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Subset B 0.0 B 0.0 S

SCR x.DER x4y4G 4x.y ER x4y 1G 4x.yER x4y 1 emp set

Intis B 10,0 B 10,0 1R

Extis 3110,0 1121810,0 RT 1R
4

2
92 1

as

Open Yes No No Yes Yes

Closed No Yes Yes Yes Yes

Picture 4
1111 1111

Remarks 1 Thereare exactly two subsetsof IR which are both open
and closed IR and

21 Some subsets of IR are neither open nor closed

eg last lecture

3 For any SER Int 5 Extls are open in IR

OS is closed in IR

Ex Whatabout Intis U2S



Def SEIR is called bounded if
MSO suchthat

S By 8 ER 11 1 M

S is called unbounded if it is notbounded

I
11

s isbounded

I
s s is unbounded

eg y axis x y EIR 0 is unbounded

Pf MSO I 10,2M Ey axis sit 0,2M By10

Def SCIR is called path connected if any twopoints in S
canbeconnected by a curve in S

S cannotjointbyaconvecompletely
iathted End insides



eg S x y ER X y I is path connected

s x y ER y 1 is not pathconnected

EH
S S

Remark In topology there is a differentnotion talled connected

We'll notdiscuss it

Thm JordanCarneTheorem

A simple closed curve in R divides R into 2 path connected

components with onebounded and one unbounded

Remark closedcurve means contriumscurve x ̅ t a t b

with xa̅ xC̅b Andone canshow that it is a

closedsubset in IR

eg

Qqiai.Gqfdd.ttunbounded

bounded



Vectorvalued functions of Multivariables

I R IR Howto visualize.it

n M I41 Graphof F ARER
Graph f 1 5 11 xe̅r Ngraphots

12 R l REN

Rmm

eg n 2 m l g 1R R defined gexy x4y

R P
graphg isthesurface

1191 411 x y xtySER3MY

ERYE1R319yTR C R

1 In general it is impossible to draw thegraph for ntm 3

2 Levelset of I Rm

If CERM define the levelset at I to be

xe̅RCR ICE E F E ERER



eg fix y Xty R R m 1 EER ie Eia number

Lc X4 ER fix C

XY ER y C

s
2

Xty
Lo y O

L 2 Xty 2

eg glxy x4y R R

Lc xY ER gix.gl C

L XY EIR 49 C

Casel CSO Lc

Case C O Lo 410,01

Care 70 Lc XY ER DEC4
circleofradiusTo centeredat10,0

18 Lc fordifferent c 0
to



eg hexy 6s 21149 R R

XY ER hexy c

X y EIR Ca 2T XIII C

Case 1 If 14 1 then Lc

face2 If 1451 then Lc x.VER x4J 65 c

subcase a Lolcico Lc
subcase bl Colcc 0 Lc 410,01

subcase c 65 c so Lc circleofradius
6544 centeredat10,01

dependsonhowyou choosecostci wemaychoose as sit

subcase a willnotoccur Furtherdiscussionomitted

levelset graph

91 91 5 4
graph

a cat at horizontal level
Z C 701

1 45 c projectdown

levelset



Limitof Multi variable Functions

Let A IR

f A IR be a function of n variables

Let x ̅ of AU 2A the closure ofA
IR

For de AUDA we consider

Eta f X

In general n m dims

Def E d let f A RM QE AUZA

We say that figFIX I

if ESO 78 0 such that

x ̅EA and ochi all as 11517 Illee

Remarks is 115 all distancebetween x ̅ and a in IR
0 115 all means x ̅ d

ie Considering points closeto a but notequal to a

II HFE Ill distance between f x ̅ and I in Rm
If m 1 115x ̅ Ill fix Ll absolutevalueofthedifferent



2dinilpicture
c1R R

I Boca

EE
Bota

then find 8 E givenfirst

eg f R IR fix y Xty
Illustrate that

a y fix y 3

Sohn ie youneed to show that givenany 0 we canfind
8 0 suchthat if 0 111 19 11,2511 8

then I fix y 3 CE Noneedtocheck IX9 EA
because 4 122

Idea If ixy 3 9 31

x 1 19 2 1 11 1921

111 9 1,211 x 15 1925

Forinstance for 8 1 choose 8 12

if0411 191 11,2711 8 then 1 11 114,91 11,271k 1 8

1921 111 91 11,271141 8



Hix y 31 1 FE

Similarly for 600 one can choose D 1000 Ex

Real Proof Foranygiven 0 choose o E Then

1114,9 1 2 11 8

Ifixy 3 1 9 31 1 1 1921 1 11 1921

8 8 E

Since 1 11 Kx y 1,2 11 ly 21 11 xy 11,2511

4454,2 49 3

eg let fixg x y
Show that

o 9 0 fromdefinition

Sola Needtoshow that SO 78 0 suchthat

if 0 11119 10,0511 1 492 8
then I fixy 011 1 494 CE

eg E to thenoff
If 111497 10,011 d then 177 to

Xty's ie I fixy 011 E



Real Proof For anygiven 0 choose 8 JE 0

Then 0 111 9 10,011 8 8 1 492SEE

X y E ie I fix 01 17 9 s E

i
1 60,0171 191

0

Prop Let AER

IE AU2A

I A 112m with

f x ̅ filxy.int
E

f'mcxI̅ fmcxy.int
where x ̅ exit xnIEA

Then

fly III yfilx ̅ li Vey m
Im

Consequence It is goodenoughforus to focus on limitof realvalued
function f A IR ie M 1

eg I R R Fay 9

1 5 1

542 IXg Heinz y 3

1154,21 9411 6_ Ex



Limit along a path
Recall In onevariable

Giafix exists a fix feat th
exist equal1

For n variables n z there are infinitelymanyways to approach a

point in R Situation isvery complicated

0
However we stillhave the following

Fact f AER s IR de AUDA Then

f x ̅ L
limit of f x ̅ when x ̅ approaches to a
along any curve existsand equals to L

path

Usefulfor showing limit does notexists DNE Eettat.in

i Find a pathsuchthat the limit along thatpath DNE or

iii I Find 2 paths suchthat the limits alongthe 2 paths aredifferent

GEF x ̅ DNE



9 510,0
doesn'tdefine at 1 91 10,0

Solu I Along X axis 9 0

adf.fm I fE 1

21 Along y axis X 0

lien
ix 10M be 1

Different limits along differentpaths 510,0 DNE

Infact we cantry otherpathstoo forinstance y x

t.EE 0CEx

eg consider Heian Y along all straightlines
passingthrough 1,2

Sola I MEA Along
a
Yinka

m slope

EEaY mourn

him 4 2 9 2
0

I

y 2 y 27



2 Mta Along the line with slope m passingthro 1,2

y 2 MIX 1

Xy 2 9 2 54,1 1 19 2
ImY x 1 1925 y z.MX x 15 1925

his X1 MIX 1
1 x 1 4 MX112 1m

Different limits for different slopes ie different paths

HED If DNE

1R

eg f R IR definedby y x

fix4 if oryx 111
to f e

0 otherwise 5 0

f 1 for 111min11 0otherplaces

Find sa fixy where

i a 10,1 y x

tis a
1in fi ta

iii a 10,0



Soh i ForÑ 0,1 f xy o near 10,11 ftp.of 9 0

d For a 4,1 ftp.y fxis g i
0 0

1 541,51 19 If 1 1

1 9 1 9 1

Different limits fordifferentpaths 541,51491 DNE

Iii Case 1 Along y axis X 0
y x

f109 0 y
1111 4 1 2

Hijo 51 97 0 an r

0

Case2 Along y mx

510,0 fly 8 X.MX 0 becameMX x

for small soy mX

Case Along the curve 9 1
2

1 510,0 51 19 If fix 1
2

81 1

y

Case Case 3 510,0 fx.gl DNE


