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Key Concepts

Let T : V — V be a linear operator on V' over C, where dim(V') < oo.
1. Jordan Canonical Form

e T is diagonalizable if fr splits and 7 (\;) = pr(N;) for all i.
e There exists a basis 8 such that
Ai
A
[T)s = , where A; =
Ay ol

Ai

— \; are the eigenvalues of T (not necessarily distinct).
— J = [T]p is called the Jordan canonical form of T.

— A, is called a Jordan block corresponding to \;.

— [ is called the Jordan canonical basis.

For a Jordan block A of size k with eigenvalue A:

— A has only one eigenvalue .

— dim(E,) = 1.

— The smallest p > 1 such that (A — \)? is k, so N((A — A\I)?) = C".

— If {ey, ..., e} } is the standard basis for C*, then (4 — AI)'e; =0 for 1 < i < k.
Generalized eigenvector: x € V\{0} such that (A — A\l )Pz = 0 for some p > 1.
Generalized eigenspace: Ky :={x € C": (A — A\ )Pz = 0 for some p > 1}.

Jordan Decomposition Theorem: Let A € M, ., (C) with distinct eigenvalues Aq, ..., Ag
with corresponding multiplicities myq, ..., m;. Then

— dim(K),) = m;.
_ (Cn:K)\l@"'@KAk'
— Each K, has a basis 5; = 71, U - - U"y;, where every 7,,, is a cycle:

Ymi = {(A — )\iI)pflx, (A— )\Z-I)p*Qx, vy (A= N1z, z}.

— Please refer to the lecture notes for a detailed proof.



Exercises

1. Let U be a linear operator on a finite-dimensional vector space V. Prove the following
results.

(a) NU)C N({U?)C---CNU*)CNUYHYC---.

(b) If rank(U™) = rank(U™*!) for some positive integer m, then rank(U™) = rank(U*)
and N(U™) = N(U*) for any positive integer k > m.

(c) Let T be a linear operator on V, and let A be an eigenvalue of T. Prove that if
rank((7T — AI)™) = rank((T — AI)™*1) for some integer m, then K, = N((T —XI)™).

(d) Second Test for Diagonalizability. Let T be a linear operator on V' whose character-
istic polynomial splits, and let Ay, Ag, ..., \x be the distinct eigenvalues of T. Then
T is diagonalizable if and only if rank(T — \;I) = rank((T — M\, 1)?) for 1 <i < k.

(e) Use (d) to prove that if T is a diagonalizable linear operator on a finite-dimensional
vector space V and W is a T-invariant subspace of V', then Ty is diagonalizable.



2. Let V be the real vector space of functions spanned by the set of real-valued functions
{1,t,12,¢', te'}, and T the linear operator on V defined by T'(f) = f’. Find a basis for
each generalized eigenspace of T' consisting of a union of disjoint cycles of generalized
eigenvectors. Then find a Jordan canonical form J of T'.

3. Let v1,72, ..., be cycles of generalized eigenvectors of a linear operator 1" corresponding
to an eigenvalue . Prove that if the initial eigenvectors are distinct, then the cycles are
disjoint.



