MATH2010 Advanced Calculus I

Solution to Homework 10

§13.8
Q2

Solution.

f(z,y) = zy

subject to g(z,y) =22 +y?>-10=0

Consider F(z,y,\) = f(z,y) - Ag(z,y) = vy — M(2? + y* - 10).
0=2E—y_X\2z) =y=2z\

ox
0:%—5:x—/\(2y) =z =2y\
0=2E = (2% +y*-10)

= 1z =4z)\? :>1'=001")\::|:%

If £ =0, then y = 22\ = 0. But 22 + y? — 10 # 0. Hence z # 0.

= A=zl

:>y 21;(%) +7

22+1y2-10=0 =22+22-10=0 =2=+/5 =y=+/5

Therefore, f takes on extreme values at (v/5,v/5), (\/_ -/5), (-V5,V5), (-V5,-V5).

The extreme values of f are 5 and -5.

Q8

Solution.

f(z,y) = 22 + 4>

subject to g(x,y) =2® + 2y +y? =1

Consider F(z,y,A) = f(z,y) - A(g(z,y) - 1) =2? + y* - AN(2? + 2y + y* - 1).
0=9E =20 -\2z+y) =220=X2z+y)
O:%:Qy—)\(x+2y) =2y = Az +2y)

O:%:—(x2+xy+y2—l)
:A:xigy :>2£c:x+gy(2x+y) =>a(z+2y)=yRr+y) ==y =y=xz

_ 2 2 7 _ 2 _ _ .1 S
fy=z,2?+z(x)+2°-1=0 =32°=1 > r=tz Sysr=i

Ify=-z,2°+z(-2)+2°-1=0 =2’=1 ==l =y=-z=71
f(%a %) = %af(_%a_%) = %7f(17_1) = 2af(_171) =2
Therefore, (%, %) and (—%, —%) are nearest to the origin; (1,-1) and (-1,1) are farthest from the origin. O

Q12

Solution.
Let (z,y) be the vertex of the rectangle in the quadrant I.

flz,y) =4z + 4y
subject to g(x,y) = 152 =1
Consider F(x,y,\) = f(x y) - Mg(z,y)—1) =4x+4y - )\("L2 + ¥ - 1).



0=%E-4- >\(29”) = 4= )\(2”’)
0=50=4- 3( ) =4=\%)
o~z ¢
= A= :»4:%)(2—% :»y:<f:—2>x
+((b2)$)2—1:0 S o1 = (a®+bv)2?=a* =ux= 2 _ Sincex>0 = :(i)ac: 07
= @ Ja2o? y=1e Jarit?
Therefore, dlmensions of the rectangle of largest perimeter:
. b
w1dth:23::\/27bz,he1ght—2y \/Zjﬁff{f'
40 +4b
The largest perlmeter:4x+4y:ﬁ:4\/a2+62 O
Q18
Solution.
flay,2)=(x -1+ (y+1)*+ (2 - 1)
subject to g(x,y,2) =x? +y* + 22 =4
Consider F(z,y,2,A) = f(z,y,2) = Mg(z,y,2) —4) = (- 1)? + (y + 1)? + (2 = 1)2 = M(2? + y? + 2% - 4).
0:%—5:2@—1)4(2@ sz-l=Xx ==
0:%=2(y+1)—/\(2y) =y+1l=N\y ::»y:—ﬁ
0:%—5:2(2—1)—)\(22) =Sz-1=Xz =2z=;
=98 = _(2?+y?+ 27 - 1)
> () () e () =4 =y =e
2 2 2 2
)= (22 By or (2,2 )
The largest Value of f occurs at the point (- f f’ 3).
Therefore, (—%, %, —%) is farthest from the point (1,-1,1). O
Q24
Solution.
flr,y,2)=x+2y+3z
subject to g(x,y,2) = 2% +y* + 2% = 25
Consider F(:z:,y,z,)\) = f(.T,y,Z)—)\(g((Z?,y,Z) _25) :$+2y+32—>\($2+y2 +Z2 _25)
O:%—le—)\@x) =1=2\z =uxz=5
0:‘?)—5:2—)\(2y) =2=2\y =y=1
:%—5:3—/\(%) =3=2\z :z:%
= 9L = (2% +y? + 22 - 25)
=>y=2z,2z=3z
2 2 2 _ 2 _ _ . 5
= x* + (2x) +(3x)10—25 0 =142"=25 ==+
(LL‘ Y,z ) (1\/* 70 ) (_\/7*4)_77_7 -
f(\/*\/* ):7_5\/ 7f( \/T» Vi1’ \/i__5\/14
Therefore, fhas its maximum value 5v/14 at ( T i )and its minimum value -5v/14 at (——,—1—\},—\}—5—).

Q38

Solution.

f(z,y,2) =22 + 9% + 22

subject to g1(z,y,2) =x+2y+32=6 and go(x,y,2) =2 +3y+92=9
Consider F(x,y,z,\1,A2) = f(x,y,2) = M (g1(x,y,2) —6) — Aa(92(x,y,2) - 9)
=22+ y? + 22 - M (2 +2y+32-6) = Aa(z + 3y +92-9).



0=2E=22-\(1)-A2(1) =22=A1+X
0=28=2y-X1(2) - a(3) =2y=2)\ +3\
=98 =22 -M(3)-X2(9) =22=3A+9\
:g—i:—(m‘+2y+3z—6)
O:g)i:—(x+3y+9z—9)
z+2y+32-6=0 =2(A1+X)+ (A1 +3X)+3(BA1+9X2) =6 =T\ +17TA2=6
T+3y+92-9=0 = 2(A1+X)+ 32X\ +3X) + 2(BA1+9X2) =9 = 1TA + LAy =9

= 240 -_18
oN 1) e = %1 1 123 1 9
=z=5(A1+X)=55,¥=352M +3)8\f) 1:235799’2 : 31(7?;?1 +396;\2) ~ 5
Therefore, the minimum value is f(33, %55 55) = 59z = 50 O

Q40

Solution.

fa,y,2) =22% +y2

subject to gy (z,y,2) = 2%+ 2% =9 and go(z,y,2) =y -2 =4

Consider F(xaywza)‘laAQ) = f(x,y,z)—)\l(gl(x,y,z)—9)—)\2(gg(3§,y,z)—4) = 2I2+yZ—A1(I2+ZQ—9)—A2(y—2—4).
0=2E =4z -\ (22) - X2(0) =2z2=Mz =az=00r A\; =2
0=80=2-M(0)-2(1) =2z=X
O:%:y—)\l(2z)—)\2(—1) :>y=2)\12:—)\2

0=2E =—(a?+2%-9)

0=fr =—(y-2-4)
Ifzx=0,22+22-9=0 = z=43

y-2-4=0 =y=4+z = (z,y,2)=(0,7,3) or (0,1,-3)

IfxiO,then)\1:2 :>y:4z—)\2:4)\2—)\2:3)\2

y—2-4=0 =3X-Xd=4 =>X=2 =y=6,2=2

22422-9=0 =22+4-9=0 =z=+/5 = (1,9,2)=(V56,2)or (-/5,6,2)
F£((0,7,3) =21, £(0,1,-3) = -3, f(/5,6,2) = 22, f(-/5,6,2) = 22

Maximum value = 22, Minimum value = -3. O

§13.9
Q2

Solution.
f(@,y) =€” cosy
Vf(z,y)= (ex cosy —e¥ siny)

[ €e®cosy —esiny
Hf(z,y) = (—e‘” siny —e®cosy

£(0,0) =1,vf(0,0)=(1 0),Hf(0,0) = (é _01)

Py(z,y)=1+(1 0)(;:8)+;(x—0 y—O)((l) _01)(‘;:8):14—3:4—;(:10 —y)(;ﬁ):1+x+éx2—§y2 O

Q4

Solution.

f(x,y) =sinxcosy

Vf(x,y)= (cosmcosy —sin:csiny)
_[-sinxcosy -cosxsiny

Hf(wy) = (—cosxsiny —sinxcosy)



£(0,0)=0,v(0,0)= (1 0),Hf(0,0)= (8 8)

P2(m7y):0+(1 O)(§:8)+O:m

Q10

Solution.
_ 1
f(fE,y) - m

—1+x

-1
Vf($7y) = (_ (1—55—;‘3'59)2
2

1
Hf(x,y) _ ( (l—m)i(l—y) (1—93)22(1—?/)2)
(1-2)2(1-y)?  (1-2)(1-y)°

£(-1,0) = 1,vf(-1,0) = (%

PQ(J:,Z/): %+(% %)
_1.,1 i 1 1(
3

;),Hf(—Lo):(
+lz+1 y- 0)(

P L e e S

1,1 101,21 1 1 1
%J”llaH- +2‘71J+2 %xz %x2+4xy+4x+4+
=gt T+ Y+ Ty + 3T+ 5y

Y

B e e N [ G Sy Y

)
|

1 1
- (1-z-y+zy)? ) = ( (1-z)2(1-y) (1-z)(1-y)? )

8
+
—_

b

TY+ 4 y+y )

11,1
) stiztittyrs (G i+ iy

4

lovdy

4

0|

r+1
Y

)

O



