
Lecture 22:

Theorem : Any AEMuxn(C) is similar to a matrix of the

following form :

/to (ordiea
O

--- Ft
X1

,
X2

,
--

,
Xx are eigenvalue of A

( not necessarily distinct)



Remark : Jordan canonical consists of blocks in this form :

A = ( x ( - Mcxk(G)
g

It is called Jordan block of size to with eigenvalue a.

Erop:

(1) A has only 1 eigenvalue & (multiplicity is fe
(2) dim(Ex) = 1 ( => A is not diagonalizable if tF1)

(3) . The smallest positive integer p s .

t.

(A-12) P
= 0 is equel to the dimension b.

( = N((A - X()P) = (k)
(4) If Se1, .., En3 is the standard basis for D,

then (A-12)ii = 0 for each i = 1
, 2

,
....



#inTheorem
: (Jordan Decomposition Theorem)

Let At Muxn(() with eigenvalues 11 ,
12 ,.., Xk (distinct) with

corresponding multiplicities M1
,
Mr

,
--

,
MK. Then :

(1) dim (Kxi) = Mi

(2) (" = kx, k+20 ..- kx
(3) Each KX : has a basis Bi = Visi ... Ve

,
:
where

every Sm
, i is a cycle :

Um
,
i = [A-X :2)* , (A-X : 2)***, ... ,

AxiI), * S



Consider U = &(A-X : 2)***, (A-Xi** . . . .· W2
PW

,
= (A-1 : I (2 = Ac = Yo+ Tit

Cla]p =
I I

I
1 ;

[AwIG (Awn]g II
I S)r



Example : A =(4)
Stel : Eigenvales X = -1

,

it =3
Step2 : Eigenspan E-1 = span)) : )]
=> dim(E -1) = 1 <3

Steps :

Jordan Canonical For

T = (j + (4)
Stept : Find the basis for K-1

B = S(A + 1) E
, A +2)

,
23



Find E N((A + 1(3) but N(( +2)
u N((A + 2)4)

N(A + 2) = Span() ! )]
N(( + 2)4 = span9 (b) , (ii)]
Take v = (01
Then :

B = [() , (e) , (i)3
=> a AQ =(1) Q =(2



Theoreticalproof : T : V-V (fin-dim) ,
char poly splits.

(4 1 ,
42

, -

,
11 distinct eigenvales)

Pain1: (T-X : 1)/k : K j + Kej is 1 . 1 if it j.

If :

Let YEkx; and (T-X : 2)(x) =

5

,

Let p = smallest integer -> (T-1j2)
P

(* ) =
%

.

Let 5 = (T- 1j2)()5 .

Then : (T-452)(5) = T

: Exj
Also

, (T- X : 1) (5) = (T- x : 2) (T- x;2)P
+

( *)

- Je Exi
= (T- xj7)P

*

[((
=

=> jeExinExj = 98] = Y = (Contradiction)

N((T- X ; 2(kj) = 353 = (T-x;7)(k) is 1-1 .



Rain2: dim (Kxi) < Mi = multiplicity of Di and

kxi = N((T-1 :2)
Mi

)

If:
① Let g(t) = char poly of Tlkxi

There g(t)) Char poly of
T

.

Now , (T-X ; 2)/k
,
(* ) #5 if DiF4] and

**

i Xi is the ONLY eigenvalue of Tlkxi

i g(t) = (Xi - t)9
,
d = dim (Kxi)

: Mi



② NICT-X : 1)Mi) & Kai (by definition

Nor , by Caley -
Hamilton Thm,

-> 9)TIki) = 0

Char poly of

Th : (T- x : 2) = 0 = (T- x : 2)
*
( * 10 for

(dmi) FYzKxi
=> (T - x : 2) Mi() =6 for

Yekyi

i Kxi * N((T-a : 2)mi)



im=Ieigenvalues.
When t: 1

,
let m = multiplicity of 11 .

Then
,
char poly of T

11

By Caley - Hamilton Thm, g(T) = (X ,1 - TC" =0-
i. (x, = N((T- X , z)m) = V

: Thm is true fort = 1.

Assume that the thm is true for any Lin . op .

WI fewer

than t distinct eigenvalues,

Consider T = VEV with te distinct eigenvalues :

x1
,
x2
,

-
-

Xk



Claim4 : Let W = R( (T-Akl)mt multiplicity
of is

Then :DTIw : W-W is well-defined .
(exercise (

② Tw has k-1 distinct eigenvalues : 11 ,
&2

. . . ,
Xk-1

③ (T-XI)Mixi : Kxi + Ki is onto (istl


