

ex E h x XER

is the Taylorexpansion of e at x 0

Furthermore by ex e e e E h c

we see that ex If f x c is the

Taylor expansion of ex at x c

Remarks in This implies theradiusof convergence is saysat c 0

Ofcourse one canderive it from calculating



h 0 as n too

Since an in h and limitexists

i p keep an lens at 0 R co

Ciii The radius of convergence R canbe calculated by

tens 9h tho this has intis co



58.4 The Trigonometric Functions

Thm8.4.1 functions C IR IR and S IR IR suchthat

i C x x and S x Six EXER

O 1 5107 0

c
and

510 1

Pf Define Cnix and Sulx inductively by

Glx
1 Six X

Sux So Cult dt

crews 1 Sultsdt

ie stating with Er
Then Induction Cn Sn are continuous n

integrable on any
bounded interval

All Cn Su are welldefined

Moreover by Fundamental Thm7.3.5

Sn x Culx Cutilx Salx AXER on



Claim
Cities 1 Gin
Snik x c is

Pf Ex By induction
Note Theyarepartialsumsofpowerseries Onecanapply59.4toprovetheThm
Now let A 0

If XE EA A and man 2A Eu Emc

then
ie NEA

Cmx Carol letic fiscal I

meet

it En si tntem si.Am

iii Irene a.ec sin n

s at 4 4 kjm.tn

a in
Since let 1 0 Cauchy CriterionforUnifam Convergence

implies Cn converges uniformly on E A A A O



And hence C'next converges XER

Let x hasCalx

Then Cn courages uniformly to C on E A A A 0

Hence Thm8.2.2

d is cts onEA A A O

and therefore C is its on IR

Moreover Cn o 1 n 0 1

Since Snix Cults at

Smex Snex SoCult ducts dt

15mA Sulx So Cults Cults at if 20
Cor7.3.15 S ducts Cultoldt if Xco

Then fa XEEA.AT man 2A

15ms Sucx So 19 can at

18 A similarly fast

0 as a is

i Sn converges uniformly on A A A O

Snix converges XE IR



let SK YesSalx VX EIR

Then Sn converges uniformly to on EA A A O

By Thms2.2 S is its an IR as Su cts on IR Fa

Since Salo 0 n we have 510 0

Now by FundamentalThmof Calculus

Chex Sn ix ppm
x on EA AI A O

Them8.23

ex GoCalx is differentiable and

x S x on EA AJ A O

Hence C is differentiable XEIR and

C x S x XER

In particular Clo 510 0

Similarly Fundamental Then

Shex Calx IX on E A A KA O

Ex

S is differentiable XER

x Ix XER

In particular Sko Clo 1



Finally combiningthe 2 famulae of 1ˢᵗ derivatives wehave

x S x IX

5 x Cx SIX

Cor8.4.2 If C S are the functions in Thm8.4.1 then

Lili's
Cx six

XER
Six IX

Moreover C S have derivatives of all orders

Pf Easy

Cor8.4.3 The functions C S inThm8.4.1 satisfy

the Pythagorean Identity xD 513 1 XER

If let fix C J 511

ByThu8.4.1 f is differentiable

f x 2 Ix x 2,5 x S x

2 x x 2 x 0 XE R

f x is a constant function on IR

f x f o lo 51015 1 xER



Thm8.4.4 Thefunctions C andS satisfying
C d 5 S

c cos 1 and 510 0

CCD O 501 1

are unique

Pf Omitted similar argument as in theproofforexponential
function E by usingTaylor's Thm butreduce to two terms
insteadof one because the equations are 2ⁿᵈorder

Def8.4.5 The uniquefunctions 5 given inThe8.4.1
are called the cosinefunction and the sinefunction respectively

and denoted by

Cox x sinx S X

Thm8.4.6 If f IR IR satisfies f x f x XER

then real numbers α β suchthat
f x α IX BS x XER

Pf Let 2 10 β 0

and consider h x f x x βS x xeR

Then it is easy to check that Ex



1h h
910 0
Leicos o

Similarly argument as in the proof of Them8.4.4
we have tix 0 XER

i f x αC XI β5 XER

Thm8.4.7 The cosine K sine Sex satisfy

v x x Stx 5 x XER

vi Cixty ex Cys Sdg compoundangle

S X g Six g a Sig formulae

Pf Omitted Easy by Thm8.4.4 8.4.61

Thm8.4.8 For X 0

Vii Six ex

Vii 1 x a

ix X 8 3 SK EX

x 1 Ex x 1 1 4

Pf Omitted



Lemma8.4.9 a root 8 of C x in the interval E B

Moreover x O XETo r

The number 28 is the smallest positiverootof Six

Pf Ex

Using X inThm8.4.8 continuityof x Nil in Thm8.4.7

Note Of course we can prove that E as stated in

theTextbook But we need Ex8.4.4 notjustThen8.4.8

Def8.4.10 T 28 smallest positiverootof5

Note Thm8.4.8 x 2.828 752 25 3185 Ex

smallestpositiveroot of 1 1 4 X

Thin8.4.11

C S are 2T periodic have period 2T

Xi Xt2T x S 2T Six XER

S x C E x E
HER

CAI SCI X S E

Pf Omitted


