
 

56.2 TheMeanValueTheorem

Recall function f IR is said to have a
vous

relative maximum at CEI c Ito
dso

if a neighborhoodofC V Vo c c oCto such that

f x f c XEVnI
ingeneralsomepartmaybeoutof

Ifdott do
I

relative minimum at CEI

if a neighborhoodofC V Voccs c oCto such that

f x f c XEVnI

relative extremum at CEI if either relativemaximum
or relative minimum

Thm6.2.1 InteriorExtremumTheorem samenotations asabove

let C be an interiorpointof the interval I

f has a relative extremum at c

If f c exists then f c 0

Note The conditionthat CEI is an interiorpoint is necessary



eg f x x onTO I has relativeextremum

at x O min but f 03 1 0
0 1

at x 1 max but f 1 1 0

Pf ofThm6.2.1
Proveonly the case of relative maximum Thecaseof relative
minimum is similar

Let c interiaof I f has a relative maximum at c and

f c exists

Suppose onthe contrary that Flc to then either

f c 0 or f c co

If flasso i.e Eye If so

Then byThm4.2.9 oftheTextbook MATH2050 a nbd V Vsc

suchthat o xevnI c

Since c e interiorof I one can find a o ord so

if needed so that c o Cto C UnI

1
c o do



Note that f has a relative maximine thereexists 8,70
such that f x fics XE c so cton I

Then for 03 mind 025 0

C Is Ctos C VAI and

c 53 Ct83 c c d Cto nI c da coz nI

As aresult
fix 0

axe c o ctos c

and f x f c

Suite c Ctos c cts C VAI

The 1ˢᵗ inequality implies
X C in C Os tos sit

f X so fix f c 0

which contradicts the 2nd inequality

Similarly if f c so one can find 8 0 so that

514 so
xecc oj.to Xtc

and f x f c

The 1ˢᵗ inequality Xs c such that f x f c so
X C



f x f c 0 contradicts the 2ⁿᵈ inequality
All together we have

flu 0

Cor6.2.2 Let I IR continuous

f has a relative extremum at an interiorpoint CEI

Then either Fcc doesn'texist

or I Fcc 0

Pf Followeasily fromThm6.2.1

G f x 1 1 on I 1,1

interior minimum at X 0 i
co doesn't exist



Thm6.2.3 Rolle's Theorem
arb

Suppose a b IR continuous onclosedinterval I 9b

f x exists XE a b openinterval interiorof I

f a f b 0

Then E a b suchthat f c o

f C 0

b

Pf If f x O on a b then f x 0 Etab We'redone

If fix 0 theneither 5 0 forsome point in a b

or 40 for somepoint in a b

Notethat f is continuous on the closed intervalTaib

f attains an absolute maximum and an absolute minimum on I

Thm5.3.4 oftheTextbook MATH2050

Hence if 70 for some point in a b f attains

the absolute maximum ie the value sup fix XEIS 0

at some point CE a b as fla f b 0



Since CE a b f c exists

By InteriorExtremeThener Thm6.2.1 f c 0

If there is no XE a b sit 5 0 then wemusthave

f O forsome XE a b Hence f 0 fasome Xelab

and f satisfies all conditions as t Therefore

CE ab such that f c 0 0

Thm6.2.4 MeanValueTheorem

Suppose f a b IR continuous arb

f x exists XE a b

Then a point ce ab suchthat

f b f a f c b a

Pf Consider the function defined on Tab

9 x fix b
x a fras

f x fla
1b

x a

Then 9 is continuous on a b as f is containous on a b

and Y x exists a b as f x exists XE a b



1
41

parallel f b

tea
ex a fia

v

a c b

At the endpoints

9 a f a flag
1b 19

a a o
b a

9b fib flag f b 19
b a 0

b a

i 9 satisfies all conditions in Rolle'sThm Thm6.2.3

Hence E a b such that

0 9 c f c
1b

by Thm6.1.3 and 1 5 1

f b f a f c b a



Applicationsof MeanValueTheorem

Thm6.2.5 Suppose a b IR continuous asb

fix exists e ab ie f differentiable in a b

f x 0 c a b

Then f is a constant on a b

Pf let C a b and a

ApplyingMeanValueThru to a IR

whichclearly satisfies all conditionsoftheThm

we find a point ceca such that

f x f a f c x a 0 byassumptionfks 0

f x fla XEI

i f is constant on I

Cor6.2.6 Suppose f g ab IR continuous

f g differentiable on a b

f x g x XE a b

Then constant C such that f 9 C on a b



Recall IR is said to be

increasing on I if axe x x EI fix fixa

decreasing on I if f is increasing on I note not

Thm6.2.7 Let f I IR be differentiable Then

a f is increasing on I flx 0 EI

b f is decreasing on I fix 0 e I

Pf a let flx 20 XEI

Thenforany Xi KEI with Xi xz we can apply

the MeanValueThm to f TXX2 IR

since f is differentiable on I f TXX2 IRsatisfiesall conditionsofMUT

and find a point CE X1X2 such that

f x2 f x f c X2 X

70 suice f c 20 X2 X

i f is increasing on I

a Suppose f is differentiable and increasing on I
Then CE I we have

20 XEI C



because f is increasing both positivezero if c

both negativezero if C

Hence f differentiable at C

Fcc his so

b Applying a to t

Remarks

111 Strictly increasing X X fixit fix

Then ex13 of 6.2 fix 0 on I f isstrictly increasing on I

But
flasso m I f isstrictly increasing on I

Counterexample f x X IR IR is strictlyincreasing

but 10 0 which isnot 0

4 Consider gas Isin t if to

if x o It
oscillating

Exercise10of 6.2 9407 1 0 but g x is not increasing
in any neighborhood of 0

Thatis G so only at a point isnotsufficient to ensure

9 x is increasing near the point Weneed 9 s o on an interval



Thm6.2.8 FirstDerivativeTestforExtrema

Let f ab IR continuous asb

CE a b

f is differentiable on a c and c b

Then a If 0 0 sit
y

c o Cto a b

1
fix 10 fu XE c d c

fixed for XE C Ctd

then f has a relative maximum at c

b If 0 0 sit c d Cto ab

1
G 0 fu XE c d c

fix 0 for XE C Ctd

then f has a relativeminimum at c

Pf a If xe c o c then MeanValueThm

applying to x C IR implies exe x c sit

f c f x f ex C x

20 since 20 on c d c



If XE C Cto then MeanValueThm

applying to f C IR implies ext C sit

f x f c f cx x c

0 since f'so on c Ctd

Together we have f c fix XE c r Cto

i f has a relative maximum at c

b Applying a to

Remark ConverseofThm6.2.8 is nottrue

i e differentiable function f has a relative maximum at c

but the statement

do sit c d Cto a b

4 20 fu XE c d c

fixed for XE C Ctd

is nottrue Exercise9 of 56.2



Further Applications of theMeanValueTheorem

Examples 6.2.9

a Rolle'sThm 6.2.3 canbe used to locate roots of a function

In fact RollesThm

9 5 alwayshas a root betweenanytwozeros off

provided f is differentiable etc

expliciteg g x cox sinx

I sinx o for x nT fa ne 2

Rolle's cax has a root in NT Ntl T nEZ

eg of Bessel functions Jn is omitted

b Using MeanValueTheorem for approximate calculations

error estimates

If Approximate V05

Applying MeanValueThem to fix rx on to 1053

f 105 f 100 f c 105 100 fa some CE 100,105

Ineg6.1.10 d we've seen that fcc ate
Tos Too 2 for fome CE 100,105



10 25ps V05 10 2 0 10 25.10 10.25

And 1105251 11 To 10 2.1

Hence 25 Tos 4
of course the estimate can be improvedbymore careful analysis

Examples 6.2.10 Inequalities

a e Itx XER and equality X 0

Pf Wewill use the fact that

f x ex has derivative fix e XER
and 10 1

and ex I fax o

e for x o

Tobedefined and proved in 58.3

If x o then eX 1 It X We'redone

If 0 applying MVT MeanValueThm to

f x ex on O X



we have CE O X such that

ex e e x 0

ex 1

If X O applying MVT to fix e on Tx 0

we have CE X O suchthat

eo ex ecco x

1 e x ell so

ex Itx X O

Finally one observes in both cases the inequality is strict

So equality x 0

b x six x x 0

Pf The inequalities are clear for 0

let 0 Consider g x six on O X

Then MVT implies CE OX sit

sinx sino csc x 0

Using 1 csc I and sino o we have

stux x as 0


