
 

Higher Order Partial Derivatius

2 2 f x y x y 8 xy 1storderderivatives

8 81 97 3 351 91
2ndorder derivatives

x y 5 1 41
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Ofcourse similarly fa 3ʳᵈ order derivatives eg
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eg of higherorder derivatives orders3

Previous eg f xy sing y e

fxy cosy 4y e fyx

3ʳᵈorder fxyx fxy cosy aye fye
fyx x fyxx

fxyy fxy y ay aye y tiny 4e

fyx y fyxy

Question Is it always true that fxy fyx
Answer No

Counterexample

XY Xy

fix y
492 if x y 0,0

0 if x y 10,01

By definition

fxy0,0 fx y10,0 µg
10,9 5 10,0

h

Weneed to calculate f o h takto 510,0

For 10,9 4 0
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5 10 a h

For 10,0 7 10,0 kg 1k 0 5190
Gp 020 o

k

Hence fxy0,0 15 5 10,9
5 10,0

ply ha fh

Similarly FyG o h check

Fy 0,0 0 check

fyx 10,0 y
5th 0 fy10,07 fi 98 1

h

Aneasyway to see this is fixy fly x

Hence fxy0,0 fyx0,0

Question When do we have fxy fyx

Thm Clairants Than Mixed DerivativesThm

Let f R IR RCIR open

If fxy fyx exist and are continuous on r then

fxy fyx on R



Actually one can prove a stronger version

Thm let y f
r IR or can open

IE r

If fxy fyx exist in an openball containing a and
I fxy fyx are continuous at a

then fxy a fyxla

Say fix existinthe batty

cts at a

Spyki fayla openball

Recall MeanValueTheorem for 1 varaible Function

Let f a b IR continuous on ta b

differentiable on Cab

Then I c eca b such that

f b flat flat
b a

slope thth

f slopefibsfatal
fla o

la
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Pfof ClairantsThm

Wemayassume a 0,0 ER so kl cask

and we need to show
10 14,01

fxy0,0 fyx0,0

Let h kS0 and TOh To k CBCR
theopenball sit fxy fyx
exist cts at10,0

Define α f h k f to 10 k 10,0

and g x f x k f x o o x h

10kt 11ktChkl
Then α g h 9101

10 Yo 4,01
g x fx x k 5 1 0

Mean ValueThm 1h o h sit

9th 9 0 gch f hi k 5 191,0
h

α h fx hi k 5 191,0

MeanValueThm k 10 k sit
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α hk fxy hi k

Similarly Cha ka E o h x 0 k S.t

α hkfyxfhz.kz
Ex

fxy h k fyx ha ka

Letting h k to hi k Ot ha ha to

By continuity of fxy fyx at a 10,0 we have

fxy 0,0 fyx0,0

Def let f R IR REIR open
Then f is called a ckfunction if

all partial derivatives of f up to
order k exist and are continuous on R

f is called a C function if
f is Ck for all k 0

egs I If f is continuan o ader partialderivative

then f is
2 If f is C then f fx fy fxx fxy fyx fgy exist

are all continuous byClairants



131 Polynomials Rationalfunctions exponential

logarithm trigonometric functions are C function

on their domainsofdefinition hence their

sum difference product quotient compositions

are C function on their domainsofdefinition

expliciteg e
Y sin Y is C on domainofdefinition IR xaxis

excepty 0

GeneralizationofClairaut'sThm

If f is ck on an openset or EIR then theorder

of taking differentiation does not matter for all

partial derivatives up to orderk

eg If f xy Z is C then

fxz fax fxyz txzy faxy faux
etc fyzx fyxz

txxy fxyx fyxx and etc



Differentiability

Recall I variable f is differentiable at a

if f a tax 511
9 exists

which is equivalent to

Linear Approximation of f at the point a

best linear function deg pols

to approximate f x near a

EYE y fix

x fla flat x a

what does it mean by the best

Answer tea o

where f x Lex is usually referred as the ki
flat

error term EX f x Lex Aya 11 0



Higher dimensions analog

linearfunction deg 1 poly

xy f a b f a b x a fg ab y b
and want

f x y xy fcab fylab x a fy19b g b

77
50,9 graphoff asmface

flab

Error I axis graphof h a plane

L ÉbIIg flab fxiab 1 91 fylab ly b

Def Let f R IR RERYopen
to a can gamer

Then f is said to be differentiable at a

if i 2 a exists for all i 1 sn
2 Inthe linearapproximation for fix at a

f x ̅ f a t.IT caxxi ai x ̅

TEuearapprox.ierrorterm

the error term x ̅ satisfies

k o



A differentiable function is one which can bewell approximated

by a linear function locally

Remark LIX f a E casex ai

7 Ii
slopeoffin
Xi directionat a

LIX is a degst polynomial

Lia fia

3 a 3 101 Easy Ex

I Thegraphof y x ̅ is a n plane tangent

to the graph of y fix which is a surface

at the point x ̅ a

eg 1 f xy x'y
i show that f is differentiable at 1,2
21 Approximate f 1.1 1.9 using linearization a z

3 Find tangentplane of z fixy at 11,225

Solu 1 2 axy 25 x

3 11 2 4 1 2 1



The linearization at 1,2 is

x y f 1,2 11,2 x 1 2
11,2 y 2

2 41 1 y 2 or 4 4 4

with error term

x y f x y Lexy

Xy 2 4 1 y 2

him Exy
9 h x.gl i z ftp.z

9 2 41 1 y 2 1
1 132 19 232

Tags o
thiath 2 44 1

letting Eyq tk

19 5,0
hk 2hk 2h21
VE

let 119

the t r cososino 26stsep 2 as0 0 by SqueezeThm

f is differentiable at 1,2

b 1,1 19 1,2

f 11 19 1.1 1.9

2 4 1.1 1 1,9 2

2 0.4 0.1 2.3



c The equationof the tangent plane of z f xg
at the point x g 1,2 is

2 XY 2 41 11 9 2

ie 7 4 4 4 or 4 9 7 4

egz Is fixy Vixyl differentiable at 10,0

Solu 2110,0 aug 5th
0 510,0

Gg 0 0

3510,0 the 5 04 510,0 fi 0

Linearization Ixy 10,0
2
10,0 x 07 2 10,0 y o

0 0 x 6 o.ly 0

0

Errorterm E Xgl fix y x y fix y xyl

lin EIXY
XY 710,0 xy 10,0111 1

14510,0 1k1gr 1 cestaino

Different directions ie different give different limits

Xy410,0
Hexy 10,0111

DNE

to be cont'd


