
 

eg5 let R 0,1 TO I

fixy
if both x andy are rational

1 otherwise

Then f is not integrable over R using

Soln partition P of R R V U Rn Rr subrectangles

one can find points Xr Yn ERK k suchthat

both Xu Yr are rational why
The corresponding Riemann sum equals

Sn f p fan9h OAK 0 An 0

Ontheother hand one can findpoints XiGitERK Kk
such that at least one of the Xi Yi is irrational Why
Thecorresponding Riemann sum equals

Sn f P fixi Yi OAK 1 OAR 1

Since Snlf P 0 1 Sniff P

f is not integrable

eg6 Let R TO I 0,1

if to andy to5491 1
x oay o Ek

Then f is not integrable over R using s



Sohn Inanypartition P of R
there is a subrectangle

s

R To til 0,5 t 1
Choose X1Y ti.si ER octist al ossiest I

Then Riemann sum

S f P fexk.gr OAK fix 9.10A ÉfAIn
sp tis tis

Since Oct S 11PM 0 ties so

Hence S f P f s so as IPII so

i Limit doesn't exist f is not integrable

Remark Egs 5 6 show that we need conditions to

ensure the integrability of a function over closed
bdd rectangle

Propt Let R ab c d be a closedlabdd rectangle and

49 be an integrable function over R then f is

bounded on R
ie M o such that fixY M xy ER

Pf Omitted egb above gives an idea of proof



Remark Fromeg5
boundedness is necessary but not

sufficient for integrability

integrable bonded

ingeneral

Prop2 Let R ab c d be a closed bdd rectangle

and f xy be a continuous function on R

then f is integrable on R

Pt Omitted See proof in 1 variable case in MATH2060

for an idea of proof

Remarks i Notethat a continuous function on closedlabdd rectangle

is always bounded Props 1 2 are consistent

MATH2050 for 1 variable situation

Ii continuity onclosed bdd rectangle is sufficient butnot necessary

In fact Prop 2 can begeneralized to a bounded

function on a closedrectangle with a small set of

discontinuity The precise concept is measurezero set

MATH4050 RealAnalysis For us we have



Propz For function over closed bdd rectangle

a bounded continuous except finitelymanypoints

integrable

b bounded continuousexcept finitelymany differentiable curres

integrable

egs in

a
fix g 1

contains on R andbounded

dir
0 otherwise outside r

r

Furthermore we have

Prop let R ab E d be a closed bdd rectangle

f xy and gex be functions on R and

k ER is a constant

1 If f e g are integrable over R then f and

kf are integrable over R

2 In the case of11 wehave

It gJXdA Sffg dA If9 9 dA

and Sfkfix9 dA k fix y dA



Pf Omitted Obviousfromthe concept of Riemann sum

Remark Thisprop3 implies that the set of integrablefunctions
over fixed R fums a vectorspace over IR

double integral is linear


