
 

c Bernoulli's inequality

If 2 1 then HX Hax x2 1

with equality 0

Pf Consider hix HX on 1 too

HXSO taking rootof HX iswelldefinedfor α integer

Then a x α HX on C 1 to

We'veproved this in eg6.1.10 d far rationalα Thecase

ofirrational α will beproved in 58.3

If so applyingMVT to h x on TO we have

CE O X such that

h x Glo a c x 0

That is

HX 1 α HC x

Since CSO α 1 0 we have HC 1

i HX I 2x The ineq.is strict

If 14 50 then applying MVT to fix on Tx 0

wehave CE X 0 such that h o hex a c o x



That is
1 HX HC x

since Kx CSO wehave OS HC 1

HC 1 2 1 0

I HX α α x as 0

That is Hx Itax ineq.is strict

Clearly HX Hax fa x 0

Therefore HX HαX XE Ito and

equality x 0

d If 0 261 then a o b o we have

a 514 α a i 2 b

with equality a b Exampleofapplicationof
1ˢᵗ derivation test

Note fa α wehave ate 91

Pf Consider gix αx for 20

Then glx α 2
2 1

211
4

0 24



gix
SO far 01 41 gso

940
so far KX

1 2

Hence g x 9C1 x 0 and

gix gas x 1

That is 2x x α 1 a

2 11 2 20

with equality x 1

Now for Aso b o put 8 0 intothe ineg

we have

ta

a'b 29 1 2 b



Intermediate Value Property of Derivatives Darboux'sThm

Lemma6.2.11 Let I be an interval and CEI

f IR and f c exists

Then

a If f c so then 18 0 sit N so

f x f c XE C Cto NI ox or

f sob If f c so then 15 0 sit by
fix f c XE c d c NI coxa

Pf a since feet Tcs fcc so Thm4.2.9 ofthetextbook
MATH2050

so sit 0 XE e o Cto NI

I f x f c 0 XE C Cto NI

b Similarly

15 0 sit co xe e O Cto NI

i fix f c 0 XE C o C NI



Thm6.2.12 Darboux'sThm

If f is differentiable on a b

k is a number between fla and f b fla fibs

then CE a b suchthat

f c k

Remark Nocontinuity of f is assumed Hence the usual

IntermediateValueThruof continuousfunction doesn't apply

Pf Suppose flas fib and fascks f b
Define g x kx fix xe a b

Then f differentiable

g is differentiable hence continuous on a b

In particular g attains a maximum value on a b

Note that g a k f a o

By Lemma6.2.11 I 8 0 Sit

g x g a XE a att n a b

i a is not the maximum ofg



Also b k f b 0 lemma6.2.11 implies

8 0 sit g x g b XE b d b ntabJ

b is not the maximum of g

Together g attains its maximum at an

interia point ct a b

Then InteriorExtremumThm Thom6.2.1 implies

0 g c k f c

If f b fla consider f and we can find

similarly a CE ab sit F c k

Eg6.2.13 The signum functiong x syn x restricted on E1,1

9 6 0

I lexco

doesn't satisfy the intermediate value property

1 911 1 9 D 1 1 1 but no xe 1,1 sit g x

Therefore g x f x forany differentiable function f on E 1,1

i.e The differentialeat df g has no solution in 1,1


