
 

Higher dimension example

eg q x y z xy yztzx
has definite sign for Xy 10,00

Answer No

Solu Trick q x y z Xty x y z x y

let u XY v XY

then q u v2 2ZU

U ZUZ Z E v2

UTZ 2202

X y zz x y _z

Onthe plane Xtyt2z 0 ie Y
q q x y 1 Xy x y

so far x y 1 to

Along the line 4 1 1

q q X X 0 to 02 02 30
0 ie xx 0 0

Together 0,0 0 is a saddle point



Second DerivativeTestfor general n
Recall is c by Clairaunt's mixedderivativeThm

Hf a fxoxitygy.sn is symmetric

TheoryofLinearAlgebra Hf is diagonizable
ie orthogonal nxn matrix P ie PTP Id sit

DHfia P f
where di 5 1 1 are eigenvalues ofHfias

positivedefinite all diso
Hfla is negativedefinite all diso

indefinite some 1,70 somed co all to

Anotherway to check is consider determinants of submatrix

Foreach 1 k n fxix Fxx fx xn
consider submatrix He givenby

the upperleft kxk entries fxkx fxaxk fxnxn

fax fxnXk fxnXn



Then

Hf a is positivedefinite detHk so k b in

Hf a is negativedefinite detHe so hodd
0 k even

egs i n 2 fxx txy has HF if xx

tyx fgy H Fxx fxy
fyx fyy

detH Fxx
detHa fxxfyy fxy

sameresultas before

Diagonal matrix fix O He d
in

detHr Xian



Lagrange Multipliers

A method for finding extrema under constraints

egi In previous example of finding globalmaxmin of
f Xy Xt2y X 3 for xty 1 one need to

find in step2 the max min values of
f on the boundary X y 1

In otherwords finding globalmaxima
1

of f x y x7zy 3

under constraint gix y x2 y 1

Another typical example

eg2 Find the point on the parabola x 4y
closest to 1,2

ie Find global minimum of equivant to but

f x y x 1 icy 25 q gg
underconstraint

g x y x2 4y 0

Remark In bothexamples constraints are expressed as level set
9 C fa someconstant c



Thm Lagrange Multipliers

Let f g R IR be C functions RCIR open

1 S g c ER gix c be a levelsetof g

Suppose AES is a local extremum of f restrictedtoS
ie undertheconstraint g c

1
5gal to

Then If a XJg a forsome NER

I g a C

where X is called a Lagrange Multiplier

Pf Omitted If a

Idea first has an

local extreme at t o

corresponding to a P o

f Fca f a f Fct t

0
to
f Fit Ff Fo F fol

Since it istrue for all conves on S passing thro I

If a perpendicular to S g c at w̅



If a is normal to S Jfia Jg a

Jf a Jga for some NEIR

Reduction to unconstraintedproblem By LagrangeMultiplier

Findingextrema of f x withconstraint g x L

Findingextremaof F X X f x g x c

without constraint

butmore variables adding a as a newvariable

Idea Tobecont'd


