
 

Proofof DivergenceThm
Same as Green'sThm we'll prove only the case ofspecialdomain

D which is of type I I II

D x y z ERS x y ERI f x y z f x y type I

x y z ER y z ERz g ly z x g z y z type II

x y z ERS x z ERz h x z y ha x z type I

eg.siType I domain

Ii Special domains

And also as in the proof of Green'sThm for

F MI t N Lk

we'll prove 3 equalities in the following which

combine to give the divergence them



5 Minds 21 dv bytype II

NT Ado 1 dv bytype II

Lk ñdo 5 dv bytype I

Theproof are similar we'll prove only the last one

Lando 5 dv

By Fubini's Thm

RHS 5,55 dv 1,1 2zdz dxdy type I

5 Lex y fax91 x y f x y I dxdy

For the LHS we note that n
e t.gg

by definitionof type I on

domain the boundary typifies
surface S 2D of D
can be written as



S S US US

where graph of f z f x y x y f 1 43

graph of falygi x y faxy

S vertical surface could beempty

between S S2

M

s union
of 4 vertical
rectangles

Heue LHS Kondo LR ñdr Lando

Landr
3

Since ñ of a vertical surface is horizontal Ron 0

Now on theuppersurface S x y f 1 91

the outward unit normal ñ is upward ie ñ.kz o

Note that the parametrization

X y 1 F x y x y fa x y



has Fx I SEE
ry 35 x ̅

and Ext 3 1 3 5 Exxt isoutward
I Fy is the upward unitnormal
115 Fyll

ñoñ
upxFyll

Therefore Lido x y falx.gs yphpgplifxxrylldxdy

LIx y falxy ldxdy

Similarly note that the outward normal on S lowersurface

is downward ie ñ.k o we have

ñ ñXFy
15 511

where FX x y f x y

In MxFyll

Heure Sf Lk.ñdo x y f x y dxdy

LR.no x y falx.gs dxdy L x y f cxy1 dxdy



5 L x y fax91 x y f x y I dxdy

58 dv

This completes the proof of the DivergenceThm

Note Similar to Green'sThm theDivergence Thm also

holds for solidregionwith finitely manyholes insides

D solidregion inside

butoutsideofsands

5,55T.edu IS Finds
for ñ outward normal with respect to D



eg idea of proofof this kindof surface

if cut
opposite

no ñ orientation

canceleachother

A

Note Physicalmeaning of dirt F F in 1R

flux density by thedivergencethan



Unified treatment of Green's Stokes and DivergenceTheorems

Stokes Thm in notations of differential fams in 113

Waking definition ofdifferential fams
1 A differential 1 form or simply 1 fam

is a linear combination of the symbols dx dy dz

w W dx Wady as dz

with coefficients Wi We as functions on 113

eg Total differential of a function f on 113

df Edx 88dy 2 dz is a 1 form

2 Wedge product Let s be an operation such that

dxide dyndy dendz 0

dx ndy dyndx

dy n dz dandy

dendx dxidz

and satisfies other usual rules in arithemtic

ie If W widx cordy ws dz

2 2 dx 72dg 73 dz



then we have

way w dx wady w dz h pdx lady 73dz

Widxin n dxl toady h n dx codzinydx

Widxin hadyl Coady 1 Mady codzinyds

Widxin n dzl toady 1 Mdt cozdzlnly.dz

win dxrdx way dyndx cosydandx
W
mdxndytwzbadyndytwzyzdzndytwibzdxndztwzbdyndztws.ms

dendt

Why waysWsyz dyndz
0321 W 3 dandx

W72 way dxidy

Linear combinations of dynda dendx dxidy

are called differential 2 farms m R3

5 5 dyndz 5 dendx 5 dendy

Similarly if w is a 1 form and

5 is a 2 fam

then wecan define was



eg If w dx 3 dyndz

then was dxndyndz

Note that we insist on the anti commutativity ofwedgeproduct

wehave

dxndyndz dy ndx ndt

dy ndzndx
dzndyndx
dzndxndy
dx n dz ndy

And dxndxndy 0 whenever oneof the dx dy.dz
is repeated

Hence as dinR 3 all linearcombinations of fans
are just fdxndyndz
which is called a differential 3 fam also called

a volume fam if 70

Note It is convenient to call smooth functions f
the differential 0 form



Summary on
3

0 fam f

1 fam widx Wady Ws dz

2 form 3 dyndt 5 dzndx 33dandy

3 form gdxrdynd7

where f 9 we are smooth functions

Note One can certainly define k form forany k 0 But in

1R k forms are zero for k 3

dx a dxr dyadz 0 where dx dx dg adz



changeofVariablesFormula IR

jx xcu.us

y ycu ul

dx xudu xodu

dy Yudu godo

dxidy Xudu odu n yndu godu

Xuyr XrYu dunder

dunder
Yu Yu

21 19 dunder no absolutevalue2 4,0

dendy s
dunder

Jacobian determinant

Hence naturally

5 fixysdxndy fffexcususyca.us 8ljdunda

Comparewith

5 fixysdxdy fffexcususycu.us 8Ydudu




