MATH2010 Advanced Calculus I

Solution to Homework 9

§13.7
Q2

Solution.

fo(z,y)=2y-10z+4=0

fy(z,y) =2x-4y+4=0

Hence, (z,y) = (%, %) is a critical point.

fla,(a;%) = _1Oafyy('€a y4) = _4a fly(xéyz =2

facac(§7 §) = _1O7fyy(§7 §) =—4, fxy(§7 g) =2

Joa =—10<0 and fog fyy — f2, =36 >0

Therefore, f has a local maximum at (2,3). f(2,

[SSI

) =0.

Q6

Solution.

fw(x’y) =2x-4y=0

fy(z,y) =-4z+2y+6=0

Hence, (z,y) = (2,1) is a critical point.

fm(x,y) = 2»fyy(x»y) = 2»fxy($»y) =-4

fwz(27 1) = 2>fyy(27 1) =2, fmy(2= 1) =-4

facacfyu - fm2y =-12<0

Therefore, f has a saddle point at (2,1). f(2,1) =5.

Q12

Solution.

fe(z,y) = —W =0
2

fy(x,ll) = —W =0

There are no solutions.

For f.(z,y), fy(z,y) do not exist, (z,y) = (0,0).
Hence, (0,0) is a critical point.

£(0,0)=1

Since 22 + 42 >0, f(z,y) <1 for all (z,y).

Therefore, f has a local maximum at (0,0). f(0,0) =1.

Q16

Solution.

fo(z,y) =322 +62=0=2=0,-2

fy(@,y) =3y? -6y =0=1y=0,2

Hence, (0,0), (0,2),(-2,0),(-2,2) are critical points.

fmz(xvy) =06x + 67fyy(377y) =6y — 6, f:z:y(x7y) =0

For (z,y) = (0,0), foafyy — f2, = (6)(=6) =0 =-36 < 0. f has a saddle point at (0,0). f(0,0) = -8.

For (z,y) = (0,2), foafyy = foy = (6)(6) =0 =36>0, fre =6>0. f has a local minimum at (0,2). f(0,2) = -12.



For (z,y) = (-2,0), faufyy = foy = (=6)(=6) =0 = 36 > 0, fzo = -6 < 0. f has a local maximum at (-2,0).

£(=2,0) = 4.
For (z,y) = (=2,2), faxfyy - w =(-6)(6) —0=-36 <0. f has a saddle point at (-2,2). f(-2,2) = -

O
Q22
Solution.
fa(z, y)——f+y=0
fylwy)=w =35 =0
Hence, (z, y) (1,1) is a critical point.
fzz(x y) wsafyy(m y) y37fxy(1' y) =1
foe(1,1) =2, fy (1,1) = 2 fmy(l 1)=1
fea =2>0and foufyy — zy—3>0
Therefore, f has a local minimum at (1,1). f(1,1) =3. O
Q28
Solution.

Foly) = 5@ — ) + 8 (20) = 5 (2% + 20— ) =0

fy(z,y) = -2ye* =0

Hence, (z,y) = (0,0),(-2,0) are critical points.

fow(z,y) = (2% + 20 — ) + 693(23: +2) = e (22 +4x + 2 - y?), fyy(2,y) = —2€%, foy(z,y) = —2ye”

For (z,y) = (0,0), foafyy — fo, = (2)( 2) 0=-4<0. f has a saddle point at (0,0). f(0,0) =0.

For (z,y) = (=2,0), faafyy = fo, = (-2)(-5) -0 = 4 >0, fee = -2 < 0. f has a local maximum at (-2,0).

f(-2,0)= 4.

O
Q30
Solution.
fu(z, y)—;y-kQ:z: 0
fy(zy) = 5 -1=0
Hence, (z,y) = (-3, 3) is a critical point.
fm(%ly) = (m:y)z +2 fyy(‘r y) = _ﬁvfzy(l' y) = ﬁ
f:b:r(_za )—_1+2 1fyy( % ):_Lf:ry( 272)__
fowfyy = fay = (1) = (-1)7 = -2<0
Therefore, f has a saddle point at (-3,3). f(-3,3)=In(1)+3-3=-2. O
Q44
Solution.
(a.) £(0,0)=0

f(z,y) = x2y2 >0 for all (z,y)
Minimum at (0,0)

(b.) f(0,0)=1-0=1
Since 2%y% >0, f(z,y) =1-2%y* <1 for all (x,y)
Maximum at (0,0)

(c.) f(0,0)=0
Since for y # 0, y*> >0, then f(z,y) = zy? <0 for <0 and > 0 for x > 0.
Neither at (0,0)



(d.) f(0,0)=0
Since for y # 0, 4° >0 , then f(x,y) = 23y? <0 for £ <0 and > 0 for > 0.
Neither at (0,0)

(e.) £(0,0)=0
f(z,y) =23y> <0 for <0,y >0 and >0 for z >0,y > 0.
Neither at (0,0)

(t) f(0,0)=0
f(x,y) = z*y* >0 for all (z,vy)
Minimum at (0,0)

Q46

Solution.

fo(@,y) =22+ ky, fy(z,y) = ka +2y

fw(o’o) = vay(oao) =0

Hence, (0,0) is a critical point.

fﬂcx(l'?y) = 27f’yy($vy) = 27fwy(1‘7y) =k

fmr(ovo) = 27fyy(070) =2, f’Ey(OﬂO) =k

fmfyy - mZy = (2)(2) -k =4-k

f will have a saddle point at (0,0) if 4 - k?><0=k < -2 or k> 2.
f will have a local minimum at (0,0) if 4-k*>0= -2<k<2.
The Second Derivative Test is inconclusive if 4 — k? =0 = k = -2, 2.

Q48

Solution.

If fzz(a,b) and fyy(a,b) differ in sign, then f,;(a,bd)fy,(a,b) <0.

Since f§y >0, then frq fyy — 3y <0.

Therefore, f has a saddle point at the critical point (a,b) by the second derivative test.



