2.4 Frenet frame

Definition 2.4.1 (Binormal). Let r(t) be a space curve with curvature k(t) >
0 for any t. We define the unit binormal to the curve by

B(t) = T(t) x N(#).
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Definition 2.4.2 (Torsion). Let r(t) be a space curve with curvature x(t) > 0
for any t. The torsion of the curve at r(t) is defined by

dN
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where s 1s a arc length parameter, which means T: = |['(t)||. Equivalently,
dt
we have N(1)
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Theorem 2.4.4 (Frenet formula). Let r(s) be a reqular space curve parametrized
by arc length with curvature x(s) > 0 for any s. Then

T'(s) = kN O & el
N'(s) —kT +B ¢
B'(s) = —7N 6

We may write the formula in matriz form
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Proposition 2.4.3. Let r(t) be a space curve with curvature k(t) > 0 for T'(s) = xIN
any t. Then N'(s) = —xT +7B
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Definition 2.4.5 (Plane curve). We say that a space curve r is a plane /—\Vlg\[oo\ n R
curve if there exists a unit vector n such that J
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Proposition 2.4.6. Let r(t) be a reqular parametrized space curve with cur-
vature k(t) > 0 for any t. Then r is a plane curve if and only if its torsion
7(t) = 0 for any t.
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Theorem 2.4.7 (Fundamental theorem of space curves). Let k(s),7(s) > 0
be two positive functions. Then there exists unique, up to rigid transforma-
‘ AN ——

tion, space curve r(s) parametrized by arc length with curvature k(s) and
torsion 7(s).
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3 Surfaces
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3 Surfaces

3.1 Regular parametrized surfaces

Definition 3.1.1 (Regular parametrized surface). A regular parametrized
surface is a differentiable function x : D — R?, where D C R? is an open

connected subset, such that x, x x, # 0, for any (u,v) € D C R?. The image
S =x(D) C R® is called a regular surface.
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Definition 3.1.2 (Tangent space). Let S be a reqular surface with parametriza-
tion x(u,v). The tangent space of S at p = x(u,v) is

T,S = {ax, + %, : o, f € R} C R®.

Figure 10: Tangent space
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1. Sphere: Let r > 0 be a positive real number. The function
xX(¢,0) = (rsingcosf, rsingsinf,rcos¢), for (¢,0) € (0,7) x (0,27)

defines a sphere of radius r centered at the origin.
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2. Torus: Let R > r > 0 be positive real numbers. The function

R>T> 0

x(¢,0) = ((R+rsing) cosf, (R+rsing)sinf, rcos o), for ¢,0 € (0,2m)

defines a reqular surface which is called torus.
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3. Helicoid: Let a > 0 be positive real numbers. The function
X(u,#) = (ucos,usinb, af), foru,d € R

defines a reqular surface which is called helicoid.




