
 

Lagrange Multipliers

A method for finding extrema under constraints

egl In previous example of finding globalmaximin of
fixy Xt242 3 fa Ry's l one need to

find in step2 the maximin values of
f on the boundary Xy 1

In otherwords finding global manuf
onXen

of f x y Xy X 3

under constraint Gox y x 5 1

Another typical example

egz Find the point on the parabola Kay
closest to 1,2

ie Find global minimum of equitantto but

foxy ex 1 Cy 25 gifting
underconstraint

g x y X ay 0

Remark In bothexamples constraints are expressed as level set
g c ta sameconstant c



Thm Lagrange Multipliers

let
y
f g r IR be c functions RCR open

1 S g c Her glx c be a levelsetof g

suppose des is a local extremum off restrictedto s
lie undertheconstraint g c

I 8gal to
Then If a Itg ta forsome RER

I grate
where R is called a Lagrange Multiplier

Pf Omitted Idea f Fet hasan
ftp.jy

55

local extreme ate o dakotas
D Tfa Flo by chainrule

since it istrue for all curves onS passing thro I

Ifta perpendicular to S g'd at a

Ifta is in the direction a negative of5gal
it If ta Nga forsome der



 

Cont'd Idea of the reduction to unconstrainted problem

F X X F X Xn d is of ntl variables

f x n g x ̅ c

critical pts

8 JF Ex En
Anti Entl variables

0 3 13 tibia

o 25 g c

juariables

E 3 i b n 85 489

g C

extreme of f under the constraint g c

by Lagrange multipliers Thm



eg2 cont'd minimize fix y x 1 icy 2 49 4

under constraint gexy x2 44 0

Solu Consider dst FÉ g
x

F X y N fix y N gexy o

154cg 2 x 4y

0 21 1 2x 11

0 Fy z y 21 41 2

o x24y 37

2 2X 2 y
Put into l 0 21 1 ca yl

y

Put into 3 x 1 0
3 8 2

hence y 1

i 12,1 is the only critical point

f has a minimum at 2,1 9 o

with value f 2,1 2 1 711 2 2



eg3 Maximize fix y xy on the ellipse 4444

f x y xy

m x
solu

guy 45

hence consider

F X y A Xy 44424

10 Ex
y xx

10 25 axy say

0 3K 4 x 4y

Ex By simple calculation we have

X y 12,0 a 3

12 5 13 3,13
5 13 65 13

are all critical points of the problem

Comparing values of f at all these 6 criticalpts

f 12,0 0

f V3 max

f 3 3 min



i For f x y ong xy 4 the

global max value at 3

global min value at 3,113

eg scatal Using Lagrangemultiplier find global maximin of
f x y 7292 3 on x4y

Step2 oftheoriginal globalmaxmin problem on x y 1

Solu let f x y x 2y 3

g x y x7y
F X y A X 292 3 N x y 1

0 3 2X 1 2x 1

10
35 49 214 a

0 25 Xty 1 3

2 2 1 y 0

y 0 or A 2

If 4 0 then 3 x 1 I

Hence x y 1 0 are critical pts

If y 0 then 1 2



1 2X 1 212 0

Putinto 131 y 1 y y E
i x y are critical pts

All together the criticalpts are

x y 11,0 F E

Comparing values f 1 E max on xy 1

f 1 0 3 min mXy 1
ff1 0 5

Globalmax of f on 4y I at C

global min of f on1 45 1 3 at 1,0


