
 

Inversefunction

Thm6.1.8 let I R be an interval

f IR be strictly monotone and continuous

J f I and g J IR be the strictly

monotone continuous function inverse to

If f is differentiable at CEI and f c to then g is

differentiable at d f c and

l
gled face

f gidi

Note f c to doesn't follow from f being strictly monotone

eg f x x is strictly monotone but f o 0

In this case the inverse g x is notdifferentiable at X 0

Pf Since f is differentiable at x C Carathéodory's Thm6.1.5

9 I IR with 9 continuous at c suchthat

f
f x f c 9 x X C XEI and

91C f c

Since f c O and q is continuous at C I do suchthat

9 x to XE c o Cto NI



Let f Ceo Cto NI CJ

Then the inverse function g satisfies f gy y YEV

Hence y d f gags f c 4 gags gig c

919191 g y gids 1 85
Since g y f c o Cto NI YEV

wehave 9 gy 0

Hence g y g d Igg 9 d

Since g is
continuous on J and Y is contains at c g d 0

Ygog is continuous at d

Thenby Carathéodory'sThm6.1.5 g is differentiable at d fic

and g'd diga tics tics

Thm6.1.9 same notations as in Thm6.1.8

let f I IR bestrictmonotone noneedto assume containity

If f is differentiable on I and f x 0 XEI Then the

invesefunction g is differentiable on J f I and

g



Pf f diff on I f is containous Then apply Them6.1.8
to all EI

Remark on simplified notations

Usually wewrite y fix and x gy for functions

inverse to eachother Then the famula in Thm6.1.9

can bewritten as
949

g g
YEJ

or glof x flex XEI

In this notation one often simply write

g y
x

without explicitly stated that y fix x gy

eg6.1.10

a f x 5 4 3 gives a strictly increasing why and

continuous function on IR and f IR IR why

f x 5 4 42470

Therefore Thm6.1.8 9 5 isdifferentiable yer
Andforexample at x 1 g 8 g fad



b f O b 0 A givenby f x where n 24,6

Then f is strictly increasing continuous on Eo Cs

Notethat f 0,0 To co The inverse function g
defines on TO co and is strictly increasing and continuous

Since f x nx 0 so f 10,0 0,0

g is differentiable yoo and

9 9
gags ntggsjt nlyt.ge in4ᵗʰ

The inverse is denotedby gy yᵗ ye to b

Note 9 isnot differentiable at y 0 oneside derivative doesn't

exist Omitted Butthe argument isthe same

as in the nextexample

C n 35,7 F x XER is strictly increasing
containous

Inverse is G y y yEIR

As in example b above G is differentiable y o

and Gly yh check

And again G is notdifferentiable at y 0



Pf Suppose that G is differentiable at y o

Then consider the composite function y F G y

Since Glo 0 and Flo 0 exists

Chain rule implies 1 11 GEE
whichis a contradiction Gto doesn't exist

d Recall if r o m n 11,33 then

Xᵗ xʰ is defined as Xt x O

Therefore the function R O A 0,0 definedby

RIX Xt 20

is a composite function R fog where

g x xᵗn 20 the inversediscussed inegb

and f x Xm 20

ie Rix x Xt f g x XETO b

Then Chain rule XE 0,0

R x f g x g x m xt jm
t
in t t

1
4 1

X rx x 0 truefor all rational rso



e sinx is strictly increasing on I I

and maps I to 5 5 1,1
ᵗ

I
inverseexists and we denote it by

Arcsin E1,13 E E

it If XEE E E YEE I then

y six Arcsin Y

Note that Dainx lax 0 for XE 7 noendpts

Thm6.1.8
ArcsinY sax

box it six
I
11 ya YE 1,1

Note DArcsing doesnotexist for y 1 Check


