MATH 2060A Mathematical Analysis II
2024-25 Term 1
Suggested Solution to Homework 9

9.4-1 Discuss the convergence and the uniform convergence of the series > f,,, where f,,(x) is given by:
(a) (2 +n?)7", (c) sin(a/n?).

Solution. (a) Note that |f,(z)| = [(#® +n?)"!| < & for z € R, n € N. Moreover, Lo
n n

convergent. By Weierstrass M-Test, > f,, is uniformly convergent on R.

(¢) Let @ > 0. Then |f,(z)| = [sin(z/n?)| < |z/n?| < % for z € [~a,a], n € N. Moreover,
>_ -z is convergent. By Weierstrass M-Test, ) f, is uniformly convergent on [~a,a]. Since
a > 0 is arbitrary, ) f,, is convergent on R.

However, Y f,, is not uniformly convergent on R. Take ¢g = 1. Then for any n € N,
| fu(n?7/2)| = |sinT/2| = 1 = .

By Cauchy Criterion 9.4.5, Y f,, is not uniformly convergent on R.
O

9.4-2 If > ay, is an absolutely convergent series, then the series ) a,, sin nx is absolutely and uniformly
convergent.

Solution. Let £ > 0. Since ) a,, is absolutely convergent, there is M € N such that if m > n >
M, then
|ant1| + |ante| + - + |am| < e.

Now, if m > n > M, then
|an sinnz| 4+ |ap1sin(n + Dz 4+ -+ + |am sinmz| < |api1| + |anpo| + - + lam| < e

By Cauchy Criterion 9.4.5, Y a, sinnx is absolutely and uniformly convergent on R. O



