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1. Use either the ω → ε definition of limit or the Sequential Criterion for limits, to
establish the following:

(a) lim
x→0

x2

|x| = 0

(b) lim
x→1

x2 → x+ 1

x+ 1
=

1

2

(c) lim
x→0

1↑
x
, (x > 0) does not exist.

2. Show that the function f(x) =
1

x
is uniformly continuous of A = [1,↓) but not

uniformly continuous on (0,↓).

3. (Exercises 5.2.5-5.2.6 of [BS11])

(a) Let f, g be defined on R and let c ↔ R. Suppose that lim
x→c

f = b and that g is

continuous at b. Show that lim
x→c

g ↗ f = g(b).

(b) Does the conclusion hold if g is not continuous at b? Give an example showing
otherwise.

4. Suppose f : [0, 1] ↘ R is a continuous function such that f([0, 1]) ≃ Q. Show that
f is a constant function.
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2. Show that the function f(x) =
1

x
is uniformly continuous of A = [1,↓) but not

uniformly continuous on (0,↓).

If : Let Eco be grien and let Xye/,5) . Then *, tys1 .

(k - j) = (*( x(y- X)(((y) = (y-x) .
Sotaly 8= 2 . if x ,Y &A with (x-y1 < 6

, then

1-) + ly -X/2-

showing firs not uniformly continuous on (0 , +-) . WTS =202 ·0 Sit.

for all 80 , we can fiel xoyt (os ++) St . Kxo-y S but
If (o) -fly) 150.

Let's take 20= 1 . Then for all 60 , by AP ., there is a NEW
sit . >8 . Jotaly XF* , YoFIN
(x - yo) = (t - Ew) =t 8

but If(x) - flyo)) = /-izw) =N, =So.
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3. (Exercises 5.2.5-5.2.6 of [BS11])

(a) Let f, g be defined on R and let c ↔ R. Suppose that lim
x→c

f = b and that g is

continuous at b. Show that lim
x→c

g ↗ f = g(b).

(b) Does the conclusion hold if g is not continuous at b? Give an example showing
otherwise.

Pf : 2) . LetEc0 . Since gisets atb ,
E630 sit for XER

with IX-b) <8, then 1961-g(b) KE.
Moreover since lif =b for 2 = 6 , we can fiel I's
such that ifox-cK*' , then 18(x) -b> 51 = 8.
So replacing x with f(x) above , we obtain for 0xX-cK8 :
If(x) -b) < 6 = (g(f(x) - g(b))

b) g(x) =2 f(x) = X+ 1 .

x thenlif = 1.
But we'll show that higof + (g0f) (0)·

(gof)(0) = g(f(0)) = g()) = 0.
let (x2) be any sequence

in R St . Xnto for all new and

Yn->0

Then (g0f) (xn) = g(f(n)) = g(Xn+1) = 2 .

Sodi(gof)(x) = 2 + 0 =(gof)(0)%
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4. Suppose f : [0, 1] ↘ R is a continuous function such that f([0, 1]) ≃ Q. Show that
f is a constant function.

If: Suppose is not constant. Then there exist X1 , xn[0 1 1]

S.t . f(x) < f(x) . By clesity of R in R
,
there

is anR st f(x) < f(x)

Then IVT tells us that there isa (e[0 ,] str

f(x)= X .
ERI a contradiction.

/


