
 

VectorFields

Ref10 let DCIR a IR be a region then a vectorfield

on D is a mapping F D IR or 1R respectively

CIR
EnsderedRasa

2 vecta

In component form

R F x y MIXyÉ Nexy
113 F x y Z MXy 7 I N x9,35 Lexy zJk

where M N L are functions on D called the components

of F

935 F xy
yitxj
x y

on R 10,0

sinti cost j in polar condimates

Propertiesof F 111 11Fixg 11 1

tis ftp.iyys xityj rlcestitainoj



eg36 Gradientvectorfieldof a function
i fixg x y's

Jfix y def 2 28 x y xity rix y

position
Tector

field

i fix y z X

Jf x y z i o o I
a constantvectorfield

eg37 vectorfield along a curve
let C be a curve in IR parametrized by

Far
8 a b 1R

Ii exits
gits Flt

Recall provided86 0

unit tangentvectorfieldalong C samepaintbutdifferentvecta

Note this defined only on C forageneralawe

but not outside C

vectorfieldalong a curvemay not comefrom a vectorfield
on a region



Remark for eg37

If we use Is tildt then

Ft
If dag bychainrule

118 11
ifs is a functionof t

where are length S is defined by
upto an additive constant

S t Jftlldt
A parametrization of a curve C by are lengths
is called are length parametrization

8 s arc length parametrization

diss 1

Def 11 A vectorfield is defined to be
continuous differentiable ch if the componentfunctions are

938 F x y r x y xity is C positionvector

Fixy
YÉt I is not containas in IR
1 492 but continuas in 1121310,019



Line integral of vector field

Refic let C be a cure with orientation given by a

parametrization r t with r its 0 t Refinethe

line integralof avectorfield F along C to be

F Is

where III is the unittangentvectorfield along C
ie C is oriented in the direction of FA or at

everypoint

Note If r a b R n z or 3
Abuseofnotations
A F ItsYIts XDIYA

then becauseofthepositionvectorfield
Fxity

S F Ids Fired.FI lritslat

JaF rits r ctsdt
modt

naturally we denote dr Tds



and F Tds F dr

ego FIXy 7 Zitxy y R

C rcts EittjtltI o t l

Sohn dF zti j F dt

F Tds F di

zleitxitsylesj ylejkj.dk

f'frti t f_gÉ ztitj k dt

10 check

In componentsform
Line integral of F Mi Nj along

C rits gltsithl.tt
can beexpressed as

JcÉFds F dr F'off dt

Mg'tNa dt



more explicitly Mcgcts.nl g'cts NgctshltDh'ctJdt

Notethat yxgctsyhlt
dx g'it dt
Lay fledt

FTds Fodr faMdx Ndy

Similarly for 3 dim

F ds F dr Mdx Ndy Ldz

faF MitN LI

Another way tojustify the notation
f X y z the position vector

dr dx dy.dz naturalnotation

Then
FTds Fodr M N L dx dydz

ScMdxtNdy Ldz



eg39 Evaluate I ydx Zdy 2x dz

where C vit cost sint tk o t ZT

cost sint t

Sohn I f suit d cost t d suit zost It

ain't test zest at

T check

dF sint cost 1 dt F t sint cost 1



Physics

1 F Force field
C oriented curve

then W F Tds

is the workdone inmoving an objectalong d

2 F velocity vectorfield of fluid
C orientedcurve

Then Flow S F Tds

Flow along the came C

If d is closed theflow is also called a circulation

Defls A curve is said to be
i simple if it doesnot intersectwith itself except
possibly at end points

cis closed if starting point endpoint

I simple closedcurve if it is both simple and closed



Note

g I
simple NO Yes NO Yes

closed Yes NO NO Yes

3 F velocity of fluid
oriented plane carve CCIR simple closed

with parametrization n A it i yctsj

1 outward pointing unit normal vector tothe cane d

I
y y

2 2

po s

ñ FxI ñ Fxñ

if Cis of anti clockwise if C isof clockwise
orientation orientation



Famula for ñ wrt theparametrization F t Xiesitylts

Recall
Ft Etsi yet
NEED 1154AM

in arc length parametrization T i

Anti clockwise

I

ñ TxI if
0 0 1

ñ Its A
MASH

a ñ Yi

Clockwise 5 A I x'ctsj
trash

or ñ Git

Flux of F across F ids geytthEf.tofe
Plane

If F MIXy i Nexy j
and Fct it i yitsj is anti clockwise parametrization

of C closedanves

Then



Flux of F across d

Sa MitNT Yi 5 as

Mdy Ndx

Remark S curve is closed in anti clockwise direction

S curve is closed in clockwise direction

not a commonnotation

But in some books only S is wed NO arrow

Then oneneeds to determinethe nientation from
thecontext

Convention If no orientation is mentioned

I without arrow means anti clockwise

nientation positive orientation



eg40 let F xy sit x

C x7y 1

Findthe flow anti clockwisely alongC and

flux across C

Soln Let F t cost it sintj O t 2t

Note correct orientation saitiita.tt

Then flow F Tds 1,9T
suit

S F di SMdxNdy

5 cast suits it cost sinti cost dt

55 Hint set Ost cost dt

2T check

flux SFinds Mdy Ndx

So cost sint demit cestdiest

5 Lost cost sent suitcest It

T check



Remark If C is an oriented curve then denote by
C the orientedcurvewithopposite orientation

Wi
If f is a scalar function

as ds isnotoriented
Safds at ds just length

If F is a vector field

flow F Tds FTds

thisT isthe Ffa C
Moreprecise formula

F Feds f F Tcds

Butfa flux fronds L Fonds ñ alwaysoutward



Summary

scalar f Setds indep oforientation
ds have
no direction

vector E
F depends

flow ScÉ ds dependsonorientation on direction

flux ScFiñds indep oforientation
always
outward


