2.2 Arc length
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Defmition 2.2.1 (Arc length). Letr : (a,b) — R™ be a reqular parametrized
curve. Then the arc length of rfsdefimed by

b
[ = / Ix(t) | dt.
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Example 2.2.2 (Arc length of line segments). Let

r(t) = ((1 —t)xg +try, (1 —t)yo+ty), 0 <t <1,
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Example 2.2.3 (Arc length of circles). Let r(f) = (rcosf,rsinf), 0 < 0 <

27, be the circle with radius r > 0 centered at the origin. Now
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Proposition 2.2.4 (Arc length of graphs of functions).

1. (Rectangular coordinates): The arc length of the curve given by the
graph of function y = f(x), a < x < b, in rectangular coordinates is

b
[ = / Vv 1+ f2dx.

2. (Polar coordinates): The arc length of the curve given by the graph of
function r =r(0), a < 6 < 3, in polar coordinates is

— N
l = / r2 4+ r2d6.
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Definition 2.2.5 (Arc length parametrization). We say that r(s) is an arc
length parametrized curve, or r(s) is parametrized by arc length, if
I'(s)|| = 1 for any s.
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Proposition 2.2.6. Let r(s), be an arc length parametrized curve. Then for
a < b, the arc length of r(s) from s =a to s =b is b — a.
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Theorem 2.2.7 (Existence and uniqueness of arc length parametrization).
Let v(t) be a reqular parametrized curve. Then there exists increasing differ-
entiable function s = s(t) such that when r(s) is considered as a function of
s, it is an arc length parametrized curve. Moreover if si(t) and sy(t) are two
such functions, then ss — s1 is a constant.
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Theorem 2.2.7 (Existence and uniqueness of arc length parametrization).
Let v(t) be a reqular parametrized curve. Then there exists increasing differ-
entiable function s = s(t) such that when r(s) is considered as a function of
s, it is an arc length parametrized curve. Moreover if si(t) and so(t) are two
such functions, then sy — s1 is a constant.

Proof. Let
t
s(t):/ It (w)||du.

By fundamental theorem of calculus, we have s'(t) = ||r/(¢)||. Then when
r(s) is considered as a function of s and by chain rule, we obtain

dr dsdr ||r'(f)||dr
dt — dtds ds”
dr

Thus — is an unit vector which means r(s) is an arc length parametrization.
s
Suppose s1(t), s3(t) are two increasing differentiable functions such that
1 1 92
r(s;) and r(sy) are arc length parametrizations. Then

dsy dr dr  dsy dr

dt dsy  dt dt ds,

which implies
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Since both s1(t), so(t) are increasing functions, we have T and it

follows that s, — s; is a constant. ]




To find the arc length parametrization of r(t¢), we do the following three
steps.

1. Find the arc length s(¢) as a function of ¢ by % We con Trke a
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2. Express t = t(s) in terms of s. In other words, make ¢ the subject in

s = s(t).

3. Substitute ¢(s) into ¢ in r(¢) to get the arc length parametrization r(s).

Example 2.2.8 (Arc length parametrization of helix). Let a,b > 0 be con-
stants. Find an arc length parametrization of the helizr(0) = (acosf, asinf, b).

JI

S¥)

T/

39 }(«oswff (2o b ot
(o fo7te du = [oee o (8 Z{iyﬁ

2, @ = j&)'—flol

590 I du M

S S b S

<
: —
3. Y ()= kO\WﬁJ m},( Torfi

S= AT a5
Zi

7
=Q



Example 2.2.9 (Arc length parametrization of catenary). Find an arc length

parametrization of the catenary r(t) = (t,cosht). o £t
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Example 2.2.10 (Tractrix). The tractrix is a curve parametrized by

r(t) = (secht,t —tanht), ¢ > 0.
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Figure 6: Tractrix



Note: The tractriz may also be parametrized by

(siu #,In (cot g) — COS 9) ,0< b <

Suppose L is the tangent to the tractriz at v(6) and P is the point of inter-
section of L and the y-axis. Then the angle between L and the y-axis is 0

v
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and the distance between r(0) and P is always 1. r(t) = (secht,t — tanht), ¢t > 0.
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Theorem 2.2.11. Let r(t) be a reqular parametrized curve with r(a) = rg
and r(b) = ry. Then the arc length | of the curve from t = a to t = b satisfies

[ > ||ry —ro

with equality holds if and only if v(t) is a line segment joining ry and rq
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