SUGGESTED SOLUTIONS TO HOMEWORK 9

1. COMPULSORY PART

Exercise 1. In C?, show that (z,y) = zAy* is an inner product, where

1 4
A= (L)
Compute (z,y) for z = (1 — 4,2+ 3i) and y = (24 4,3 — 2i).
Solution. It suffices to prove that for x # 0, (x,x) > 0. Indeed, denote © = (21 z2),

then .
(z,2) =(x1 x2) (_11 ;) (2)

(o 1) (T

:‘$1|2 =+ 2|l‘2|2 — 2:](.2?1.%‘72),
where J(x) denotes the imaginary part of x. Since
23(2172) < |o1|* + |22f?,

therefore

(x,x) > 0.
By the definition,

. . 1 4 2—1
(x,y) =(1 —1i 2+ 347) <—i 2) <3 L 21.)
=6 + 21:.

Exercise 2. Provide reasons why each of the following is not an inner product on
the given vector spaces.

(a) {(a,b),(c,d)) = ac — bd on R2.

(b) (A4, B) = tr(A+B) on ngg( ).

(c) (f( fo t)dt on P(R), where ’ denotes differentiation.

1

(b

Solution. ( ) Slnce ((1, 1) ( 1)) =0, but (1,1) #0.
) Since (213, I2) = 3, but 2<I1,IQ> =4.
(c) Since (1,1) =0, but 1#£0.
Exercise 3. Let V be a vector space over F, where F = R or F = C, and let W
be an inner product space over F with inner product (-,-). If T : V — W is linear,

prove that (x,y)’ = (T(x), T(y)) defines an inner product on V if and only if T is
one-to-one.

Solution. <: It is clear that (-,-)’ is an inner product on V.
=: Suppose T(z1) = T(z2), then

(21 — 2, w1 — 22) = (T(x1 — 22), T(21 — 22)) =0,

which implies that z; = x5. Therefore T is one-to-one.
1
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Exercise 4. Let V be a real or complex vector space (possibly infinite-dimensional),
and let 8 be a basis for V. For z,y € V there exists vy, vo, ..., v, € [ such that

T = iaivi and y = ibwi.
i=1 i=1
Define
<$, y> = Z aze
i=1

(a) Prove that (-,-) is an inner product on V and that S is an orthonormal basis
for V. Thus every real or complex vector space may be regarded as an inner product
space.

(b) Prove that if V = R™ or V = C" and f is the standard ordered basis, then
the inner product defined above is the standard inner product.

Solution. (a) It is clear that (-, -) is an inner product. To prove § is an orthonormal
basis, it suffices to note that
L, =y,
(vi, vj) = {

0, i j.
(b) Let V = R™ or C" and § be the standard ordered basis, then for arbitrary
x = (x1,...,2n) €V and y = (y1,...,Yn) € V, on the one hand, we have

n
z-y= szﬂz
i=1

On the other hand, we have

n n
T = E zie; and y= § Yi€s,
i=1 i=1

where e; = (0,..., 1 ,...,0), then
i-th

n
<'Ta y> = Z ZiYi-
=1

Therefore x - y = (x, y).

2. OPTIONAL PART

Exercise 5. Label the following statements as true or false.

(a) An inner product is a scalar-valued function on the set of ordered pairs of
vectors.

(b) An inner product space must be over the field of real or complex numbers.
¢) An inner product is linear in both components.
d) There is exactly one inner product on the vector space R™.
e) The triangle inequality only holds in finite-dimensional inner product spaces.
f) Only square matrices have a conjugate-transpose.

(g) If z, y and z are vectors in an inner product space such that (z,y) = (x, z),
then y = 2.

(h) If (x,y) = 0 for all z in an inner product space, then y = 0.

(
(
(
(
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Solution. (a) True.
(b) True.
(c) False.
(d) False.
(e) False.
(f) False.
(h) True.
Exercise 6. Let {v,va,...,v;} be an orthogonal set in V, and let aq, as, ..., ax be

scalars. Prove that )

k k
Zaﬂ% = Z | [loi*.
i=1 i=1

Solution. Since
2 P
gy = {10l 7=5
0, i # 7,

then
2

k
E Qa;V;
i=1

k k
= <Z a;V;, Z aﬂ}j>
i=1 =1
k k
i=1 j=1
k
=3 Jaq[*||vil|*.
=1

Exercise 7. Let V be an inner product space. Prove that

(a) ||z L y||? = ||z]|*> £2R(x,y) + ||y||* for all z,y € V, where R(z, y) denotes the
real part of the complex number (x,y).

(b) [zl = llylll < lz =yl for all z,y € V.

Solution. (a) Since
lz +ylI* =(z +y,z +y)
=(z,z) + (z,y) + (y,2) + (Y, )
=] + 298z, y) + >
Similarly,
o =yl =llz)? + 298(z, —y) + || - y|?
=[lz)|* — 2%z, y) + [ly]|*.
(b) By the triangle inequality, on the one hand,
Izl < llz =yl + [yl
which implies that
lzll =1yl < llz =yl

On the other hand,
lyll < lly — 2 + ll=[,
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which implies that

Iyl = [lz]| < [lz = yl|.
Therefore

Mzl = [yl < llz =yl

Exercise 8. Let A be an n X n matrix. Define
1 1

(a) Prove that A} = A;, A5 = As, and A = A; +iA,. Would it be reasonable
to define A; and A, to be the real and imaginary parts, respectively, of the matrix
A?

(b) Let A be an n x n matrix. Prove that the representation in (a) is unique.
That is, prove that if A = By 4 iBsy, where Bf = B; and B = B, then By = 4,
and BQ = Ag.

Solution. (a) Since
1 1
Ap = A+ AT = S(A" + ) = 4y,

1
Ay = — (A —iA")" = —5(—iA" +id) = Ay,

1

2
In addition,

1 1
Aridy = S(A+ AT+ 5(A- A7) = A
(b) Suppose there exist By, By with By = B and By = B3 such that
A= B +1iBs.
Then
A* = B} —iB; = By —iBs,

therefore

1
B = 5(A+ A7),

1 *
By = 5 (A—A").

Let A = (a) where a € C, then
A= (3l +@) = @),
Ay = (;i(a - a)> — (3(a)).

In addition, A; and As are uniquely defined, which implies it is reasonable to define
A; and Aj to be the real and imaginary part of A.

Exercise 9. Let V =F", and let A € M,,,,(F).

(a) Prove that (x, Ay) = (A*z,y) for all z,y € V.

(b) Suppose that for some B € M, x,(F), we have (x, Ay) = (Bz,y) for all
xz,y € V. Prove that B = A*.

(c) Let a be the standard ordered basis for V. For any orthonormal basis
for V, let Q be the n x n matrix whose columns are the vectors in 8. Prove that

Q* — Qil.
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(d) Define linear operators T and U on V by T(z) = Az and U(xz) = A*z. Show
that [U]g = [T]} for any orthonormal basis 8 for V.

Solution. (a) For all ,y € V, we have
(z, Ay) = " Ay = (A"z)"y = (A2, y).
(b) Let « = e;, y = e;, where e; = (0, ...,Z_tlh, .., 0), then
(e:, Aej) = ayj,
(Bei,ej) = bji,

which implies b;; = @;;, therefore B = A*.
(c) We claim that (Qz, Qy) = (z,y). Indeed,

(Qz,Qy) = <Z 2iQis Y ijj>
i=1 j=1
=> <Qi, > ijj>
i=1 j=1
=D =il
i=1

=(z,y),

therefore

(z,Qy) = (QQ™'z,Qy) = (Q 'z, y),
by (b), we have Q* = Q1.
(d) Let @ be the n x n matrix whose columns are the vectors in . Since

Vs =Q1A%Q,
[Ty = Q71 AQ,

then

[Tl = (Q71AQ)" = Q" A*(Q™1) = Q™'4"Q = [U]s.



