
Lecture 7
Recall :

Thm: Let V and W be rector spaces . Let S, ...,i
be a basis of V .

Then
, given any , , wa, ...

with

= a unique linear
transformation T : V + W such

that TCi)= i for i = 1 ,
z, .. n

TO g.

·



Corollary:

Let V be a rector space
with a finite basis

B = 2 , ...,
En3

Then any linear transformation from V to another

Vector space W is completely determined by its

values on B.

(That is, if Hand Tareineatransformation)



#Matrix representation
Notation : An ordered basis for a finite-dimensional rector space

is a basis for V endowed with a specific order.

(e . g . IR <(6) , (9) 3 # &(i), (d)] as

ordered

" B2 basis S
Definitions Let V be a finite-dimensional vector space and

B =E ,
i , ..., n] be an ordered basis for V.

Then , V* EV, ! al ,

az , -.,
an EF Sit . =ii.

The coordinate rector of relative to B ,
denoted as [*]p
,

is the column rector T*
p

= (aal) EF(FM)



&Remark : Define a map V-F" .

This map is linear

*- [ *38
(HW .

Las = a[]p + Cp)

Now, suppose V and W are finite-dimensional vector spaces

with ordered bases B =S, 2, ...,
En] and U = Swi

, - . .,im]
(for v (for w)

respectively.

Let T : V+ W be a
linear transformation.

Then for each 17jah , EaijEF cism such that

T(j) =dij for 1Jn ,

"



Definition: With this notation as above
,

we call the matrix

Af(aij)kism the matrix representation

(2jn
of T in the ordered bases B and 8

,
and

denoted it as A = [TIS



T(j) =dij for 1Jn ,

"

↓↑H

I
STEDr [cEr (FunDo

ITI=E



B
= E,2 , ...,

Ens for
U = Ewi ,

Wiz
, ...,
wn]

I

-



Examples: Fu

· Let AtMmxn(F) . La : F -> FM defined by : La(*) A *

Let B and O be the standard bases for FY and FR resp.

[(0)", (0) -- nth col of A

Iy first
col. of A 14

[An]o[La = (no. (I I

A)) = first=Sta -



· For T : PnLIR) -> Pn(IR) defined as T(f(x)) = f(x).

Let B = E1 , X ,

X3, ...,
Xh] be an ordered basis for

Pu(IR)

Let U = E1 ,
X

,
X ...,

X
+ 3 be an ordered basis for

Pn -1 ((R)

I

it =--I



Example: T : Mexz(IR) -> Maxz(IR) defined by :

T(A) .
f
AT + 2 A
↑
tranpose

B = 5(68) , (86) , (ii) , ( : i) 3 - ordered basis

T(p) = ((3. % ) , (98) , (2 % ) , ( % 3)]

iT] = 130 0 &P O



Example: T : P2(IR) -> M2xz(IR) defined by :

T(f)(f(0) 5(( 0 f'(0) (
Consider ordered basis =

B = 51
,

X
,

X23 for PLLIR)

0 = 5(%) , (8 : ) , (98) , (8i)3

T(p) = ((00) - 18 i) 1(80)3

: [T] =))EM



~
composition of linear transformations and matrix multiplication

Thm: Let V and W be two rector spaces over the same field F.

And let T : V- W and U :W-Z be linear.

(i) Then the composition UT : V- 2 &is linear.

(ii) If V
,
W

,
I have ordered bases L

, B ,
0 respectively,

P

then : IUTI=TEMmxn
I

matrix multiplication.
Mpxn Mpxm



(i) Let *, JEV and acF
.

Then :

UT(a* +j) = u(aT(z) + T(j)) = aUT(x) + UT(j)

-IT is linear.

(ii) Suppose 2 = S, n, . . . ,
n] [UT] = (Cij),

B = S
,

win
, ...,

hm]

U = [E
,

En
, ..,

Ep]

[U = At(aim) means : U(R)= air i

Mpxm(F)
:

( ta
15k z



[ + ] ? = Bret (bkj)hem means T(j) =bin
Mmxn(F) for 1j&Y

Then : UT(j) = U( bej we
= bejU

=b)=imbs)
↑

ABSo
,
IUT]Y = AB = [UJCTIG

Cici-entry of



Collary: Let V and W be finite-dimensional rector spaces

with ordered basis B and O respectively.

Let T : V -W
,

be linear .

Then
,
for any EV ,

we have

ITCElo = CTilltiplication"
I
--

Lin
.

Transf

I

Proof : Fix EEV and consider two
linear transformations :

j
L B

5 : F - V g : F - W

defined by
defined by

f(a) = au V g(a) = aT(i) = W

#
f and g are linear transformations. Also , g = To.



LetL = <13 be the standard ordered basis for F.

[T(u)]u = (g()]u = (g)Y = [T)(f) = (T)(541)
To f = [T] [p

L = [13 j *
F, w

igi = K = (a),0)



= VaI: Wp -

11
theIn The
I

[TcsIp = ITTCIJa


