
Def let It be a symmetric nan matrix

Then It is said to be

a positivedefinite if THE O

fa all column recta F EIRYES
12 negativedefinite if ITHIc o
fa all column recta F EIRYES

3 indefinite if I columnrectus I JeIRYo's
suchthat THE o and 5THj c o

Remark Theseare not all possibilities I sym matrix

which is not positivedefinite negative definite na indefinite

Then thediscussion above implies

Than Second DerivativeTest

let f r IR beC RER open

a er suchthat Ff ta 8
Then

positivedefinite a is a local min

Afia is negativedefinite a is a local max

indefinite a is a saddlepoint

Remark A critical point which is neither local max nor

local min is called a saddle point



In particular fu 2 variable ITHT is of the fam

guy Ex y g JYJ ax'tzbxytcy

If 111 Ex931 g y x'tag so FLYTERito

o is positive definite

121 TxY If If I X 492 0 TTYJeRito

E Y is negative definite

131 Tx9 f 4 y x 4g

If THEY then ix 9316 4 y
044115 4 o

It G L then ix9316 4 y 17 465 1 so

i I is indefinite

41 Ex931 8 y
x2 20 t EyJeRYE

But 013168 19 0 notpositivedefinite

80 isnot positivedefinite negativedefinite nor indefinite



51 IX931 Effy
x 4xytsy
x 4xytay y

Xtzy t y
O F TYLER'VE

I is positive definite

Geometrically locally nearthecritical point

111 Afia positivedefinite

coralmin

2 Htial negativedefinite loglmax

3 HfCal is indefinite saddle
point



Thm let H GE
Then

positivedefinite detit ac b o e a o

H is negativedefinite detit ac b 0 a co

indefinite detit ac b c o

Pf Using completing square

It at 0 Tx y g Effy axtabxytcy

a x't zboxy cy a x day acabby2

a textbay t acab y

I detH ac b so

Ex9319 If hasthesamesign as a

The 1st z statements are proved

2 detH ac b o

2 terms have different sign

If I is indefinite

If 9 0 detH ac b b so

I 9718E I zbxy try



If b 0 then TX9718 be If cy notpositive negatia
definite

nor indefinite
If b O then zbxytcy

aby Xt Ey
y x Ey Y x Ey

using 4uv atoka 05

also indefinite

still in the case of deth 5 0 indefinite

egl guys exy Tx
9310 f I

deth 1 0 indefinite
a o guy textys lx Y

ga guy 17 212 4 85 1
931 g y

deff 81 17 8 165 100

04 positivedefinite

a 17 0

Guy 17 X Ey5 19992



Then fu 2 variable the 2ndderivativetest is

Thar Second DerivativeTest fa z variables

let f D IR beC RER open

cab er suchthat Ff la 65 0
Then

111 Fxxtyg Fx O fxx o at lab Cab is a local min

121 Fxxtyg Fx O fxxco at lab Cab is a local max

131 fxxtyy Fx O at lab ab is a saddlepoint

4 fxxfgy fly to at ca b inconclusive

Remark fxxtyy try detAf fu 2 variables

lg l f x y X3 y

fxx GX 5 4 0 tyg 2

Hf If I detHf Ix

Ff O F 3 2,24 4,0 Xy 10,0

defHf10,03 0

flt 0 o fft o co ta all too small

10,0 is a saddle point



z g x y x4y f x y x4 y4

Clearly 10,01 is a critical point ofboth g h

H9 14 Hh 1 12
2 o

O 12y

Iet It910,01 0 det Hh o o

10,0 is a minimum point of g but

o o is a maximum point of h

C k criticalpoint 1ab canbe local max

local win a saddle in the case

when detAfcab 0



 

If I fix47 3
2
104 342 2 29 3

Find and classify critical points off
Sohn If polyomial always C

Ff GX 10 y 2 10 64 2

Hf 16
10 a constantmatrix

40 6

Critical point
8 If 6 104 2 0

I lox by 2 0

94 x y E E

defHf fxxfyy fig 6.6 1 105 6460

It is a saddle point by2ndderivativetest

No need to check fxx 650

692 fix y 3 43 392
Find and classify critical points of f



Solve Cfpdynonial always C

Ff 3 3
2
392 oxy

Hf f
GX

641
by 61

Criticalpoints

8 Tf 3 3
2
342 0

I 6 9 0

1 x y 10,11 10 1

1,0 C 1,0
4 critial points

Critical Hf fxfyy try fxx classification
point detitt

0,1 1 8 36 0 No need saddle

10 1 88 36 0 No need saddle

11,0 If 36 0 650 localmax

1 1,0 88 3630 6 0 local min



93 Inconclusive from 2nd derivative test

fix y Nyt gex y x y heyy x y 4

at0,0 localmin saddle local max

Sohn

Ff 2 443 79 2 443 Th 2 443

Tf10,0 TO 07 5910,0 Th10,01

Hf f Ey Its1 Iya ith fo lay
Htions188 its to Hh f
det Hf10,0 detHg0,0 dettthlo07 0

2nd derivative test is inclusive

Higher dimension example

eg q lx Y Z xytyztzx
has definite sign for xy 10,90

Answer No


