MATH 2028 Honours Advanced Calculus 11
2024-25 Term 1
Suggested Solution to Problem Set 4

Problems to hand in

1. Calculate the line integral [, fds and [, F - dr where
(a) f(z,y,2) = y*>+ 2 — 32y, F(x,y,2) = (v?, 2, —3xy) and C is the line segment from (1,0, 1)
to (2,3, —1).

() f(z,y) =z+y, F(z,y) = (—y3,23) and C is the square with vertices (0, 0), (1,0),(1,1) and
(0,1) oriented counterclockwise.

Solution. (a) Solution
We are given:

f(x,y,z) =y2+z—3:vy, F(.ﬁU,y,Z) = (y2,z, —31’y)
The curve C is the line segment from (1,0, 1) to (2,3, —1).

The line segment from (1,0, 1) to (2,3, —1) can be parametrized as:
r(t) = (1+¢,3t,1-2t), 0<t<1

This gives:
x(t) =1+t y(t) =3t =z2(0t)=1-2t

The differential of the position vector is:

dr
dr = —dt = (1,3, -2)dt
YT (1,3,-2)

The line integral of f ds is given by:

[ sas= [ s

. d .
We compute the magnitude of Z:

dr
— | dt
dt

dr

dt

=/124+32+ (-2)2=V1+9+4=V14

Substitute f(z,y,2) = y?> + z — 3zy along the curve r(t):
f(r(t) = (3t)* + (1 — 2t) — 3(1 + t)(3t)
fr@®) =92 +1 -2t —9t(1 +1t) = 9> + 1 — 2t — 9t — 9¢*
fe(t) =1-11t

Thus, the line integral becomes:

1
/ fds = \/ﬁ/l(l—llt)dt:\/ﬁ[t—uﬁ]
C 0 2 0



The line integral of F - dr is given by:

/CF-dr: /01 F(r(t)) - %dt

2 2, —3zy) along the curve r(t):

Substituting F(x,y, 2) = (y
F(r(t)) = (9t%,1 — 2t, —9t(1 + 1))
Now, compute the dot product:
F(r(t))- (1,3, -2) = 9t2(1) + (1 — 2t)(3) + (—9t(1 + 1)) (—2)
= Ot 43 — 6t 4 18t 4 18> = 27> 4 12t + 3

Thus, the line integral becomes:

1
/F-dr:/ (27t% + 12t + 3)dt
C 0

= [96> +6t2 +3t], =9+ 6+3=18

(b) Solution
We are given:
fay)=z+y, Flzy) =(-y’ 2%
The curve C is the square with vertices (0, 0), (1,0), (1,1), (0,1), oriented counterclockwise.

The curve C' consists of four line segments:

e From (0,0) to (1,0): ri(t) = (£,0),0<t <1
e From (1,0) to (1,1): ro(t) = (1,¢),0<t <1
e From (1,1) to (0,1): r3(t) = (1 —¢t,1),0 <t < 1
e From (0,1) to (0,0): ra(t) = (0,1 — 1), 0 <t <1

The line integral fc f ds is computed by summing the integrals over each segment of the square.

1 1
fds:/tdt:
Ch 0 2

fds:/01(1+t)dt:

[\CR V]

(&

/Csfds:/olm—t)dtzg

fds:/ol(l—t)dt:

Cy



Thus, the total line integral is:

1 3 3 1
ds=-+°+2+-=4
/Cf STyt

in addition , by symmetry , [ fds =2 [ zds .

The line integral |, o F -dr is computed by summing the integrals over each segment of the square.

/ F-dr=0
C1
/ F-dr=1
Ca

Along the third segment r3(t) = (1 —¢,1):

/ F-dr=1
Cs

Along the fourth segment ry(t) = (0,1 — ¢):

/ F.-dr=0
Cy

Along the first segment rq(¢) = (¢,0):

Along the second segment ra(t) = (1,1):

Thus, the total line integral is:

/F-dr:O+1+1+O:2
C

On the other hand , we can give a solution for (b) in use of stokes equation :

Solution. Integral like

Jo F - dr, where F(z,y) = (—y°, 2%)

The curve C' is a square with vertices (0,0), (1,0), (1,1), (0, 1), oriented counterclockwise.

/CF~dr://S(V><F)-dS

e (' is the boundary of surface S (the region enclosed by C' in the zy-plane),
e V x F is the curl of F.

Stokes’ Theorem states:

‘Where:



For F(x,y) = (—y3,23), the curl in two dimensions is:

oFy 0F
F=—-—
VX Oz oy
Where Fy = —y? and Fy = 23. Thus:
or 8x(x ) =3z

So the curl is:
V x F = 322 + 332

The surface S is the unit square with vertices (0,0),(1,0),(1,1),(0,1). The area element dS is

dx dy, and the integral becomes:
// (322 + 3y?) dx dy
S

// 3x2dxdy+// 3y? dz dy
S S
1 1
//3x2dxdy:3/ / 2 dx dy
S 0o Jo

First, integrate with respect to x:

We split this into two integrals:

Thus:

1
//3x2dacdy:3-1~/dy:1
s 3 Jo
1 1
//3y2da:dy:3//y2d:ndy
s o Jo

First, integrate with respect to x:
1
/ dr =1
0

1 Y3 1 13
//3y2dxdy—3/ yzdy—S[} =3.-—=1
S 0 31y 3

Combining both integrals:

Thus:

/F-dr:1+1:2
c

In addition , Green’s Theorem states:

/Cde+Qdy:/[q<gi2—(;§> dz dy



2. Let C be the curve of intersection of the upper hemisphere z? 4132+ 2% = 4, z > 0 and the cylinder
x? + y% = 2z, oriented counterclockwise as viewed from high above the zy-plane. Evaluate the
line integral [, F' - di where F(z,y,z) = (y, z, ).

Solution. If (z,y, z) lies on the required curve, then (z —1)2 +y? =1 and z = /4 — 2x.

Thus, the curve C' can be parametrized by

7(t) = (1 + cost,sint, V2 — 2 cost)
= (1 + cost,sint,2sin(t/2)), t € [0,2n].

Hence,
27
/ F-dr= / (sint,2sin(t/2),1 + cost) - (—sint, cost,cos(t/2)) dt
C 0

27
= / (— sin?t + 2sin(t/2) cost + cos(t/2) + cos(t/2) cos t) dt
0

8
=-71—5+0+0
™ 3+ +
8
=-—-mT— -.
3

3. Evaluate the line integral [, F - di" where F': R?\ {(0,0)} — R? is the vector field

L Y

and C is an arbitrary path from (1,1) to (2,2) not passing through the origin.

Solution. We first find a C! function f : R\{(0,0)} — R? such that Vf = F, i.e.

of _ =
oxr a2 +y?’
of .y
oy x?+y?*

The first equation implies
1
f(z,y) = 5 log(a® +y7) + 9(),
for some C'! function g. Substituting this into the second equation gives

d(y) =0 = g(y) = C, a constant.

Choose C' = 0, we have
1
f(w,y) = 5 log(a” +¢*).

By the Fundamental Theorem of Calculus for line integrals, we have

/ F-dr=f(2,2) — f(1,1) = log2.
C



4. Determine which of the following vector field F' is conservative on R™. For whose that are
conservative, find a potential function f for it. For those that are not conservative, find a closed
curve such that ¢, F - dr # 0.

(a) F(l‘,y) - (y2,x2);

(b) F(z,y,2) = (y?z,2xyz + sin z, zy® + y cos 2).

Solution. (a) Since the compatibility condition is a necessary condition for conservative vector
field, we want to check that the compatibility condition is not satisfied by F. Indeed,

0Fy
bl S
dy 4
F:
o =2z # 2y.
ox

So F' is not conservative.

Let C be a circle with parametrization 7(t) = (1 + cost,sint), ¢t € [0,27]. Then
2
j{ F.dr= / (sin®t,cos®t + 2cost + 1) - (—sint, cost) dt
C 0
2w
:/ (—sin3t+cos3t+20082t+cost) dt
0

2
:2/ cos’tdt = 2m # 0.
0

(b) Since R? is simply connected, F is a conservative vector field if it satisfies the compatibility
condition. Indeed,

oF _, OB,
By Yz, O Yz;

% = 2zxy + cos z, % = 22y + cos z;
0z oy

oF; 5 ory 5

%—y, a—y-

Next we compute the potential function f : R? — R. Suppose

of _ .

ox

% = 2xyz +sinz
Jy

g = xyz + yCcosz.
ox

The first equation implies
fla,y,2) = xy?z + g(y, 2)

for some C! function g. Substituting this into the second equation gives

gg =sinz = ¢g(y,z) = ysinz + h(z).
Yy



Substituting this into the third equation gives

gh =0 = h(z) = C, a constant.
P

Choose C' = 0, we have
f(z,y,z) = xy*z + ysin z.

O
5. Find the area of the region enclosed by the curve 22/3 + y2/3 = 1.
Solution. Parametrize the curve C : 2%/% + 3%/ = 1 by
v(t) = (cos® t,sin®t), 0<0< 2r.
By Green’s Theorem,
Area = / xdy
C
2
= / cos®t - 3sin’ t cost dt
0
2m
= 3/ cos tsin? ¢ dt
0
L
X
O

Suggested Exercises

1. Calculate the line integral | o I - dr where

(a) F(z,y,z) = (z,2,y) and C is the line segment from (0, 1,2) to (1, -1, 3).

(b) F(z,y,z2) = (y,0,0) where C is the intersection of the unit sphere 2% + y% + 22 = 1 and the
plane x 4+ y 4+ z = 0, oriented counterclockwise as viewed from high above the xy-plane.

Solution. (a) Parametrization: v(t) = (1 —¢)(0,1,2) +¢(1,—1,3), t € [0, 1].
(b) Along the intersection,

3
24y’ (o -y =20+ 5+ Y = 1
So we may let
ﬂx—i—g = cost
=+ 2) t e [0,2n).
%y:sint,

A parametrization of C' can then be obtained by solving x,y, z in terms of ¢.



. Calculate fC F . dif where F : R? — R3 is the vector field
F(x,y,z2) = (33: + % + 2az, 22y + ze¥* +y, 2?4 ye¥' + zez2>
and C is the parametrized curve 7 : [0,1] — R? given by

’y(t) — <6t7 cos(27rt21)’t17 + 43 — 1,t4 + (t _ tZ)esint> )

Solution. Check that F is conservative, so | o F'-dr depends on the end-points of C' only. Solving
V f = F, a potential function f is given by
3 1 1
f.y.2) = (G2° 4y’ +a%2) + (&9 + ooP) + 5
By the Fundamental Theorem of Calculus for line integrals,

LAFwwszu»—ﬂwm»

]
. Calculate the line integral |, o I - di where
(a) F(x, y) = (a;y3 0) and C' is the unit circle 2% + y? = 1 oriented counterclockwise;
(b) F(x,y) —yv/x2 + 92, 2/22 + y2) and C is the circle 2 +y? = 2z oriented counterclock-

wise.
Solution. (a) Parametrization: 7(t) = (cost,sint),t € [0, 27].

2T
/F-dv_"—/ (costsin®t,0) - (—sint, cost) dt
C

27
/ / costsin® t dt

0

(b) By Green’s Theorem,

/F dr-//( i x2+y) _ 9y ;;”yz)) dAz//D(SJW) dA

where D = {(z,y) € R?: (z — 1) +y* < 1}.
Using polar coordinates,

w/2  r2cosf
/F dr—//?n/xQ—i-y dA—3/ / r-rdrdf

—7/2

/2
= 3/ §cos.30d€
—7/2

1 /2
=8 [sin@ — Zsin® 9}
3 —7/2

32
=



4. Let C be the circle 22 4 y? = 2z oriented counterclockwise. Evaluate the line integral J. o F-dr
where

F(x,y) = (—y2 + eIQ, T+ sin(y3)) .

Solution. By Green’s Theorem,

/F dr_//( m—i—sm 3))_6(—3/2;@:#)) dA://D(1+2y)dA

where D = {(z,y) € R*: (x —1)> +¢* < 1}

Using polar coordinates,

w/2  r2cosf
/F-df’z//(l-i—?y )dA = / / (1+2rsin®) - rdrdf
C D 0

7T/2 2
< (2cos 0)* + 3(2 cos #)3 sin 9) do

\\

71'/2
1 + cos 20) df

|
3

5. Find the area of the region enclosed by the curve
v(t) = (cost +tsint,sint — tcost), 0<t<2r
and the line segment from (1, —2) to (1,0).

Solution. Let Q be the enclosed region, C be the curve 7, and L be the line segment from
(1,—2m) to (1,0).

By Green’s Theorem,

Area:/ mdy:/xdy—i-/xdy
o0 C L
0

2m
:/ (Cost+tsint)(tsint)dt+/ (1)(1)dt
0 —27
2m
:/ (tcostsint+t2sin2t) dt + 27
0
2w
/ (tsin2t + > — t* cos 2t) dt + 2.
0

Using integration by parts,

27 t o 1 27
/ tsin2tdt = —— cos 2t —I—/ cos2tdt = —
0 2 0 2 0




Hence,

1 2m)3 473
Area:2<—7r+( ) —7r>—|—27r=+7r.

Alternatively,

1
Area = / —ydr+xdy+ - /—ydw—i—wdy
c 2JL

m\»—t l\DM—*

L s—

21 0
t2dt + = / (0+1)dt
-2

+ .

,.:;
w

6. Let 0 < b < a. Find the area under the curve f(t) = (at — bsint,a — bcost), 0 < ¢t < 27w, above

the z-axis.

Solution. Note that f{(t) = a —bcost > 0 for all t € [0,27], so the x-coordinate of the points
on the curve increases as t increases. Denote the required region by R. Let L1, Lo, L3, L4 be the
left, bottom, right and top boundaries of R oriented counterclockwise.

By Green’s Theorem,

4
Area(R):—/aRyda::—Z/L ydz.
i=1 7L

/ydac:/ ydr =0
L Ls

since x is constant on L and Lg; and
/ ydx
Ly

Area(R) = —/ ydx —/ ydx
L4 *L4
2
= / (a —bcost)?dt
0
= 7(2a% + b?).

Note that

since y = 0 on Ly. Therefore,

O]

7. Suppose C is a piecewise C'! closed curve in R? that intersects with itself finitely many times and
does not pass through the origin. Show that the line integral

1 Y T
L dr+ —2 g
2 C 213'2+y2 x+$2+y2 4

is always an integer. This is called the winding number of C' around the origin.



Solution. Let v(t) = (x(t),y(t)) : [0,1] — R*\{(0,0)} be a piecewise C' parametrization of C.
We claim that there is a piecewise C'' function

0 :[0,1] — Rsuchthaty(t) = ||v(t)||(cosO(t),sin O(t)).

Define ¢
b(t) = Arg(4(0)) + / F(y(s)) -7/ (s) ds,

where Arg((0)) is the principal argument of v(0) within [0, 27), and F : R?\{(0,0)} — R? is the

vector field
Y x
F = |- )

Let T'(t) :== ||v(t)||(cosO(t),sin O(t)). Then I'(0) = ~(0), and

1oy (B () +y@)y' (1) 0  sind(t). cos L
I'(t) = FOEERYOE (cos0(t),sin0(t)) + [|[v(t)[|(—sin0(¢), cos 6(£)) F'(v(t)) - ' (t)

= (' (t) (2 (t) cos O(t) + y(t) sinO(t)), y' (¢)(z(t) cos O(t) + y(t) sin(¢)))
(1), (t) =/ (t).

Thus v(t) = I'(¢) = ||v(t)]|(cos 8(t),sin §(¢)). Since C is a closed curve, we must have v(0) = (1),
and hence (1) = 6(0) 4 2n7 for some integer n.

I
—

Finally, direct computation gives

1 2 12 / 2 2 /
1 r 2y o+ 233 , dy:i @) sin 92(t)9 (t) | [v(®)]| cos 92(t)9 (t) &t
2 Jo ozt +ty T +y 27 Jo [y ()]l [y (@)l
1t
=5 /) o' (t) dt
1
= (p(1) — = 7.
o (0(1) = 0(0)) =n €

Challenging Exercises

1. Suppose F': R® — R" is a vector field on R™ defined by
F(xlvx% T ,$n) = (f(T')JZ‘l, f(T’)va, T ,f(’l”)l’n)

1
where f: R — R is a given function and r := (Z?Zl CL‘ZQ) 2,

(a) Suppose f is differentiable everywhere. Prove that for all 4,j =1,--- ,n

OF;, OF;
8xj N 8901

on R™\ {5} where F}, is the k-th component function of the vector field F'.

(b) Suppose f is continuous everywhere. Prove that F' is a conservative vector field on R".



Solution. (a) Note that, for r > 0,

OF, _ 9(f(r)zi)

Ox; Ox;j
= f(r)éé» + mlg‘faaa;
= f(r)dt + gixfj
Since this expression is symmetric in 4 and j, we must have afl = g];] on R™\{0}.
] i

,
(b) One can show that g(z) = / tf(t)dt if ||z|| = r is the required potential function.
0



