
 

Pfof Green'sThmforSimpleRegion

By definition R is of type II

and can bewritten as dy v Ca

R xy d x b gixleyeg.nl I
let denote the componentsofthe boundary a t b

of R by Ci Ca Cs Ca as in thefigure

Note C2 and or Ca

couldjust be a point

Then 2R C CatC C4 x

as oriented conves

Using insteadof U to denote the orientation

Now C y 9ext can be parametrized by

X y FCA t gilts asteb

with correct orientation

Similarly C's can beparametrized by

F t t 92 ti asteb withcorrect
orientation



Hence Sd Mdx Jab Met 9,1 1 dt

and
Mdx SabMlt Galt dt

Fn Cz X b 9 b y 92lb it can be parametrized by

F t b t 9 b galb
with correct orientation

Similarly for Cg a 9 a eyegalal

F t a t 9 a t 92lb

with correct orientation

Hence Sc Mdx Sg M b A db 0

S c Mdx Sg Mia t da 0

Therefore
Max SoMdx

Mct 9,1 1 Mlt Galt dt

On the other hand Fubini's Thm



da Ja 21 say ax

Sab Mix gas M x9ix dx

pMdx

half
Similarly R is also type 2

R x y h ylsxeh.ly ceyed

Ndy Sinchial tidt to fly
OR

SINA.lt t dt to

Sc NChati t NCA t t It

Sils ax ay

dA

All together
maxtway 2 21 dA



ProofofGreen'sThm for
R finite union ofsample regions with intersections

only along some boundary line segments and

those line segments touch only at the
end points at most

Ri Ra are simple9
but R R URz simple

R1

qq.rs

C2 2R Cit Liz
L

2Rz C2 Liz

with anti clockwise orientation
and 2R CitC2

Byassumption R URI finite union sit

Ri are simple and

Rin R line segment of a common boundary
pation denoted by Lij it

Then 2 dA I dA

Max way
byGreen'sThm

for snipleregion



Denote Ci the part of 2Ri with no intersection with

any other Rj exceptpossibly attheendpoints

Then 2 R City Lij

where Lij is oriented according to the anti clockwise
orientation of 2Ri

Hence dA y.mx
Ndg

SoMaxtudy Ei SuMaxindy

Notethat as Ci is not a common boundary ofanyotherRj

EC 2R

E ScMdx Ndy Max Ndy

Finally we have Lij Lji
Lji Lij

as Ri andRj are located
on the two different sides

of the common boundary



I S Mandy EgSc Max Nay

SoMandy Eg Sygmandy

E S
Mdx ndy SL Mdx Ndy

iE Sc Max ndy SL Mdx Ndg

0
Sace Lij Lji

This 2ⁿᵈ case basically include almost all situations in
the level of Advanced Calculus

The proof of general case needs analysis andwill be
omitted here



Def12 The divergence of F MitNj is defined to be
dive 21 My

1
Note dive the Area Dean Y A

Dex41 closed
diskofradius

6 AreaDecyyi payy
F Ads centeredatcys

called flux density

Notation For fixy If I 55 gradient

13 55 f
It is convenient to denote

5 13 55

Then F F i 3 5 MANY

21 My divF

Hence we alsowrite
divf J F



Ref13 Define rotF to be

rote 2 14 faf MitN

1Note rote 1h Area Dean yl Y 3

I
1 Area Demi pay

as

called
circulation density

Using we canwrite

not F XF R

Since F Mi Nj QI numberzero inIR NEWEY

Gellttos.am D 3 58 k sothatTfixyz it yi i

T F
I 5 I

Er I 21 ñ

M N O

rotF TXF R ie k componentofTXF

Aname for jxF is carl F curlfide jxF



In thesenotation the Green's thm can bewritten as

Vectorformof Green'sThm

namalfam Fonds divF'dA

a J ends of'dA

tangentialfam FFds 5 cult kdA
R

fffds S FxF RdA

AndThm10 can bewritten as

Thm10 I simply connected connected F EC
check

Then É conservative curl F Txt

Note i curlF D'xF defined only in 113 R

ii but divF Jof can be defined on IR foranyn

In particular in IRS

Def12 The divergence of F ME Nj LI is defined tobe
divF J F 8 5 53 MitNytLi 21



Then one caneasily checkthe followingfacts Ex

i jx y f 0 i.e curl of 0

i F conservative andF Tx 0

ii j F 0 ie dir culF 0

Remark J T f 0 ingeneral and it is called the

Laplacian of f and is denotedby

Jf J of dir of

Ext 2

In graduate level it willbe denoted by Δ J a Δ 7

The operator J is calledthe Laplaceoperator and the

equation Jf 0 is calledthe Laplaceequation Solutions

to the Laplaceequation are called harmonicfunctions


