



































































































































3 cont'd C2

2 boundary components

Y
go
7
op
d

4 2 boundary components SCIR A R

Ex

Important remark If S is a region in IR then a boundary

component of S C ad forinstance has 2 concepts of

oriented anti clockwisely with respect to S region and IR

Even S and IR havethe sameorientation i.e I I

we still have the following situations d dz as infigureabove

S region R

C anticlockwise t anti clockwise t

Ca anti clockwise t clockwise



whatistheorientedof di5

sit theiroriented

EX c anticlockwisewithrespect to

do ñ Ex

similarly

optional

eg61 Verifying Stokes Thin 51
my

a x4y tz 9 720
3

with upward unit normal ñ ie I componentso c t increases

pointing awayfrom the origin

Then boundary C X7y 9 7 0 withanticlockwisewrt ñ

Let F Yi xj and we want to calculate

F Ndr and SF.dk

Parametrize C by Flt 3Cost 3rint 07 O t 2T

3asti 3suit

has thecorrect direction i e oriented anticlockwisely wrt ñ



F dr 3sinti 3ostj 3sinti 3ost at

18T check

Forthe surface integral

JXE Eg if 25 check

Since S is a hemisphere upper
centered at originof

radius 3

a xityitzi xityi.tk upfard
X y z 3

Thesurface 5 can be regarded as a level surface

given by g x y z x4y z 9

Jg 2x 24 22

Since 7 0 exceptthebdy onSi 31 22 0

Hence do 1
9,1 dxdy 144,4247 dxdy dxdy

Therefore SS F ndryff.gg2k insist I dxdy

Sept
2 dxdy 18T



b same C same butnew surface

Sc y 9 2 0 withñ I 1
CixtyEg

SS TxF ñdr Sf c 2k Eddy 18T
So 1 44 9

c Same F yi x in5
axis

33 5,052
t

3

has no boundary and
in fact encloses a solid region

Suppose i outward unit normal of the solid

5 5 5 ñdr TxF Ndr 5 ExF ñdo
Ss

sameaseglas opposite to egib

T Ej ñdr 1 TxF FR do
18T 18T 0

F di S F di 0



eg62 Let F yi Xj same F as ineg61 new surface new boundary me

S4

y4z 91
111

I yt z 0

4 xy z eR x y z 9 Xty z o withupwardunitnormal
R components0

boundarycurveof54 C4 x y z ER 7422 9 xty 7 0

Find di withdirectionof dg given as in thefigure

Solu ñ is normal to St ñ it k is upward

Apply Stokes Thm

So F di EF Ado

2K It do

B do AreaS4

t 32 18T
V3



Proofof Stokes Thm
Special case S is a graph givenby

z f xy over a region Rwithupwardnormal

upwardin T
S z fix g

c

I

Assume C is theboundary of S and C'is the boundary

of R anti clockwisely oriented wrt the unit normal ofS
and the plane with normal i respectively

Parametrize the graph as

F x y Xity fix y I x y ER

Then as before I I tyk
ry tyk

FxxFy fxi fyjt.I.tv upward

Hence ñ EXT
115 511

is the upward wit normal of S

and do 11FxxFylldxdy 11FxxFylld
areaelement

of R



Let F MitNjtLk be the C vectorfield
Then 1 7 7 I do EXE FXD.TTEyllFxxFslldA

ffcLg Nz i Mz Lx j Nx Myñ fyi fyi b dA

Sf Fx Ly Nz fyMz Lx NxMy dA

Forthe line integral

F dr Mdx Ndy Ldz

Sc Mdx Ndy Ldf 2 51 97

So Mdx Ndy L fxdx fydy

So M f L dx Ntfg L dy

Precisely If d is parametrizedby Jlt Xlt y ti a t b

Then C is parametrized by

Flt Xt yet fixitsyet asteb

F di SabMerits A N FCA Y'A

LEAD texts yes Idt

SalMx Ny't L fxx fyy Idt



STEM f L x Ntfs L y dt

So M txh dx N fyl dy

Then byGreen's Thm

S F dr So MtfxL dx N fgL dy

E NtfsL M fxh dA

Ex NIX.fex.gl fylxylL x ytCxyD

Mexy fix yi fxcx.us Lexy fixyd It
ffTNx

Nzfx fyxL fy Lxtlzfx JdA
MytMzfy fxyL fx LytLzfs

assume fEC

fx Ly Nz Fy Mz 4 Nx My dA

T É ñdr

Thisproves the case fa C graph



Generalcase Divides S into finitely many pieces which are
graphs in certain projection

This includesS with many boundary components as in theGreen'sThm

addsomeconvelikesthis
to make it in 1bdycomponent

Proofof general case omitted

Note Stokes Thmapplies to surfaces likethefollowing

eg63 let F be a vectorfield such that IF 0
and defined on a region containing the surface

with unit namal vector field is as in the figure

2 72

red oriented black oriented

wot ñ art x ̅
surface

ñ
worksfa horizontalplane

everylevel

Z Z
C s s



The boundary C ofS has 2 components C C at the level

7 71 Z Zz respectively

If bothCs Cz orientedanti clockwisely withrespectto the

horizontal planes i.e K
Then when d oriented anti clockwisely withrespect to the

surface normal in we have

C G C GU C2

And Stokes Thm

0 Finds SF di di S F di
2

I di di

Compare thiswith Green's Thm on plane region with onehole

4
C

ScFdr Saf di check

anti clockwisely wrt plane nottheregionasanorientedsurface


