
Lecture 9:
Recall:]vertibility and Isomorphism

Let V and W be rector spaces and let T :V+W be linear.

· T is invertible : IT" : WeV such that :

To T = Ir and ToT" : In

1 .

1

·
T is bijective)

· If T is invertible ,
Tt is linear.

Pf : Let i , zeW and CEF.

'T is invertible i . Ev ,
2 such that . = T(E) and0. = T(E).

Then : T" (C 1 + En) = T" (CT(E) + T() = TY (T(cE +E)) (: T is linear
= C, , + E
= c, T"(1) + T

+

(2)

i . Tt is linear .



· Suppose T : V-W is invertible. Then :

dim(V) <+o iff dim(W)
<+o

And in this case
,
dim(V) = dim (W)

· Let V and W be finite-dimensional rector spaces

with ordered basis B andO respectively.

Then :
T is invertible iffITIY is invertible.

Also
,
[T" 18 : ([T]p)



Definition: Let V and W be two rector spaces.

We say V is isomorphic to W if I an invertible

linear transformation T : V+ W.

In this case
,
T is called an isomorphism from VontoW .

i V (complicated W(simple)-

·j = +·+i i-
T()= ?? Tzts) = T(2) +T(E) = w +W=



Thm : Let V and W be finite-dimensional vector spaces.

Then : V is isomorphic to W iff
dim(V) = dim (W).

Proof : (E) This direction follows from previous Lenna.

(E) : Suppose dim(V) = dim(W)th and let

B = E
,
i
, ...,
vn3 be basis for Vi

U = Si , Es, ..., won]
be basis for W.

Then E linear T : V-W
such that

TCil = t :

for i= 1 ,2, -- , n.

By construction , T
is onto and dim(v) = dim().

So , T is one-to-one
. i T is invertible

.



Corollary : Let V be a vector space over F.

Then : V is isomorphic to FY iff dim(V) = 1



Spaceof linear transformation

Pop : Let V and W be rector spaces over f.

Then the setW) of all linear transformations
from V toW is a vector space over F under

the following operations : for linear T
,
U : V + W,

we define : (T+ U) : V + W by (T+ U) ( *) = TC) +UCY)
Y

and for any aEF ,
we define aT : V = W by
(aT)(*) = aT(x)

Y



Thm: Let V and W be finite-dimensional rector spaces over f.

with dimension n and m respectively . Let B andI be the

ordered bases for V andW respectively,

Then : the mapE : L(V
,
W) -> Mmxn(F) defined

by ECT) = CTZY is an isomorphism.

Gr : dim(2(V , Wl) = dim(V)dim(w)
= um.



Prof: # is linear : (T + U) = [ T + u] % = [T] + [U],
= E(T) + E(u)

I(aT) = [aT) ? =

a[t]
= aE(T) .

E is bijective :

ii)
B = S, z , ..3 ,

U = E
, ..., win]

H

in For any A
, ED : -W such thatA .

(Onto)

Nmxn(F) (tk) i. E is bijective,



Def Let B be the ordered basis for an n-dimensional rector space.

V over F . The map &p : V + F"
,
** [Xip is

called standard representation of V with respect to p.

I p: Op is an isomorphism,



Given rector spaces V and W of dimension hand m , with ordered

bases & and U respectively .
Then

,

for any T : V-W (linear),

we have :

T
= V- WeT() : =

v

! ↓Pr
LA

cutpeF-
FR [E0 = [TE]

=> ProT(u) = Laodp()
where A = [T] E ITCE]O = <TJB [vip



-changeof Coordinatea be two ordered bases for a finite-dim.

rector space V
,

and let Q = [Iv]
Then : (a) Q is invertible

(b) For all EV , [E]p + QCJp

Proof: (a) Since IV is invertible , Q is invertible.

b Let EV .
Then : []p = (Irltp=:

Def: The matrix Q = CIrJB is called the "
change of coordinate matrix from B' to B.



Remark : To compute Q = CIvJB,
it B = Ex ,

xy
, ..., n3 and B = &Xi ,* ...,

En'3,

I
then : Q = (FInFille---(I

= (ci ... (, ... )



Position : Let T be a linear operator on finite-dim V

Let B and I' be ordered bases of V . Suppose Q = [Ir]B
Then : [T]p = Q" ST]pQ & Is8r[T]s
↑ DiThy =

TITI I, YusCTSpvvv
B's

= [T]p Q

Remark : A linear T : V- > V is called linear operator.



Collary : Let At Muxn (F) and let U = E* 1 ,
Xz
, ...,
X n3 be

an ordered basis for F?

Then [La)r = Q
* AQ ,

Q = (2. --)

E (La]u =
+

[a]Q
standarda
basis .



Example : Let T : IR"-IR2 be the reflection about the line y = zx.

Want to compute [TJp ,
where B = &(b) , (i) 3, y =2X

Consider B = &(2) 1 (4)] for 1

·TI

· Q = [In = (2 ) = Q" = 5) -14)



i [T]p= [T]pQ

E [Tip = Q[T]pQ" = +(4)

in tumaricMeFQE MsT


