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1. Give an example of a function f : [0, 1] ! R that is discontinuous at every point of
[0, 1] but that |f | is continuous on [0, 1].

2. (Exercises 5.2.5-5.2.6 of [BS11])

(a) Let f, g be defined on R and let c 2 R. Suppose that lim
x!c

f = b and that g is

continuous at b. Show that lim
x!c

g � f = g(b).

(b) Does the conclusion hold if g is not continuous at b? Give an example showing
otherwise.

3. Suppose f : [0, 1] ! R is a continuous function such that f([0, 1]) ⇢ Q. Show that
f is a constant function.

4. Suppose f : R ! R is a continuous function such that

f(m2�n) = m2�n

for all m 2 Z, n 2 N. Show that f(x) = x for all x 2 R.
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1. Give an example of a function f : [0, 1] ! R that is discontinuous at every point of
[0, 1] but that |f | is continuous on [0, 1].

If +(x) = S!Axe
Clearly If

=1 and so ift is ets.
let ce [0 .17

.

Then E(Xu) < Q1[0,1 ,
St - Xn+ C

. XuEC,

E(yn) a R& ep1] st - yut c, yut a
by density of Qin R und RIC iR.

But f(x) = 1 + - 1 = f(yn) -
so by sequential criterion for continuitys fis motets at

%,
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2. (Exercises 5.2.5-5.2.6 of [BS11])

(a) Let f, g be defined on R and let c 2 R. Suppose that lim
x!c

f = b and that g is

continuous at b. Show that lim
x!c

g � f = g(b).

(b) Does the conclusion hold if g is not continuous at b? Give an example showing
otherwise.

Pf: a) let20 be grien .
Then since of isto at b

,
If>

Sit . forall IX-b) <8 ,
we have (g(x) -g(b)(2

Then since Chief ib, for 2 =% , there is a t's0 sit.

if 0xx-428'we here that 1f(x) -b) <2 = 6.

So chaining there together , we have that if 0 <IX-e* :
1f(x) -b(x = f = (g) f(x)) -g(b)ks -

1908) (x - g(b)) <
/

b) Take g(x)= 50 ,
x=1

2
,
X=)) .

Then gis not ets af 1 .

Set f(x) #X+/for all XeR.

Thenlinf .

(gof)(0) = g(f(x)) = g(l) = 0.

lot (xul be my sequence
miRst . Xuto , and Xu-0

(gof) (m) = g(f(x)) = g(m+) = 2.
So clearly he(gof)() + (gof)(e./
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3. Suppose f : [0, 1] ! R is a continuous function such that f([0, 1]) ⇢ Q. Show that
f is a constant function.

Ef : Spe + is not constant . Then whog , EX ,<*-E , 1],
S-t · f(x) < f(x2) . By density of irrationals in R, we can
fiel an < ERIQn[01] St . f(x) << f(x2)-
Since fisets

, by intermediate value therem , Ice [11]
st . f(e)=X - contradiction ./.
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4. Suppose f : R ! R is a continuous function such that

f(m2�n) = m2�n

for all m 2 Z, n 2 N. Show that f(x) = x for all x 2 R.

#: First show S= Em24 : me, neN3 is dence in R.
let x <yoR . WTS EseS set .

xySince y-X>
0

, by AP
, GEN it cy-

So 2"y-2
*
x) 1 , so EmeI st

22m < Zy
.

Sotaly so m2T , me
here x155y
.

So Sis dense in R.

Now show f(x) =X for all xeR . By density of Sin R,
for angnelt ; there

is an XueS Sit-

xx(X+h

Clearly xn# X for all meN and xn-X.
Then by sequential criterion for continuity
f(x) = f(ixu) = Mof(x) = Union = X

y
,


