
 

Gradient and Directional Derivative

Def let f A IR REIR open
I aer

Then the gradientvector of f at a is defined to be

Jfca Excas Enlai

Remark Using 7J linearization of f at a can be
written as

x ̅ fia a Xi ai

fca Jf a x ̅ a

eg f x y x tzxy
2 24 2x

Jf x.gl 2 24 2x

eg Jf 1 2 6,21



Def let
g
f R IR REIR open

TER
I I ER be a unit vector i.e Itu IF 1

Then the directional derivative of f in thedirection
of w̅ at at is defined to be

Daf a Is flat to fca
t

rateofchangeof f in the directionofw̅ at thepoint a

Remark If I Co
n'impotent

5 5 n

De f a If a

Thm Suppose f is differentiable at a
Let it be a unit vector in IR then

Dafia If a I



eg let fixg suit I
Find the rate ofchange of f at 1 E in the
direction of w̅ 1 1 notnecessary unit

Remark I 0 EIR notnecessary unit then

the direction of w̅ is F a unitrecta

Solu let a
p ftp s t v1

Efm
g
Y vie.it

y 3y aii'lY vi tg.Eyl vigsitf
Note f Ty are continuous near 1,12 fisc hear i f

f is differentiable at 1 E

m

Def 1 E Tf 1,12 ñ
2 11 E be

check



Pf Differentiable Defla If a i

Let LIX be the linearization of flx ̅ at a

then f x ̅ x ̅ x ̅

f a If a x ̅ a E x ̅

with so as x ̅ a

Putting x ̅ attñ we have

flattu fca Jf a ti atti

flattai fia Jf a ñ Elattu
t

Since Elattu Elatta because Hill t
Ilatta all

so as to a tñ a

by differentiability

Daf a fig flattu ta exists
t

and If a I



Geometric Meanings of Gradient If

At a point a f increases decreases most rapidly

in the direction of Tf a If a at a rate

of 115faill

Idea If f is differentiable at a then

Daf a If a a for Half 1

Cauchy Schwarz

Daffa 115 all Hill

115719311

ie 1151011 Datta 115 fall

holds holds

Jfa a Ffa
Affray 115flash

Remark Dof1a canbedefinedforanyvectorw̅ notnecessary11511 1
and could be0 by the same definition

Dof a fit flattr fia
t



Onecan show that

Defla
Diff a if 0 0 if exists

0 if w̅0

and that

Dif a Ffa w̅ if f isdifferentiableata
nottrueingeneral if f isnotdifferentiable

eg fix g F at 10,01

Propertiesof Gradient

If f g P IR R R open are differentiable

C is a constant

then

11 J f g If Jg
2 Tcf CF
3 Tag gJf fÑg
4 8 f

98 89 provided go
92

Pf Easily from properties of partial derivatives



TotalDifferential of real valuedfunction
f R IR REIR open differentiable at GER

Then linearization at a

f x fia ca xi ail E x ̅

Usuallydenote of fix flat
DX Xi Ai

Then of itas oxi providedtee 1 0

Classically this approximation is presented as

ds asdx
thinking 8 i

Def let
p
f R IR RER open

aer
Supposethat f is differentiable on R Then the

total differential of f at a is defined to be
the formal expression

df I E.ca dx

Remark In thefuture df and dxi canbe interpreted
as a linear maps from IR to IR



eg Let Vcr G Trh r

volumeoftheCylinder
h

V is differentiable
because V is C

dv dr dk

27th dr Tr dh

Forapplication Supposewewant to approximate the change

of V when r h changes r h 3,12 to 3 0.08 12 0,3

Then let dr or 0.08

dh oh 0.3

we have
Δv du ztrh dr Trdh

27 3 12 0,08 7.3 0.3

3.06 T

9.61



Properties of Total Differential

If f g R IR REIR open are differentiable and

I CER is a constant

Then

11 d f g If dg
2 d cf Cdf
3 defg gdf fdg
4 d f

995 5dg provided go
92

Pf Easily from properties of partial derivatives



Summary on differentiation of a real valuedfunction as IR
f IR IR

A Typesof differentiations derivatives
Directional Derivative

Dafia Is
flat fail hill 1

Partial derivatives

3kcal Defla et 10 tilmponent

Gradient

Jf a Eia Enlas

Total Differential

dfcal I a dx

Higher Derivatives

is

provided f is Ck k kit kn
all partial derivativesup to aderkexist cts



B Linear approximation

x ̅ fca Jf a x ̅ a

f x ̅ x ̅ E
error term

f is differentiable at a

tea 0

In this case If of byidentifying dx oxi

C Relations among various concepts

CP kt ck C co Noreverse implication

f is C on an opensetcontaininga

f is differentiable at I
K

Dafia exists 1 f iscontinuous
TER HIFI at a

2 a exists i b n



Counterexamples

egl f IR IR in MATH2050

fix Paint if to

if O

f is differentiable on IR but check

fix is not continuous at 0

For to fix 2xsink ces limitDNEas 0

Similarly gix x
ʰ
fix is k time differentiable but

94 1 is not continuous at x 0 Pf Omitted

Hence k time differentiable Ch

Formulti variable h x ̅ h x Xn 91 1

92 fixg 44 if 4440

if xY 0

Daf10,0 exists unit vector i cost sino ER

but f is not continuous at 10,0 check

egs f x9 Ixtyl is continuous on IR but

fx 0,0 fy0,0 DNE check



eg4 fix y Tyl
fx0,0 fg0,01 exist infact 0
but Deflo 0 DNE fa ñ é IE



Review Matrix Multiplication

all_ Ain
Let A im amn

be an mxn matrix

É where Ai Ai Ain EIR

b be a nxt matrix regarded
as a columnvector in IR

then matrixmultiplication

all_ Ain
Ab lamnanlliitl.EE

Aubit Ainbn
Mxl matrix

ambit amaby

result

column m recta

Similarly for multiplication of int nxk matrices

a
He a 5 BnER

retail comms
vectors

abi T.br

result 1 k matrix row k vector



In general mxn times nxk

A B f
9

ai lti.si i i
9

at.si

amob amisi

Abi Ak Aff tk

f f 1BGB

9
To it check

A B

ATE A A F
2 B 21 24 27

3,4J B 47 54 613



Differentiability of VectorValued Functions

F r Rm RCIR open

fix
Fetlimed

Suppose 3 a exists foreach i y m 5 1

n.fix fila 8f ia x ̅ a E x ̅ i

1 11 txt lixnt.tn it 11 1 matrix

to stuma

Put all i we have

f x ̅
kdtii.tl iy tpyEE

oftsEf.liIFs.Eix


