
 

Furtherexamples

81 Find thepoint on the ellipse
x7xy y 9 check it is really a ellipse

with maximum x coordinate

Soln Let fix g
xy y 9

9 X y x4xyty
x txy y 45 9

Maximize f under the constraint x ys y 9
9 9

Consider F X y d x x x txyty 9

0 1 Alaxtyl Naxty 11

10 35
nextays Nextay o a

0 35 4xyty 9 x'txyty 9 3

1 0

Then 2 Xtzy 0 x zy

Sub into 3 Cay zyy y 9

y V3

Hence X y 2B B 213 51 are thecritical

points Comparingvalues 253 213

Maxvalue of x candinate is 213
at the point 2B B



eg2 Find the points on the hyperboloid

xy yz Zx 3 check it isreally ahyperboloid

closest to theorigin of2 sheets

Xy yz 2x 3Solu
Yex 7 E E 3

Let fixis Xytz y4zy x2 x25 5 1 25 3
gixy z Xy 97 ZX

y xzj y 25 3

Minimize funder
constraint 9 3

Consider F XYZ d x y4z Nxy yz Zx 3

0 2x Ny z 111

0 25 zy N X Z 21

0 5 2z X Xty 3

0 35 xy yz zx 3 14

Casey X 0

then 1 2 3 y 2 0

contradicting eft 4

Case to

Then 41 2 3



5

x z y 16I

7

15 6 y x x y 1 7 9 0 181

7 6 ytz Zty 2 ytz 0 9

Subcase It 0

ie 2

then 5 6 17 Xty Z 0

O Xty z x y4z 2 Xy yz xz

X y z 6 by 4 1
which is a contradiction

Subcase is It 0

Then by 8 19 x y z

Sub into 14 4 4 2 3
2
1

x 1

x y z 11,11 1 1,1 1

f 1,1 1 f 1 1,1 3

getclosest points are 1,1 1

with corresponding distance V3



Lagrange Multipliers withmultiple Constraints

let f g i 9k RR be c functions CREIR open
I
S I Ed gilt Ci for it k

Suppose

y
o d is a localextremum of f m s

FgCal Igala are linearly independent rectus
Then

If a I Ii Fg aI gild Ci I toask

for some Lagrangemultipliers Ii in ER

Same as I constraint

Findingextrema of fix withconstraints gilt Ci it k

Findingextremaof FCI is D FIX É defGetts Ci
without constraint

but more variables adding di as newvariables



egl Maximize fixy Z x zy 7

on the line L 311
iu1R

Giventhat maximumexists
Soln Let g x y z 2 1

Salt y 7 Ytz

Maximize f subject to constraints 95
f is degree 2 poly
9149 are degree poly

f 91,92 are ct

Consider

F X y Z N.dz X t2y z _N 2 9 dz y z

1

an ran in

0 21 2 di da 12 4 2 12

0 212 22 d 12 22 131

0 3F 2 9 2X Y 141

0 3 19 2 y z 151

1 3 sub into 21 27 2 6

4 51 2X y Z 71

Sub into 6 4 4 2



Sub into 71 y

max occurs at 3

with value 3 33 215 E
check

8g 3 1,0 are linearly independent
892 10,1 1

E
eg2 Find the distance between

the hyperbola E xy 1 and

y
the line L ay 14,0

solu
Let f x y un

x use y v3

minimize f under constraints

9,1 9,4 us xy

g x y 4,0 4 40 15

89 3 3 y x 0,0
linearlyindep I59 212 8 2 392 0,0 1,4 facx.gs oo



Consider F x Y Z M.dz x.us y us2 di xy 1 dz ut4v 8
0 Ex 2 x u Ny 111

0 35 2 y v Nix 121

0 34 z x u 12 3

0 2 y u 412 141

0 5 exy 1 151

0 35 4 40 5 161

Case 1 If X 0 n 12 0 x y o

Sub into 6 15 49

Sub into 5 15 44 y 1

442 Ey 1 0 has no real solution

Case NFO dzto

Then 3 4 1 I
24
jun y

x 4y

Sub into 151 44 y y

Xy 2,2 10,07



Then for 2,1 21 4 44 U E
together 4 40 5
usu 5,0 check

Similarly fa 3 2 wehave ca us 35 15 Ext

Comparing values f 2,2 15,0 check

51 2 5 check

distancebetween C and L


