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1. (a) State without proof, the Bolzano-Weierstrass Theorem.

(b) Show that a sequence (xn) is convergent if and only if it is Cauchy.

2. Let a > 0 and z1 > 0. Define zn+1 :=
p
a+ zn for n 2 N. By using monotone

convergence theorem, show that (zn) is convergent and find its limit.

3. Using "�N , "� � terminology or the sequential criterion to show that

(a) lim
n!+1

n3 + 1

2n3 � 3
=

1

2
;

(b) lim
x!1

x2 + 2

x3 � 2
= �3;

(c) lim
x!1

x

x2 � 1
does not exist.

4. Suppose f : R ! R is a function such that f(x+ y) = f(x) + f(y) for all x, y 2 R.
If f has a limit L as x ! 0. Show that L = 0 and f has a limit at every c 2 R.

5. Suppose f : (0,+1) ! R is a real valued function such that 8" > 0, there exists
↵ > 0 such that

|f(x)� f(y)| < "

for all x, y 2 [↵,+1). Show that there is L 2 R such that lim
x!+1

f(x) = L.
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1. (a) State without proof, the Bolzano-Weierstrass Theorem.

(b) Show that a sequence (xn) is convergent if and only if it is Cauchy.

2)Anyboudedsequencehaaconvergentsubsequent aif mana,N
1xm-Yul <2.
Since Xn-> L,

ENEN sit forall,N,

Ixn-L/cE
.

So for m>n>N, (xm-Xnl = /Xm-L +-f)
↑ (xm-(l + /L- X) < + 3 = S .

Candy= Convergence : 1) Camely
->> Bounded : Let= 1 . Then there is

anNEN sit forc npN(xn-Xn/4 .
so by triangle inequalitys we there (ul < 1+). two

Take M= maxE1+(n) , (x), . . . ,N-l 3.
SokakM forall neN

By BW , zkur) -> 2. let 200 ·
Then Since Xu is Camely

EN , EN sit . forcing n,m >,Ni , IXm-xulc
.

Also
,

there is a RoeNst· for all hiko

kum-L/ .
For us, MexEN is 205 ,

and taly Minox we
the

(xn-2)(n-Xnno1+ Kno-Ll c+ = 2.

J
.
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2. Let a > 0 and z1 > 0. Define zn+1 :=
p
a+ zn for n 2 N. By using monotone

convergence theorem, show that (zn) is convergent and find its limit.

Pf: consider the quadratic z-z-a= 0 . u/ positive root at

* Kya
2 ..

Case 1 : z, < z*. Then uts zu is increasing
Base Case: 22-z=-z1 =a
Since E<z*, atzi-zP >O

So 22>Z

Spszm zr1 .

There Ent=z = Em
.

SoIn is increasing
.

We also show zucZ*. By assumption Z<ZP.
Sps zu<Z

* for some h. The

Entert
=Matt =z

Case

2:SThenShais deon,sb/c . ziz .

By induction znis decreasing.
Now wis En> By assumption E< OCAt2
similar argument shows En



In bothcases
,
wecan conclude that (zu) converges hy

MeT.

Taliy n+ +& in the recurrence relation
, we get

z=tz (e-z-a =oz
SoZ

2
.

reject negative root,
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3. Using "�N , "� � terminology or the sequential criterion to show that

(a) lim
n!+1

n3 + 1

2n3 � 3
=

1

2
;

(b) lim
x!1

x2 + 2

x3 � 2
= �3;

(c) lim
x!1

x

x2 � 1
does not exist.

If a) Let Eso be given
.

- =/
Then taliy NC gives the desired result.

b) Let20 be quien

+3)=
< (x-1)/b

So for Ex
. (taly 2 = 1)

we hea thatext4/C for some constant
does not depend on2.

Sotaly 8 = min381
, 23
,
then we there for 82kx-1/6

we here +3) <2.



C) By subsequential criteria, suffices to choose (n) <t . Xu- 1
, Xn+ (

buth des not conve
a

Xu= Ith
· Clearly Xn-1 , and xn#1foreach n.

But

=hi
s
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4. Suppose f : R ! R is a function such that f(x+ y) = f(x) + f(y) for all x, y 2 R.
If f has a limit L as x ! 0. Show that L = 0 and f has a limit at every c 2 R.

Pf: Claimf satisfies :

1) f(0) =0 : f(0) = f(0+o) = f(x) + f(0) = 2f(0) = f(x)=0
2) f(x) =- f(x) ferxeR : 0 = f(x) = f(x-x) = f(x) +f(-x)
3) for all neN , f(ux) =nf(x) shown by induction·
4) for all neN . f(ix)=f(x) :

f) = 1 · f() = tinf() = f(x=) =f(x).
Now Show L=0

.

f(u) = f(0+=) = f(m)+ f(x)
=f(l) +o -> 0 a n+ +x ..

Finally , we want to show f has timt at every ceR. Let 3) Obequien
Then since hiof(x) = 0. , so E8(2)30 set forall x with

okk8
,

we have If(x)(E ·

so for any OSKX-cK8 , we have

If(x) - f(e)) = (f(x -c))

Solif(x)=f (c)
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5. Suppose f : (0,+1) ! R is a real valued function such that 8" > 0, there exists
↵ > 0 such that

|f(x)� f(y)| < "

for all x, y 2 [↵,+1). Show that there is L 2 R such that lim
x!+1

f(x) = L.

If : uts (xu) St . f(x) is camely
For each n, EnER Set · forall x ,y An
If(x) - f(y)ki

We lot Xu= Xn-

We know that an sequenceadmits
a monotonic subsequence.

So woG
,
we can take in to be increasing

So let 320 be quih . Then by AP . E NEN.
Sit. #2, and for this N, there is N st forall
x
,y&, 1f(x) -fly)(

So in particular, for n
, mc,N

,
Xn

, XMC, XN.
so that If (an) - f(xm)/ <2·

So (f(n)) is camelyand frence converges
it some timt,

say,to begmen:Thenthere
isan. .

By convergence of (f(xn)) , ENEN , st . If(Xn) - LICE
So for X2, May&N , x3 , we have

(f)) - (1 = (f(x)- f(x)) + (f(x) - L) < E + E =2


