
 

Conservative VectorField

Re 4 let RCR n za3 beopen A vectorfield É

defined on R is said to beconservative if

SctTds F di along an oriented carved in r

depends only on the starting pointandend pointof d

Note This is usually referred as path independent

ie If C Cz are orientedcurves with the same

starting point A and endpoint B

then

FFds f Ids

so the value onlydepends on the points A B direction

Notation If F is conservative we sometimes write

F Tds to denote the common valueof

S F Tds along anyorientedcurved
from A to B



eg41 F I on 1R

C F t Xitsi y t a t b
y

Then S F Tds F di Éas
i x in it yet5 It b

Six'itsdt
b a

condinates at Fcb Fca respectively

SoF Fds depends onlyon thestartingpointFca end

point Feb F is conservative

Note F If where f xy x

Thmf Fundamental Theorem of Line Integral
Let f be a C function on an open set a CIR n z a 3

and F If be thegradientvectorfieldof f Then
fa any piecewise smooth oriented curve C on 2 with

starting point A and end point B

JFTds f B f A



Pf Part Assume C is a smooth curve parametrized by

rit a t b B

A
C smooth

Then S F Tds F di

f F Fit F'e It

S Jf Fct F t de
Sat at f Fits It chainrule

f F b f Frap
FundamentalThm

of Calculus
f B FCA

Part For a general piecewise smooth care B At

C C uCau UCa Cy

Citcat Cr inorderto
indicate that they are joining Ao

end by end and the orientation Ci Eli k are correct

wrt the orientation of d

where Ci is smooth going from Ar to Ai
then Ao A Ak B

Then part 1 implies

Sce Fds See F Fds



Sc F Tds

It Ai FCA i bypart

f Ar f Ao

f B f A

Is the converse of Thm8 correct

Yes under a furthercondition
on the domains

Thm9 Let r CIR n zor3 beopenand path connected

F is a continuous vector field on R Then the

following are equivalent

a a c function f R IR such that

F If
b f Fo di 0 along any closedcurve d on r

c F is conservative



Remarks 1 The function f in a ofThm9 is called the

potential function of F It is unique up to

an additive constant

J f c F const C

2 F MI Nj Lk Jf Mdx Ndy Ldz df
same for 2 dim

In this case Mdx Ndy Ldz or Mdx Ndy in dim 2

is talled an exactdifferentialform

Pf a b

If f is C and F It and

F a b r parametrizes the closed caveC

then Fla F b denote
A

Fundamental Thm of Line Integral

SoFodi f Fb f 8cal f A f A 0

b c Suppose C Ca are oriented conves with

starting point A and end point B



Then C Ca ie C u G

is an oriented closed curve

with startingpoint A endpoint

Then by part b

0 Fdr SoF ditfcyf.dk
Sc F di Sa F.dk

Since C Ca are arbitrary F is conservative

c as it requies us to solve a system of PDE

to becont'd


