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3 29) Suppose f(x, y) is continuou ovesa region R inthe plane and that

the area AIR) is defined . If there are countants m and M such
that maf(x,y) <M for all (x ,Y =R, prove that
mA(R) /Sf(xyIdA MAR)

n : Sincefis continuous oneR, itis integrable onR (by Prop2 ofLecture) . Wehave

SSf(x,y dASSMdAEMJSidAMAL
similarly, assumption Prop3. Def 3 .

SSf(x ,ydAsSmdAmSidA =mA4
assuption Props bels. /



14 .4 24) Sketch the regionof integration and connect each polar integral into a
Cartesian m

-

egeal . Do not evaluate theintegral
. ggeseostdrelt. xrest

, y
= rshif.

Sin: · reXeye , so ra/corresponds to the circle
x-
y
= 1 .

y= /
·

"I1191111111111
.

·
y= r=est = siz

.
> vsuit = 1

↑ · El) > a
= y= 1

X=F
x=5 A== = y

=5
,

8= = X= 0 .

sin = 1
,05 =E

rest = X

so using horizontal slices , wehereestdret =S'xdvd,



14 .4 26) Sketch the regionof integration and connect each polar integral into a
Cartesian integral . Do not evaluate theintegral.

%
actant

JoseEdrd+ grasesr7drelf .

I arotants
Soln: Krest , yersint.

In

rt = (*y2) Dresseef
.

T= 0

r= 3se17=7 = reaso =3

= X=3 .Say Oxtsarctan. 6 : arctan -> line y
=Ex8=8 => live y =u.

ridrelt = rordrelt = ((x +y4)) dydxEx
:
3

X=3

>x y= so I= J Jyt dxdly



motan() <GE => lives y
=Ex and x= 0.

r =4= 2 rouit= = y=4 .

Ya y=X

y
=4

So = /g
*

Y Gh +y2)" dxdy./11,4) 00

-

>integralyddy
/

X=0



14.4 30) Find the area ofthe region euclosed by the positive X-ar-is and the spiral
r= , USE25 .

This region book like a snail shell.
Gothi Ba

IAddre
=72d7=3

↑

=a



1
.
4 32) Find the area of the region common to the interiors of the cardioids

r= H cost and r= l-est
.

Soln: Ya

Note by symmetry A= 4 A2
,
the area efthe- regionend by the cardiser-cost

the first quadrant.
When 8= 0

,
r= 1-1=0 .

A4stus = 21052)2d
=2/2008 + 35z(d8 = 2 (8- 2smf)(H222) da
-



= i = 4 + (b + Sm2)( = - 4+ E=4)



14 .4 34) Find the averageheightofthe (single) core E=2 alone the dish
x+y2a intee xy-plane.

Soln: Grea(R) = Ma? X=rest Then**a=Ora?Yersing . =>Ora .

The whole disk
,
so 848252.

z=y = r .

So,

JJzdAzgudef=/  adta
xty an

=Stab
So
averageheightt



14.4 36) Find the average valueof
the square ofthe distance from thepoint

P(x ,y) ithe closh X
&

+y
= 1 tothe Boundary point A(1, 0).

son: d(xy)=dist(p(x , y) , All ,0)) = (((x-1+(y-0(4
*2)"

= x2 - 2x+ 1 +yz
Convert to polar coordinates X=rust

, yerswif
so d(r, f) = ressy +rsi2A-2rust + 1 = r2-2 cost +1

and we integrate over the average area ofthe whole unit disk
:

Average dist= treet=Zestd

=r - Ecst +In2)/d



=zost)d=-i
O

=( + a) =E



14 .4 40) The region enclosed by the lemniscate == 2628 is the base ofa solid
right cylinder whose top is bounded by the Sphere z=Er· Find the
cylindeis volume .

Sijn:
In By symmetry, suffices to consider only the first=20028.

⑭ s x
quadrant and multiply by4 :

Epigen ~order
l+ u= 2-r 2

=4/220 dudedu= -2ndr
when r= O

, U
=2

rzt , n= 2-2022 = -2/FGE-2 de
=-(2-20s(2))*-2)dt



- ((4)* - 25) da =-8 Sm0-252) do

=- (5(6538-cs8) -255)/
=- (8(5 - 5 - E + 1)-)
+3 -32)



14.4 42)

Evaluateinaa early
: readywoodx0 , y38, I

* 8

=Syndr= dr= du

I
let n= Hr2 -men=duz Indr

.

F
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.
4 44) Use the double integral in polar coordinates toceive the formula

Atrad
for the area of the fan-shaped region between the origin and the
polar cure r= f(8), zeB .

Sojn: Ya=
r= f(x)

area
=gppflaree 8=X

>X

=SPir/fl de

- fd,


