MATH 2028 Honours Advanced Calculus 11
2024-25 Term 1
Suggested Solution to Problem Set 5

Notations: All surfaces are contained inside R? with rectangular coordinates (x,v,z). We use U to
denote a bounded open subset of R?.

Problems to hand in

1. Let a > 0 be a fixed constant. Find the area of the portion of the cylinder 2% + 32 = a? lying
above the xy-plane and below the plane z = y.

Solution. Define ¢ : (0,7) x (0,1) — R? by

©(0,t) = (acosB,asinb, tasinf).

Area—/ / a® sin Odtdl = 2a°

2. Let S be the unit sphere 22 +y? + 22 = 1. Calculate Js x? do. (Hint: make use of the symmetry)

/xQdoz/gde:/sza.
S S S

1 1 4
/xzda:/(x2+y2+22)da:/1da:7r.
s 3Js 3Js 3

3. Let S be the portion of the plane x + 2y + 2z = 4 lying in the first octant of R3, oriented with
outward normal pointing upward. Find

O]

Solution. By symmetry,

Hence,

O]

(a) the area of S,
(b) fs(x —y+3z) do,
(¢) [¢F - do where F(x,y,z) = (z,y,2).

Solution. Note that the plane = + 2y + 2z = 4 intersects the coordinate axes at (4,0, 0), (0,2,0)
and (0,0,2). Hence, a parametrization for S is given by g : U — R3, where

U={(u,v) eR*: 0<u<1,0<v<1—u},

g(u,v) =u(4,0,0) +v(0,2,0) + (1 —u—v)(0,0,2)
= (4u,2v,2 — 2u — 2v).



Note that g is 1-1 and C'. Moreover,

gu = (4,0, -2)
gv = (0,2, -2)
Gu X gv = (4,8,8)
19u X goll = 12.

1 rl-u
Area(S) = / / 12 dvdu = 6
0o Jo

1 1—u
/S($—y+3z) daz/o /0 [4u —2v + 3(1 — 2u — 2v)] (12) dvdu
= 16.

1 1—u
/F-fida—/ / (4u,2v,2 — 2u — 2v) - (4,8, 8) dvdu
S 0o Jo
=8.

O
4. Let S be the portion of the helicoid given by the parametrization r(u,v) : (0,1) x (0,27) — R by
r(u,v) = (ucosv,usinv,v).

Suppose S is oriented by the upward pointing unit normal 7. Compute fSF - 71 do where
F(z,y,z) = (0,z,0).

Solution. 7, x 7, = (sinv, — cosv,u), F(r(u,v)) - (ry X ry) = —ucos?v.

2 1 T
/F-ﬁda:/ / —wu cos® vdudy = ——
s o Jo 2

Suggested Exercises

1. Find the area of the portion of the cone z = 1/2(x2 + y2) lying beneath the plane y + z = 1.
Solution. Combining z = 1/2(z? + y?) and z = 1 — y, we have

202 +9%) = (1—y)?
207 4+ (y + 1) = 2.



Thus, a parametrization for the required surface S is given by g : U — R3, g(u, v) = (u, v, f(u,v)),

where

U = {(u,v): 2u* + (v +1)* < 2},

and
flu,v) = /2(u? + v2).

Note that g is 1-1 and C'. Moreover,

lgu % gull = \/1 + (fu)? + (fo)?

_\/1+ 2u2 N 202
N w2 +v?2 w2402

Therefore,

Area(S) = //U lgu X gvl| dA

1 p—14v2—2a2
=/ / V3 dvdu
1J1-v22a2
1
:2\f3/ V2 —2u?du
1
1
:4\/6/ vV1—u2du
0
= 6.

(Alternative Method) Consider spherical coordinates:

x = rcosfsin¢

y = rsinfsin ¢

zZ = rCos ¢.
Then z = /2(x% + y2) implies ¢ = arctan(%); y + 2z = 1 implies r =

V3

sin 0++v/2 "

parametrization for the required surface S is given by g : (0,1) x (0,27) — R3,

1
_— Jg4f———ginf — t—— - —
sinf + /2 V3 sinf + 2 V3 sinf++v2 V3

g(t,0) = <t V3 -cos@-i t V3

B tcos6 tsinf V2t
N sinf +v2 sinf +v2 sinf++v2 )

Note that g is 1-1 and C'. Moreover,

@ B cosf sin 0 V2
ot

sin® + /2 sinf + /2 sinf + /2

V3

)

o0

)

X —

@ 89_ _ V2t cos 0 /2t sin 0
ot~ 00

@_ _t(l—i—ﬂsin@) V2t cos 0 B V2t cos
(sinf 4+ v/2)2 " (sinf 4+ /2)2"  (sinf + v/2)2

t
(sinf++2)2" (sinf++v/2)2" (sinf + v/2)?

) |

)

Hence, a



So,

Hg y g” __ Vst
ot = 90| (sinf +v/2)2

Area(S // H ZH dA

% (0,27)

27r
dtdf
/ / (sin 0 + \[

B \[ 2
_2/0 (sin9+ﬁ)2 0
= V6m.

Therefore,

O
2. Find the area of the portion of the cylinder 22 +y? = 2y lying inside the sphere 2 +y% 4 22 = 4.
Solution. In cylindrical coordinates, the cylinder z? 4+ y?> = 2y is represented by r = 2siné,

0 € (0,7); the sphere 22 4 y? + 22 = 4 is represented by 22 = 4 — r?2 = 4 — 4sin? 0 = 4 cos? .
Thus, a parametrization for the given surface is g : U — R?, where

U={(0,2):0<0<m—2|cosf| <z < 2|cosb|},

9(0,z) = ((2sin#) cosd, (2sin ) sin b, z)
= (sin26,1 — cos 20, z).

Hence,
|99 S gz| = 2’

2| cos 0| T
Area = / / 2dzdf = / 8| cos @] df = 16.
2| cos 0] 0

and

O]

3. Find the flux of the vector field F(x,y,2) = (22, y?, 2?) outward across the given surface S (all
oriented with outward pointing normal pointing away from the origin, unless otherwise specified):
(a) S is the sphere of radius a centered at the origin.
(b) S is the upper hemisphere of radius a centered at the origin.

(c) S is the cone z = /a2 4+ 92, 0 < z < 1, with outward pointing normal having a negative
z-component.

(d) S is the cylinder 22 +y? =a%, 0< 2 < h.

(e) S is the cylinder 2% + y? = a2, 0 < z < h, along with the disks 2 + 32 < a?, z = 0 and
z=h.



Solution. (a) Define g : U := (0,7) x (0,27) — R3 by

g(u,v) = (asinucosv,asinusinv, acosu).

Then,
FluxofFacrossS://U(Fog)- (gi X gg) dA
= /07T /027r a*(sin u cos® v 4 sin® sin® v 4 sin u cos® u) dvdu
=0.
(b) By (a),

T r2om
2
Flux of F across § = / / a*(sin* u cos® v + sin? sin® v + sin u cos® u) dvdu
0o Jo

7Ta4

5
(c) Define g : U == (0,27) x (0,1) — R3 by

9(0,2) = (zcos0,zsinb, z).
Then,

1 2m
Flux of F across S = / / 23(cos® +sin® 0 — 1) dfdz
0o Jo

il
5"
(d) Define g : U == (0,27) x (0,h) — R3 by
9(0,2) = (acosf,asinb, z).
Then,
27 rh
Flux of F across S = / / a?(cos® +sin® 0) dzdf
o Jo
=0.
(e) Disk on z = 0: Define g; : (0,a) x (0,27) — R3 by

g1(r,0) = (rcos,rsind,0).

a 2
Flux = / / 0dédr = 0.
0 0

Disk on z = h: Define go : (0,a) x (0,27) — R3 by

Then,

g2(r,0) = (rcos@,rsind, h).
Then,

21 a
Flux = / / rhdrdd = th?a?.
0 0

So total flux of F across S is 0 + 0 + wh2a? = wh2a?.



4. Calculate the flux of the vector field F(z,y,2) = (vz,yz, 2> + y*) outward across the surface of
the paraboloid S given by z = 4 — 22 — y2, 2 > 0 (with outward pointing normal having positive

z-component).
Solution. A parametrization for the surface S\{z = 0} is g : U := {(u,v) : u? + v? < 4} — R3,
g(u,v) = (u,v,4 —u? —v?).

Then
Gu = (1707 —ZU), Gv = (0313_2’0)’

so that
Gu X gp = (2u,2v,1),

which is an upward pointing normal for S.

Therefore,

Flux:/ (Fog) (gu X gv)dA
U

N // (@ +y°)(9—2(2> + 7)) dA
/%/ 5V drdf

887T
3

O

5. Compute [¢F - i do where F(x,y,2z) = (x,y,2) for each of the following surfaces in R? (all
oriented with the outward pointing unit normal pointing away from the origin):

)
b)
(c) the cylinder 22 + y? = a?, —h < z < h, together with the two disks 22 + y? < a?, z = +h,
(d) the cube with vertices at (£1,41,+£1).

(a) the sphere of radius a centered at the origin,
(

the cylinder 22 + y? = a?, —h < z < h,

Solution. (a)

27
/ / (asinwcos v, asinusinv, acosu) - a? sin u(sinu cos v, sin usin v, cos u) dvdu

(b) )
/ / (acosf,asinb, z) - (acosh,asinb,0)dzdf.
(c) Disk on z = —h:
2T pa
/ / (rcos@,rsinf, —h) - (0,0, —r) drdf.
o Jo

Disk on z = h: )
/ / (rcos@,rsinf, h)-(0,0,r)drdd.
o Jo



(d) By symmetry, it suffices to look at the side of the cube lying on the plane x = 1. Define
¢ :(0,1)*> = R? by ¢(y,2) = (1,9, 2). Then ¢, x ¢, = (1,0,0).

FluX—G// (1L,y,2)-(1,0,0) dyd=.

6. Repeat the question above for the vector field F(z,y, z) = (22 + 3 + 22)%/%(z,y, 2).

Solution. (a)

2

2w
/ 3/ (asinu cosv,asinusinv, acosu) - a” sin u(sin u cos v, sin u sin v, cos u) dvdu
a

(b)
2 1 h
/ (24_2)3/2/ (acosf,asinb, z) - (acosh,asinf,0) dzdf.
0 a z —h

(c) Disk on z = —h:

2 1
/ / m(r cos@,rsinf, —h) - (0,0, —r) drdf.
o Jo (r*+z
Disk on z = h:

2 1
/ / m(r cos@,rsind, h)-(0,0,r)drdf.
0 o \r z

(d) By symmetry,

1 1
1
Pl =6 [ [ e e ) - (1,0,0)dyd

O

7. Prove that the area of a graphical surface S given by z = f(z,y), where f : U — R is a C!

Ares(S /N oY (%) aa

Solution. A parametrization of S is given by ¢ : U — R3,

function, is given by

o(z,y) = (z,y, f(2,y))-

Then ¢, X ¢y = (—fz, —fy, 1), and Area(S // \/1 + (fo)? + (f,)? dA. O

Challenging Exercises

1. Let a, 8, f : [0,1] — R be C! functions with f(¢) > 0 for all ¢ € [0, 1]. Suppose that S is a surface
in R whose intersection with the plane z = t is the circle

(@ —a(t)’+ @y - Bt)" = (F®)* ==t
for each ¢ € [0, 1] and is empty for ¢ ¢ [0, 1].



(a) Set up an integral for the area of S.
(b) Evaluate the integral in (a) when o and 8 are constant functions and f(t) = (1 4 t)'/2.

(c) What form does the integral take when f is constant and «(t) = 0 and 5(t) = at where a is
a constant?

Solution. Define ¢ : (0,1) x (0,27) — R3 by

o(t,0) = (a(t) + f(t)cos b, B(t) + f(t)sinb, t).



