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1. Recall the following definitions and theorems:

(a) Cluster point

(b) Limit of a function

(c) Sequential criterion for limits of functions

(d) Divergence criteria:

(e) Limits at infinity

(f) Continuity

(g) Sequential criterion for continuity

(h) Discontinuity criterion

(i) Maximum-minimum theorem for continuous functions

(j) Intermediate value theorem

(k) Preservation of intervals theorem

(l) Uniformly continuity

(m) Nonuniform continuity criteria

(n) Uniform continuity theorem for continuous functions on closed bounded inter-
vals

(o) Continuous extension theorem

Announcement :

Quiz 2 TOMORROW

(2)())
1530-1615

.

Midterms have been gradedbut
may have some adjustment

by Prof . He
.

So in theend I
will not announce the

statistics today

2) Cluster point: Let AER. Then CER is a cluster point of A

if for every
80

,

there is a XEA sit . (x-elc8.

6) Limit of a function : f : AIRER and let bea duster put of
A . Then a real number L is the limit of fate,

written

linef(x)=Lif for all 370 , E80 st . if XeA and

Ockx-c8
,

If()-L1cE ·

c) Sequential criterion for list of a function f :At R and cer
a cluster point of A

.
TFAE :

1) dief(x) =L



2) For every sequence (Xn) -A sit . Xutc and Xn#C for allue
the sequence (f(Xu)) converges L.

d) Divergence Crition : Let f :A-RaceRa cluster point ofA.
1) If Lent then feles not have alit L atc if these exists
a sequence (xn) in A with Xn+C for all neN and Xn*
but the

sequence (f(x) does not converge to L.
2)f des nottome a lit atc if there exists a sequence

(m) in A with xnie and xutc but the
sequence (f(xul)

does not converge
in R.

EX : Write dowm the 3-8 version of this defin.
e) Limit at infinity:lif(x) =L if given any

Ex
,

there isak()
Sit. if X&K

,
If(x)- 11 <2·

Ex : Write down defin of Mix f(x)=L



i) Max-min imm for ets fis : Let I : =[a ,b] bea closed bounded interval.
and lot f :-R be continuation1 . Then 8 attains maximum and
minimum en] .

j) IVT : Let I beau interval and f : ->R be continuous
· If a,be I

alif he R which satisfies fla) < k <f(b)
,
then

there exists a cel s .t . f(c)=k.
n) Unif . Ctythm for ets fin's on closed beld intervals : If f :ItRiscts

where I is a closed banded interval , thenfis uniformly Its on I.

5) Continuous extension theorem : f is uniformly continuous on (a ,b) if it
can be defined at the end points a ,b st . the extended function is

continuous on [a ,b]
f : (a ,b)+Runif. ets on (a,b) if thereexists g : [9 ,b] ->R sit.

gla=f und gis continuous.
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9. Show that the function f : (0, 1) ! R given by

f(x) = x sin

✓
1

x

◆

is uniformly continuous.

f(x) .x
Pf: Method1: Using continuous extension therem.

fis continuous on (0,1) .

and
easy to show Mif(x)=sin(1).

Note that If(x)) < (X) for all xe(0 .1).
So

by Squeeze tim,hiolf(x)) Phi (x120.
So lif()
so define g() = [im

sin(1) . X= 1
and by construction

g is continuous on [D1] .
Hence by

its extension therem , fis muf . ots . on (01).
Method2 : Using 5-8

. let EX0 .
Note that fis etson

[ ,
1

.
So is unifiets. In [1 .

So there is a foxo

D s
.t . If xye[ , 1 with K-y1 < So ,

we have

If(x) -f(y))
Set 2= mi380,3-
Then case 1 : Xory (0,) and 1x -y(28.
WLOG suppose x(O) ,

then by triangle inequality , we have



(y) = (y+x-X) = (y-X(+(x) < f+ + 5 = 2.
So X

,y (0 ,3) .
Then using the fact that -X-f()X

,
we have

that - < f(x) <=

<fly)
so (f(x)-f(y)) < 2.

Case2: suppose both x,ye (0,) ·

Then X ,ye[ , 1)< [*
,
1.

and by above , using to
,
mehave that If() - f(y)/ <ESo fis wif . ets . on (0 , 1).

Cir
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10. Show that f : (a,+1) ! R given by f(x) =
1

x2
is uniformly continuous if a > 0

but fails to be if a = 0.

Ef : suppose a30 · LetE30 . Then if x ,y
+ (a , +d) ,

we

there that Xy>as => *,ta.
Then

Hf(x) -f(y)) = (* - (y) =/(x-y)/y+x)
= (-y

So taliy 8 = &
,

we have that if (x-y) < f,
then 1f(x) -fly)) <2

Now suppose a=0
. Use segmentialcriterion : WTS300 .0 s .to

there are sequences (n) , lyn) with imnigXn-yn =O but
If(xn) -f(ym) /790 ·

Take 201
. Xn=h , yn Clearly diynX=0.

but 1f(n) -flyn)) =1)) = In-n+1 = 1 =20
y2-8 version of showing is not unf . ets at c : E2030s .

t.
1

for all 830 , there are X
,YEA sit . (x-yl <f but

If(x) - f(y)), 30 .
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11. Suppose f : R ! R is a continuous function such that lim
x!+1

f(x) = L, lim
x!�1

f(x) =

L0. Show that f is uniformly continuous.

"Generalization of unif. etythem for ets fu's on I"

If: let 220 . Then by assumption on limits at 10
,

EM
,
M's

sit if
X>M

, If(x)-1.
x -M'

, (f(x) - 2) <2
We also have that on [M'

, MJ
·

fis unif : ets
,
so800

sit . if x
,ye[MiM] , and (x- y158o , 1f(x)-fly) / <2.So let x ,yeRand K-y1 < 80

. The

case 1 : If both x,y >M
,
then

If(x) - f(y)) =(f(x) - 2) + (L - f(y)) <
case 2

:If both xy-M ,
then

1f(x) -f(y)) = (f(x) - (1 +( -f(y)) <2
Case 3 :

Suppose XCEM'
, MJ and ye(M ,tr)

a
and (x-y198
Then by triangle inequality, X,YE(M-Go

,
M+S
.)

and so If(x)- f(y)/ (f(x)-f(M)1+ If(M) - 21 + 12 -fly))
-

other cases are similar
/
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12. Suppose f : R ! R is a continuous function such that lim
x!+1

f(x) = L and

lim
x!�1

f(x) = L0, show that f(R) is a bounded set. If there exists x1, x2 such

that f(x1) > max{L,L0} and f(x2) < min{L,L0}, show that f(R) is a closed and
bounded set and moreover, its extremums are attained.

Pf : Boundedness : Take 2= 1. Then EM ,M'sO S% if X3M,
Hf(x)-1 - 1

and also if XI-M
,
then If(x) -21 7

=> 1f(x)k < 1+2
·

= If(x)) < ItL!·
So on (8

, -MJ v [M ,
+3) f is bonded.

On EM'
, MJ , fis continuous , so

bounded on [MYM]:
So fis bounced onR

F(R closed : it's enough to show fattains max and min

onM .
because if E4 ,

CER sit. f(x) is
max

, f(c) is min, then f(R) = [f(cz)
,f(c)]

by IVT . check this ?
Wis fattains may iR .

Since f(x) < maxL ,
L'3,

then f(x) -10 , f(x) -2 c 0 . So take 2, = f(x)-1.

Then bymisf(x) = L
,

ENCO sit. if XIN,

(f(x)-2(2 = f(x) - L = f(x) > f(x)
.

for XN

Similarly, taliy an= f(x) -21
, EN'so Sit if X-N,

f(x) <f(x) -

So fattains max at X
, for Xe -0, -NJ v [N ,+ +)·



On EN, NJ .

since fis continuous
,

fatains max on [-NiN] at some

ceENiN]. So maxf = max(f(x)
. f(c)3.

F

Similarly, can show fattains min onM . Do this !
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13. f : [a, b] ! R is continuous such that for all x 2 [a, b], there is y 2 [a, b] such that

|f(y)|  1

2
|f(x)|. Show that f(c) = 0 for some c 2 [a, b].

If : Take X, [b] ·
Then Exee(a ,b] sit . If(x2)) <Elf(x)

EXye2a ,b] set . (f()(*(f) f(x)
i

A sequence(Xh[b] .t
. If(xn)/(f(x))-

"take hit as n+o "but Xu

may not converge
!

Xn is abounded
sequence (adXub for all neN)

So by BWT
,

there is a subsequence Xnz -> Celab]·
Then since f , 1 . / are continuous

If(c)) = If (ix)) = Mix If(unl

MinnIf(x)) = 0.

So f(c) =0 .

/,
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14. Show that a continuous periodic function on R attains its extreme point and is
uniformly continuous on R.

Pf : Since is periodic, EPER s.t f(x+ P) =f(x) for all xeR.

Extreme values attained ! Since f is continuous
, flop]

attains max and min in [0 ,P]
, say Eg[0 ,P]

St f(x) < f(a) for all x[ ,PJ · @e[0 ,P)
f(c) = f(x) for all x+ [0 ,PJ

Let XeR .
Then there is some neN - X

Sit. X-nPe[0 ,P] 3 +
So f(x) = f(x-uP)ef(a) .

f(x) = f(x- uP)(, f(x) ·

So a
,
G are where may , min of face attained forall xER·

Uniform Cty: f is uniformly continuous on [-P
, 2P] .

So letse

then EGoc0st · if xge [P, 2P]
,

with (x-y1 <fo
,

then

(f(x) - f(y)k 2 .

Now loXywMy6
:miSP3 .

Then An

(x-nP - (y-nP)) = (x-uP -y+nP) = (x-y) <848

so (f(x) -f(y)) = (f(x -uP) -f(y-up)/2
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15. (a) Show that if f and g are uniformly continuous on A ✓ R and if they are both
bounded on A, then their product fg is uniformly continuous on A.

(b) By considering f(x) := x, g(x) := sin x show that the boundedness assumption
is necessary.

P :

a) let EX0 .

If@)g(x) - f(y)g(y)) = (f(x)g(x)- f(x)g(y) + f(x)g(y)-f(y)g(y))
< (f(x)g(x) - f(x)g(y)) + (f(x)g(y)- f(y)g(y))
[If(x)/(g(x)- g(y)) + 1g())1f(x) -f(y)) (D) ·

-

Since fig are bod
, EM30s .t. If)

,1g) M "Take M=mayEste
Then since f, g are unif.ets, 1850 Sit if (x-y) <8

If(x) - f(y)) <M , 194)-g(y) <
.

"Take &mined ,25
---I

Then by ()
, we see that

IfG)g(x) - f(y)g(y)) (f(x)))g(x) -g(y)) + (g(y))(f(x)- f(y))
Min + Mn = E.

b) First , show that fig are uniformlyets.
f(x) =X Trivial

sin, ess addition formula.

g(x) =six . ↓

1g( -g(y)) = (sin(x) - Sin(y)) =2/sinBusy)
[2(sin(EB))/os (*Y()
in

(x-y))
Usin= (x)



< (x-y)-
So for all 220

, taliy 8-5
,
we see that g is unif ,

ets onR.

Now show fg is not unif . continuous· Take Eo =2.
Take Vizzin

, Yuizzanth.
clearlyMix (yn-Xn) 20

but

If(xn)g(xn) - f(yn)g(yn)) = 12iusinzin- (int) sin (zonth)
= (in+) sin (n)
2
,
zunsin(i) (ins
=22Eb

.
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16. If f : A ! R is uniformly continuous such that |f | � � > 0, then 1/f is also
uniformly continuous.

Pf: let 220 · Let's estimate (*-y) = Ifht
< (f(y) -f(x))if(y))

() .

Since If >500
, it t

Since fis unif : ets, E850 sit. if k-yl8 ,
then

If(x) - fly)) < 202
,

so in (*) we see thatif
(x-y/S ,

It-) (f(x)-fly)fly)) <EE = 2.


