
Recall: Lipschitz for :

f : A - IR is lipschitz its if 170 Sit.

IfN-flyl) = 1 . (X -y1 ,
Ex ,yeA.

From discussion Last time :

Lipschitz for> Unit . Its.

14930
,
Choose S = 2/130

fot . Neyld = HN-fyl <2)
E : false in

general.

eg. 1 . f : Lois - 1 given by fix =*

sit. f = unit · Its using 5-8 arguement
OR unif , continuity the

11 * + 0 as X + 0%

2. f : [0 ,-R given by f = SinE ) if XECOLD

if X= 0.

is also unitcts since . Sin() is bdd ...

But f is Not lipschitz :

Choose Xn=1 Yr= at.

f(xul = Xn . 1
, flyn) = 0.

#T



(xn-yul= .

==- T

- In -> to as no to,

=> f Lipschitz . (i ne. 130 sit .I 1)

Lt X EIR , f : X -> IR lipschitz for . on X.

↳My in . XEYER.

&: Ask for a reasonable extension of f over
Y.

(Best one??)

Looking for F : Y -R sit.

&: F is "as Lip as
"

f-
-it

Def Given f : A-R ,
which is Lipschitz

then
Lipschitz constant of f is defined to be

Lip(f) = sup [ xyeA ,
x+ y].

FLipC# = LipH).



App : Let XIYE , f : X +R is a lipschitz
fan . Then IF : - 1

, Lipschitz Sit.

& Fx = f & LipC = LipH) .

hip)# ~
-

=*-j
Fix EX

, yEY

Fly) := inf(f(x) + Lip(f) . (x -yl .: XeX]

can: FNo)=No It voNPf: VxEX

fixo) < fix + LipHf) . IX-A . (by def
inf
E fixo 1 F(Xo).
-

(by deful
FNol < f(x) + CipHf) . (X-Xol .

Ex EX

Putting X= XoE X => FNO) < f(Xd

=> FNo) = fN)
#



Aim : Lip(E) = Lip(f),

pf : Let y , yo EY.

F(y) < f(x) + Lip(f) . (X- y,

+Lip(f) . NX-yal + LipHf) . 1y, - ya)

taking inf
=> Aly ,) & Flyn) + LipHf) . 1 y :-y2)

: Y :, Ye are arbitrary,

=> (F(y)-Flyal) < <ip(f) . (y. - yz)

= LipC# < Lip(f).

LipC# = SuphY
: X=Y

. Fy= f.

% LipLE) T LipHf)

=> LipCE) = Lip(E) #



Pef : A Lipschitz fan f : AFR is said to

be contractionif Lip(ft < 1.

it. IfN-fy1 < 0 . /X-yl for some o coll)

App : If A = closed , non-empty subset of IR.

f : A- A is a contraction,

then I ! a Et sit flal = a.

Pf:
uniqueness : if a ,

b EA sit.
-

(fal = a
f(b) = b contractive

then If(a)-f(bil = la- b1 < %. la-b

for some rECo , 1)

=> C- 0)(a-b) 0 => a = b
.

Existence : Fix (EA
,
Xc = f()

-

Construct (ul by fixul = XntI
,
FMEN

(Xn+z - Xn+i 1 = (f(xm+ 1) - f(Xu)

&0 . /Xut-Xul
, WHEN,

=>Int-Xn1 < o
* NX2-X1) , VMEN

1-ineg => Nutp-YulAlti
coust



check easily by Geometric series formula :

HETo
,
IN sit . If nYN , PEN,

it < 9
Th

cauchy ent.

=> IXul is cauchy => () is convergentclosed.

=> Xn- > 5 for some A

of isIts at 5 and fNxul = Xa+

:linfNflimx=!Il

X=.=fixed pt of
f : A- IR.

&: Lip(f) < 1 is necessary closedT = 1)

eg f(x)=X-1 has no fixed pt . on 11

Monotone function :

WLOG
,
Consider increasing function :

f : A -& sit
. azb = flal > f(b).

&-



At ceDA)vA ,
#

(ie . ERIEAlda] sit. aiTC and di ->c)

:lifix) exists and equalsto
(d := inf(f) XEA , x> c]

P
: CEDTA) : (fN( xEA ,

x c + &.

· CEA : f > f(d ,
Exc

=> L(c) exists by completeness .

Cha: f(x) -> h( asX- Ct.

pf : Fix Exo
,
"i Lld = inf( - ing

: XIEA
,
XIC sit. (d) + & > fNX)

taking 8 >o small enoughtt . OS8 < X :-(

then # XAn( , c+ 8),

(x(c+ f(Xi

=> fIN( f(x) < L(d+ E .

VI
(deful

L(c) # .



Eg:
f(x) = X if xX4 31 .

I I
· - graphif)

2 if X = 1 Ex
X+ 2 if kX

gly) = f(y) = 24
if o < y4

1 if y = 2

y -2 if 3 <y <4

# suphig 2 = g(d)

= lim glyl
= lin+ g(y)

-y+btlingly2 ↑=lil
p : f : A -1 isnutty increasing (97b = flak +(b)
and A = interval

,
then g = f" : fA)

-> A exists -

And if d f(A)
,
then g(d) = <(d) provided that

L(d) exists . ( = (d) ,
left hand limit

.)resp .
pf : The existence ofa follows from injective of f.

(by strictly

Remains to show ((d) = g(d) (if <(d) exists

By defa
,
LId)/ g(d) since g

* (by previs prop)



Suppose (d) < g(d)
let Exo, y , Ef(A) (Domain of g) sit.

y , >d and <(d) +& < gly .) ((d) < g(d).

Consider g(d) , gly .) G A

=> (g(d) , g(y) [A since A interval.

#ze (g(d) , glyi) ,

f(gly.1) = Y, y= f(z)) @= f(g(d)

=> z = g(f(z)= g(y)YL(d)

let z -> g(d) => g(d)((d) > g(d) ·

-

· g(d) = <(d) #

Here
, g : flA) -> A is Its

prop : f : tab] -IR
,
monoture (WLOG assome *

Then the set &C1 +i Not ots at ig = D
is countable def.

pf: f *



#t each toE [aib],

might define j(X) = lin-line

I if Xo= a , limf := fl
X-Xo

it Xo = b , Li f)= f)

By *. jN 30 XXEtabL.

WLOG
, assume Alfa
otherwise f(x) = flal on [ab] ·

: a < X< X2 <.. <X Eb ,
we have

flal & fla) + j(Xi) + j(z) +... + J(XN) -> f(b) . (Exeravel

Pu = <c / j(d)>as]
=> D=D (XeD it jM >)

faces on this.

(EX)

Claim :(Dul = n.

since otherwiseIXI ... <Xn+ in Dn sit.

f(b) > f(al + j(Xi +... - j(Xmti) > fla)+ (f(b)-fall
->



· D= D and IDul = n

= D = countable. #


