



































































































































Ch6 Differentiation

56.1 The Derivative

Def6.1.1 let I IR be an interval

f I IR a function on I

CEI

Wesay that LEIR is the derivative of f at c

if E O de o such that

5 L E EI with 0 six ckd e

In this case we say that f is differentiable atc and

wewrite f c for L

Remark If limit exists fcc tee

c may be the endpoint of I if I is closed at c

then fee means i onesided limit

f defines a function whose domain is a subsetof I






































































































































eg f is b IR

I fixtex

Then f 0,0 u 0,0 IR givenby

fix 1 10,0 and
1 EGG 0

flo doesn'texist ie 1 1 is not differentiableatx o

Pf For c 0 then

Ye tax c time

tech 1

For CCO then

Ye fee

Esc 1 1 Yea o

For C O then

ftp tc lei doesn'texist

since thetwo one sided limits are notequal

t.es ti.T 1 1 tiY fso






































































































































Note The same argument show that for fixs x XER

f is differentiable XER and

f x 1 XER

Thm6.1.2 Same notations as in Ref6.1.1

If f I IR has a derivative at CEI ie differentiable at c

then f is continuous at C

Pf For XE I XIC we have

f x f c x c

ticsexists Yee fix tics text ex cs

f c 0 0

Hence fix fix f c f is continuous at c

Remarks Previouseg fix1 1 1 clearly shows that the converseof
Thm6.1.2 is nottrue ie continuousat c differentiableatc

Infact thereexist continuous but nowhere differentiable functions

willbeproved in MATH3060






































































































































Thm6.1.3 same notations as inDef6.1.1

Let f IR g I IR be functionsthat are differentiable

at CEI Then

a If αEIR the function of is also differentiable at c and

f c d f c

b The function f g is differentiable at c and

f g c f c g c

c ProductRule The function fg is differentiable at c and

fg c f c g c flogic
d Quotient Rule If g c to then the function is

differentiable at c and

f c f c g c fic g c

g c

Pfs are easy just using suitable algebraicexpressions and taking
limits Weproveonlythe Quotient Rule here as example you

should do othersby yourself






































































































































PfofCdl
Thm6.1.2 implies that g is continuous at c as g isdiff at c

Then g c to thereexists an interval JEI with

CE J such that g x 0 XEJ

Thm4.2.9 ofthe textbook MATH2050

q fg is well defined function on J and

XEJ X C we have

9 X c fixigics flag x
x c g xg c x c

f x flc g c f c g x g c

g x g c x c

gadgics gics tics 9119

f g differentiable at c let fees

tie 9 9 gig

tergix gics 0

lin 81 3 8 exists and
C X C

fcc flagics ticsgics






































































































































Cor6.1.4 If fi for are functions on an interval I to IR

that are differentiable at CEI then

a The function fit for is differentiable at c and

f t forJcc fact frica

b The function fi tn is differentiable at c and

f fu c f c f.cc full f c faces fall

f c fall fi c

Pf Just by induction using Thm6.1.3

Remark Quotient rule Thm61.3 d togetherwith b inCor6.1.4

X nx ne z to if h o

Pf Applying b in Cor6.1.4 to the case that

f fn f differentiable

then fam f Ef t fit tffittnttj.tt
nf f

We've proved that X 1 and hence

n x
1
1 nx 1






































































































































If n O then f x 1 f c He 0 c

OF O 0 x

Note strictlyspeaking theRHSisnot defined at x 0 but we

may interpret the expression nx for n o as the
continuous extension to the zero functionon thewhole IR

If n MSO m o then for to

X km ji by Quotient rule

mxMY

my
m x nx fax o

ChainRule

Thm6.1.5 Carathéodory'sThm samenotations as inDef6.1.1

f is differentiable at c

9 IR continuous at c suchthat

f x f c 9 x X c XEI

In this case q c f c

Pf If f c exists define 9 I IR by

g x 1
XIC EI

f c C






































































































































Then

fee ax pics fee fees o

9 is continuous at C

And clearly f x f c p x x c fax C

which is also true trivially at x C since both sides

equal zero

If 9 IR continuous at c suchthat

f x f c G X x C XE I

Then fa x c 51 Gix pcc as c

f c let exists 9 c

eg f x x A co IR

Then f x f c x c x2 x c x c

G x x C

where Q x x CX C is containas at c and

G c 3C Fcc






































































































































Them6.1.6 ChainRule
f g

Let I J be intervals in IR Ift R

G IR

f J IR with f J I mayjustassure f J I

EJ

If f is differentiable at c and g isdifferentiable at fics
then the composite function got is differentiable at c and

gof c g f c f c

Other notations fa f Df or whenxistheindep variable

Thefamula canbewritten as gof f f or

Dlgof Dgof Df

Pf Since f c exists Carathéodory'sThm6.1.5

9 J IR continuous at c such that

f x f c G x x C XEJ

and 9 c f c

Denote fes d then similarly g d exists

4 I IR continuous at d such that






































































































































g y g d 4 y y d YEI

and 4 d g d

ForXEJ substituting y f x d fic we have

g f x g f c 4 f x fix fics
i gof x gof c 4 f x1 q x X c

4 f x 91 1 X C XEJ

Since f diff at c f is continuous at c

Together with 4 is continuous at f c d we have

of is containous at c

Therefore 4 f x p x is containas atc as9 is continuesatc

got is differentiable at c by Carathéodory's Thin

and gof c 4 f c q c 4 d fcc g'd flat

g fcs fcc

Note Byusing Carathéodory'sThm6.1.5 we avoided the discussion

ofwhether fix f c 0 as in the usual proof by

the algebraic expression

9 fix g f c G f x 9tics f x flc
x fix f c X C






































































































































eg6.1.7 let f I IR is differentiable on I ie at all pointsof I

a Chainrule also f x n fix fix

b If furtherassume f x 0 XEI mistakeintextbookoffered

f x XeI

by using g y fay o and g g tyto

If x sgn fix flex
Fx if fix o

f x if f x to

where sgnix the signumfunction

Pf Consider 911 1 1 Then g is a IR

and we've proved that g is differentiable at to

O

gix 1 co

i For to gix synex

but g sign at x 0 because940 doesn'texist

Therefore by chain rule

If x is differentiable at where fix 0






































































































































and If x g f x f x Agnfix fix
4 1 fix so

f x flex O

At xwhere fexs o the situation is more complicated

if fix x then If x x is differentiable also at x 0

ii if fix x then If x 1 1 is not differentiable at X 0

See exercise 7 of 56.1 on page 171 of the textbook

Concrete example f x x2 1 then f x 0 11

i If x 1211 is differentiable for X II and

1
2 11 If x Agn x2 2x

2x if at a x 1

2x if Kxc

W

t

d Derivatives of trigonometricfunctions

Let SIX six x cax for XEIR

We'll define these two functions and prove the following






































































































































later in section 8.4

s x cox X x six S x

Using thesefacts quotent rule we have the fumula

for derivatives of other trigonometric functions

D taux secx

Dsec x secx tax
for 4k bez

D lot Csx

Desex ax poty
ta kt kez

e fix
Pain ta X to

O fa X O

By Chain rule productrule quotientrule for to

f x 2 sik coo t check

But at X 0 we must use definition ofderivative to

find 510
19 tee 4 1

fee sent o

i f x exists for all XER and






































































































































f x
2 sik co k to

0 0

Note However fix is discontinuous at 0

as 7s 2xsink as doesn'texist check

f differentiable X f is continuous

y X

ÉTÉ

y x


