
MATH2010 Advanced Calculus I

Solution to Homework 7

§13.4

Q6

Solution.

(a) By using the Chain Rule,
dw

dt
=
∂w

∂x

dx

dt
+
∂w

∂y

dy

dt
+
∂w

∂z

dz

dt
= (−y cosxy)(1) + (−x cosxy)(

1

t
) + (1)(et−1)

= −(ln t) cos (t ln t) + (−t) cos (t ln t)
1

t
+ et−1 = −(ln t) cos (t ln t) − cos (t ln t) + et−1

By expressing w in terms of t and differentiating directly with respect to t,
dw

dt
=

d

dt
(et−1 − sin (t ln t)) = et−1 − cos (t ln t)(t

1

t
+ ln t) = et−1 − (1 + ln t) cos (t ln t)

(b)
dw

dt
∣
t=1
= e1−1 − (1 + ln 1) cos (1 ln 1) = e0 − (1 + 0) cos 0 = 1 − (1)(1) = 0

Q10

Solution.

(a) By using the Chain Rule,
∂w

∂u
=
∂w

∂x

∂x

∂u
+
∂w

∂y

∂y

∂u
+
∂w

∂z

∂z

∂u

= (
2x

x2 + y2 + z2
) (uev cosu + ev sinu) + (

2y

x2 + y2 + z2
) (−uev sinu + ev cosu) + (

2z

x2 + y2 + z2
) (ev)

= (
2uev sinu

(uev sinu)2 + (uev cosu)2 + (uev)2
)(uev cosu + ev sinu)

+(
2uev cosu

(uev sinu)2 + (uev cosu)2 + (uev)2
)(−uev sinu + ev cosu) + (

2uev

(uev sinu)2 + (uev cosu)2 + (uev)2
)(ev)

=
2

u

∂w

∂v
=
∂w

∂x

∂x

∂v
+
∂w

∂y

∂y

∂v
+
∂w

∂z

∂z

∂v

= (
2x

x2 + y2 + z2
) (uev sinu) + (

2y

x2 + y2 + z2
) (uev cosu) + (

2z

x2 + y2 + z2
) (uev)

= (
2uev sinu

(uev sinu)2 + (uev cosu)2 + (uev)2
)(uev sinu)

1



+(
2uev cosu

(uev sinu)2 + (uev cosu)2 + (uev)2
)(uev cosu) + (

2uev

(uev sinu)2 + (uev cosu)2 + (uev)2
)(uev)

= 2

By expressing w directly in terms of u and v before differentiating,
w = ln ((uev sinu)2 + (uev cosu)2 + (uev)2) = ln (2u2e2v) = ln 2 + 2 lnu + 2v.

Hence,
∂w

∂u
=
2

u
,
∂w

∂v
= 2.

(b)
∂w

∂u
∣
(u,v)=(−2,0)

=
2

−2
= −1,

∂w

∂v
∣
(u,v)=(−2,0)

= 2

Q12

Solution.

(a) By using the Chain Rule,
∂u

∂x
=
∂u

∂p

∂p

∂x
+
∂u

∂q

∂q

∂x
+
∂u

∂r

∂r

∂x

=
eqr

√
1 − p2

(cosx) + (reqr sin−1 p)(0) + (qeqr sin−1 p)(0) =
eqr

√
1 − p2

(cosx) =
e(z

2 lny) 1z cosx
√
1 − (sinx)2

= yz if −π
2
< x < π

2

∂u

∂y
=
∂u

∂p

∂p

∂y
+
∂u

∂q

∂q

∂y
+
∂u

∂r

∂r

∂y

=
eqr

√
1 − p2

(0) + (reqr sin−1 p)(z2
1

y
) + (qeqr sin−1 p)(0) = (reqr sin−1 p)(z2

1

y
) = (

1

z
yzx) (z2

1

y
) = xyz−1z

∂u

∂z
=
∂u

∂p

∂p

∂z
+
∂u

∂q

∂q

∂z
+
∂u

∂r

∂r

∂z

=
eqr

√
1 − p2

(0) + (reqr sin−1 p)(2z ln y) + (qeqr sin−1 p)(−
1

z2
) = (

1

z
yzx) (2z ln y) + (z2(ln y)yzx)(−

1

z2
) = xyz ln y

By expressing u directly in terms of x, y and z before differentiating,
u = yzx if −π

2
< x < π

2
.

Hence,
∂u

∂x
= yz,

∂u

∂y
= zyz−1x = xyz−1z,

∂u

∂z
= (ln y)yzx = xyz ln y.

(b)
∂u

∂x
∣
(x,y,z)=(π4 , 12 ,− 1

2 )
= (

1

2
)

− 1
2

=
√
2,

∂u

∂y
∣
(x,y,z)=(π4 , 12 ,− 1

2 )
= (

π

4
)(

1

2
)
− 1

2−1(−
1

2
) = −

π
√
2

4
,

∂u

∂z
∣
(x,y,z)=(π4 , 12 ,− 1

2 )
= (

π

4
)(
√
2) ln(

1

2
) = −

π
√
2 ln 2

4

2



Q26

Solution.
Let F (x, y) = xy + y2 − 3x − 3.
Fx(x, y) = y − 3, Fy(x, y) = x + 2y.

Then,
dy

dx
= −

Fx

Fy
= −

y − 3

x + 2y
.

dy

dx
∣
(x,y)=(−1,1)

= −
1 − 3

−1 + 2
= 2

Q30

Solution.
xex

2y − yex − x − y + 2 = 0

Let F (x, y) = xex
2y − yex − x − y + 2.

Fx(x, y) = 2x
2yex

2y + ex
2y − yex − 1, Fy(x, y) = x

3ex
2y − ex − 1.

Then,
dy

dx
= −

Fx

Fy
= −

2x2yex
2y + ex

2y − yex − 1

x3ex2y − ex − 1
.

dy

dx
∣
(x,y)=(1,1)

= −
2e1 + e1 − e1 − 1

e1 − e1 − 1
= 2e − 1

Q42

Solution.
Let x = ts2, y =

s

t
. Then, w = f(x, y).

∂w

∂t
=
∂w

∂x

∂x

∂t
+
∂w

∂y

∂y

∂t
=
∂f

∂x
(x, y)(s2) +

∂f

∂y
(x, y)(−

s

t2
)

= (xy)(s2) + (
x2

2
)(−

s

t2
) = (ts2

s

t
)(s2) + (

(ts2)2

2
)(−

s

t2
) = s5 −

s5

2
=
s5

2
∂w

∂s
=
∂w

∂x

∂x

∂s
+
∂w

∂y

∂y

∂s
=
∂f

∂x
(x, y)(2ts) +

∂f

∂y
(x, y)(

1

t
)

= (xy)(2ts) + (
x2

2
)(

1

t
) = (ts2

s

t
)(2ts) + (

(ts2)2

2
)(

1

t
) = 2s4t +

s4t

2
=
5s4t

2
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Solution.

(a)
∂w

∂r
=
∂w

∂x

∂x

∂r
+
∂w

∂y

∂y

∂r
= fx cos θ + fy sin θ

1

r

∂w

∂θ
=
1

r
(
∂w

∂x

∂x

∂θ
+
∂w

∂y

∂y

∂θ
) =

1

r
(fx(−r sin θ) + fyr cos θ) = −fx sin θ + fy cos θ

(b)
∂w

∂r
sin θ = fx sin θ cos θ + fy sin

2 θ

cos θ

r

∂w

∂θ
= −fx sin θ cos θ + fy cos

2 θ

Then,
∂w

∂r
sin θ +

cos θ

r

∂w

∂θ
= fy(sin

2 θ + cos2 θ).

fy = sin θ
∂w

∂r
+
cos θ

r

∂w

∂θ

Then,
∂w

∂r
= fx cos θ + (sin θ

∂w

∂r
+
cos θ

r

∂w

∂θ
) sin θ = fx cos θ + (sin

2 θ
∂w

∂r
+
sin θ cos θ

r

∂w

∂θ
).

fx cos θ = (1 − sin
2 θ)

∂w

∂r
−
sin θ cos θ

r

∂w

∂θ
= cos2 θ

∂w

∂r
−
sin θ cos θ

r

∂w

∂θ

fx = cos θ
∂w

∂r
−
sin θ

r

∂w

∂θ

3



(c) (fx)2 + (fy)2 = (cos θ
∂w

∂r
−
sin θ

r

∂w

∂θ
)
2
+ (sin θ

∂w

∂r
+
cos θ

r

∂w

∂θ
)
2

= (cos2 θ(
∂w

∂r
)
2
− 2

sin θ cos θ

r

∂w

∂r

∂w

∂θ
+
sin2 θ

r2
(
∂w

∂θ
)
2
) + (sin2 θ(

∂w

∂r
)
2
+ 2

sin θ cos θ

r

∂w

∂r

∂w

∂θ
+
cos2 θ

r2
(
∂w

∂θ
)
2
)

= (cos2 θ + sin2 θ)(
∂w

∂r
)
2
+
sin2 θ + cos2 θ

r2
(
∂w

∂θ
)
2
= (

∂w

∂r
)
2
+

1

r2
(
∂w

∂θ
)
2

Q60

Solution.
F (x) = ∫

a

f(x)
g(t, x)dt

Let G(u,x) = ∫
u

a
g(t, x)dt where u = f(x).

Then, F ′(x) =
∂G

∂x
=
∂G

∂u

du

dx
+
∂G

∂x

dx

dx
= g(u,x)f ′(x) + ∫

u

a
gx(t, x)dt.

For F (x) = ∫
1

x2

√
t3 + x2dt = −∫

x2

1

√
t3 + x2dt, let g(t, x) =

√
t3 + x2, u = x2, a = 1.

Hence, F ′(x) = −(
√
u3 + x2(2x) + ∫

u

1

∂

∂x

√
t3 + x2dt) = −(

√
(x2)3 + x2(2x) + ∫

x2

1

x
√
t3 + x2

dt)

= −2x
√
x6 + x2 + ∫

1

x2

x
√
t3 + x2

dt

§13.6

Q4

Solution.

(a) Let f(x, y, z) = x2 + 2xy − y2 + z2.
fx(x, y, z) = 2x + 2y, fy(x, y, z) = 2x − 2y, fz(x, y, z) = 2z.
fx(1,−1,3) = 2 − 2 = 0, fy(1,−1,3) = 2 + 2 = 4, fz(1,−1,3) = 6.
Then the tangent plane is given by 4(y − (−1)) + 6(z − 3) = 0⇒ 2y + 3z = 7 .

(b) Normal line : (x, y, z) = (1,−1 + 4t,3 + 6t)

Q10

Solution.

(a) yex + zey
2

− z = 0

Let f(x, y, z) = yex + zey
2

− z.
fx(x, y, z) = ye

x, fy(x, y, z) = e
x + 2yzey

2

, fz(x, y, z) = e
y2

− 1.
fx(0,0,1) = 0, fy(0,0,1) = e

0 = 1, fz(0,0,1) = e
0 − 1 = 0.

Then the tangent plane is given by 1(y − 0) = 0⇒ y = 0.

(b) Normal line: (x, y, z) = (0,0 + t,1) = (0, t,1)

4


