
General dimensions

Given nth variables k equations

Xi Xn Yi Yr nth variables

Fi Xi Xn 91 Ge C

Falk Xn 91 9h7 CK

expect Yi Ya canbe solved as functions of

Xi Xn

Ex Try to writedown the system from implicitdifferentiation






































































































































Thm ImplicitFunctionTheorem

Let r R ʰ beopen F r Rk F El be c
Denote x ̅ x Xn ER 5 y Yr ERk

F x ̅5
Fi 51 Fi Xi Xn 94 yr

Fr 5 Fr X Xn 94 Yr

Suppore a 5 ER where AER IER such that

F a 5 c ERK

and the kxk matrix

25 a 35ha it
135 as

ink 5 a5 3 1551

is invertible ie det 35,1551 0

Then there are opensets U EIR containingat

and VEIR containing 5 suchthat thereexists a

unique function G U V with Fca 5 and

F x ̅ TED E xE̅U

Moreover Gis C and by implicitdifferentiation

13 if 135 eyi.EEiciDtankxn






































































































































Pf in MATH3060

eg If F is actually linear
F Xy Xn Yi Yr Cixi tint Contentdily t.int dikyk

1
F X1 Xn Yi Yr Chixit in Can nt day dkkYk

Then F x ̅ 5 I can bewritten

X ii tl iltil

I D.int i EI t i in
If 35 dig isinvertible i.e detdi to

then e fi It eat
GX is the required implicitfunction

same for all T5 with Fia51 2 here U IR V Rʰ

leak t.it d 1i iit ET1
elan






































































































































Special case A k 1 1 constraint

F RCR IR

FIX 5 F x Xn y C 1 constraint

suppose a a anl ER belR sit

F 91 an b C

IFT If 35 ay an b 0

then Ummm sit a an EU and
open ink sit bev

and unique C 9 U SV sit

9cal an b

F Xy Xn pay Xml C xp Xn EU

i.e 9 91 5 Xn solves the constraint F Xy Xn9 C

near al An b

Moreover 39 can be calculated using implicitdifferentiation






























































































In eg2 44 2 2 Solve Z 7 xy

x y Z X1 X2 y they isnot

1123 notation general notation thiefteth

g x yz xtytz z FXyXzy Xitxity c c 2

near 0,11 a 91,92 0,11 b

3 10,111 2 0 91,926 2 0

By IFT BYIFT
Z zlx y hear 0,11 Y pXyxz hear asazb

gex.bz y1f2sitigFlxi
xz 9ixyxal c c

zy9A1,9z

bTQ0,1 1

x4y Ex y 2 xitxitfaexi.us c

y canbe computed 34,39 canbe computed

by implicitdifferentiation by implicitdifferentiation



Special careB n 1 k 2 2 constraints

F L CIR s R

Exams.tl i iti e

Suppose A b b satisfies the constraints F a bybo C

then IFT means

if 25 3 a byba is invertible ie detto

then y x y Palx hear a byba

solving the constraints locally

Fi x 9,1 3 9 x C

Fz X 9,1 3 92 x C2

9 a b
92 a bz



egs x y4Z 2

z

Solve for Y Yix Z ZX

near 10,11

X Y Z X 41,421
113notation General Notation

gex yz x4yTz 2 F Xy Y1 x4ypy G 9 2

h Xy Z XtZ 1 Fix y Yz Xyz Ca Cel

near 0,11 9 0,5 bybz 41 c

39
1 t.it 1

invertible labybe inatible
det 2 o

By IFT By IFT

y y x z z x hear
91 9,1 1 92 92 x near

A bi.bz sit

10,1 1 Sit
F X9,11 9 x C

g X y ZHI 2
F x 9,11,9213 C2

h X yex ZN 1
191195

6
1 51 Iii escasts

yixi Zix1 2 Z X

Remark
day canbe Remark

s ya
canbe

calculated
by implicit differentiation calculated

by implicit differentiation



eg Consider the constraints

XZ sm yz x2 8

44 32 8

21,4 is a solution

Can we solve 2 of the variables as functionsofthe
remaining variable

Solm
I y z

Fix.az xztamcyz xi

Falxy.ES 44 32

DF 3 35 E
EE E El
z 2xcesyz x2 zceslyz x2 yces yzx

4 3

DF 2,1 4
0 4 3 check

1 4 3

i
at at at

1 0 40



IFT x y canbe solved as diff functions

XE y y z

of Z near 31,4

x z canbe solved as diff functions

XY Z ZY
of y near 31,4

No conclusion on whether Y Z can be
solved as diff functions of
near 2 1,4

Furtheranalysis forthis particular example
implicitdiff if yixt text exists adiff

then 9 whichis a

contradiction y z cannot besolved

as diff functions of



Thm Inverse Function Theorem

Let f R in bed RCR open

Suppae DFca is invertible nxn matrix

Then opensets UER containing a

V R containing D Fia
suchthat a unique function

g V U with

g 5 x ̅

satisfying I x ̅ x ̅ xE̅U

I 5 51 5 tyev
ie 5 5 51

Moreover 5 is C and

Dg y DF 5151 HYEV

Pf MATH3060

Remark 5 5 0 is called a localinverse ofF at a

eg F is actually linear

Elt X



clearly 5 is invertible h
invertible

as f l i
But

1 DF theconditionresuredby

IFT is satified

same as the linearexampleof ImplicitFunctionThm U R V

Ds f

iii in DF


