

























































































Application to local maximin

If fisc and a is a critical point of f

Then Tfa 0 10

f E P x ̅ fia Jfla x ̅ a x ̅aJHfla x ̅ a

f X f a x ̅aJHfla x ̅ a

i If x ̅aJHfla x ̅ a co x ̅ neara
then f x ̅ fia neara

but x ̅ l

a is a local max

If x ̅aJHfla x ̅ a o x ̅ neara
then f x ̅ fia neara

but I l

a is a local min

So we need to study when is a symmatrix it satisfies

THE O recta v48
and VTHI SO recta 0 0

Hence we make the following



Def let H be a symmetric non matric

Then It is said to be

111 positivedefinite if xT̅Hx ̅ 0

for all column rector x ̅ ER YES
12 negativedefinite if xT̅Hx ̅ O
fa all column rector x ̅ ER YES

3 indefinite if columnvectors x ̅JERKS
suchthat xT̅Hx ̅ so and 5TH to

Remark Theseare not all possibilities I sym matrix

which is not positivedefinite negative definite nor indefinite

Then thediscussion above implies

Thm Second DerivativeTest

let
p
f R IR beC REIR open

a ER suchthat If a 0

Then
positivedefinite a is a local min

Hfia is negativedefinite a is a local max
I indefinite a is a saddlepoint

Remark A critical point which is neither local max nor

local min is called a saddle point



In particularfor 2 variable THE is of the fam
gexy x

9719 y

axtzbxytcy.es
11 9 Y x 4y 0 TIERYO

i I is positive definite

121 9 f Y x2 492 0 YIER YO

is negative definite

31 93
Y x 4y

If Y 91 then 9 Y 4 0

If Y then 9 Y 150

is indefinite

41 9 8 Y
220 FIERY 03

But to 1 81191 0 0 notpositivedefinite

o II isnot positivedefinite negativedefinite nor indefinite



51 9 Y
X 4 4 59

24 4 442 y

taysty
0 ITERYO

is positive definite

Geometrically locally nearthecritical point

111 Hfial positivedefinite

Thegraph of z XY Hfa Y looks like

lamin
2 Hfial negativedefinite doc max

3 Hfcal is indefinite

saddle



Thm let H 9
Then

positivedefinite detH ac 5 0 aso

H is negativedefinite deth ac 5 0 aco

I indefinite deth ac 5 0

Pf If ato Tx 9719 Y ax tzbxy cy

a x2 2 xy cy a x y acg y

1 detH ac b so

EX 9 9 I has thesame sign as a

The 1ˢᵗ two statements are proved

2 detH ac 5 0

2 terms have different sign

9 is indefinite

If 9 0 detH ac b b 0

TX 9319 2bxy cy

If 6 0 then Xy y cy not positive
not negative

de t o nor indefinite



If bto then 2bxy cy
µ

dett 0 aby x y

9 1 85 y x Ey
using4uv htvj cu.usalso indefinite

still in the case of detH 5 0 indefinite

eglqix.gl 2xy x
9319 f y Eixtys 11 95

detH 1 CO indefinite
9 0

eg2 fixg 17 212 4 892
931 8 Y

det 16 1 17.8 65 100 0
positive

9 17 0 definite

qxy 17 x y 19992



Then for 2 variables the 2ndderivativetest is

Thm Second DerivativeTest fa 2 variables

let f D IR beC RER open

ab ER suchthat If a b 0
Then

111 fxxtyy Fx 0 fxxso at ab ab is a local min

121 fxxtyy fxysoafx.co at ab ab is a local max

131 fxxtyy fxj 0 at ab ab is a saddlepoint

4 fxxfyy fxy o at a b inconclusive

Remark fxxfgy fxy detHF for 2 variables

eg I f x y x3 y

Fxx GX fxy 0 fgy 2

Hf 9 dethf 2x

f 0 3
2

ay 10,0 x y 10,0

detHf 0,0 0

flt 0 0 fft 0 O for all to small

10,0 is a saddle point



2 g x y
4 94 q x y 4 y4

Clearly 10,0 is a critical point of both g h

Hg
12

2 0
Hq f

12
2 0

0 125 O 1292

detHg 0,0 detHh 0,0

However 0,0 is a minimum pt of 9
o O is a maximum pt of h

1 2 criticalpoint a b canbe local max

local min a saddle in the case

when detHfrab 0

eft fixy 3
2

loxy 342 2 29 3

Find and classify critical points of f
Soln f polynomial always C

Jf 6 104 2 10 69 2

Hf 6 10
a constantmatrix

10 6



6 104 2 0
Critical pts 0 75

10 64 2 0

chest x y 1

detHF fxxfgy fxy 6 6 C105 64 0

is a saddle point by2ⁿᵈderivativetest

No need to check fxx 6 0

eg2 f xy 3x x 3xy
Find and classify critical points of f
Solu f polynomial always

Jf 3 3 2
392 6xy

Hf f
6X by
69 6 1

Critical pts 0 55 3 3
2
32 0

6 y 0

K x y 0,1 0 1

1 0 or 1,0
4 critical points



Critical Hf Eff fxx classification

0,1 1 8 36 0 No need saddle

0 1 881 36 0 No need saddle

1,01 8 1 36 0 6 0 localmax

1 1,0 881 3670 6 0 local min

93 Inconclusive from 2ⁿᵈ derivative test

fix y x ty4 gex yj x2y4 hexys x2y4
at0,0 localmin saddle local max

Soh
Ff Tax 4431 Tg 2x 4931 Th 2X 453

Hf 8 Eye Hg 8 Eyal Ha o 12gal

detHf 0,0 detHg0,0 detHh 0,0 0

i 2ⁿᵈ derivative test is inconclusive


