
Discrete Fourier Transform:
Definition:

Remark:

Lecture 7:
Recalli

-

-

The 2DDFT of a MXN image g = (g(k ,
1)be ,

where okM1,

0 =1 = N-1 is defined as :

gcm ,
u) = gCk , e) 2

- j2π(tmoe

(wherej =# ,
ed = cos0 + jsinD)

The inverse of DFT is given by :

j2π(km+
g(p . 9)

=M*t <mse exX↳

(no in !) (no-ve sign)



Why is DFT useful in imaging:
IDFTof convolution :

Recall : q * W (n , m)

= # g(n-n' , m - m') W(n'
,
m')

(9 ,
me MNxM(IR)

Then
,
DFT (gAw) (p , q) = MNDFT(g) (p , 8) . DFT (w) (p , 8)

for all O < PPN- 0
< q < M - 1

In matrix form, we can write DFT(gAW) = DFT(g) ODFT(W)

*
entrywise multiplication

i
. DFT of convolution can be reduced to simple multiplication !



Note :

(Spatial domain) I * g (Linear filtering :

Linear combination of
neighborhood pixel

↓ DFT values (

Modifying the
(Frequency domain MNE ( Fourier coefficients

pixel-wise by multiplication)
multiplication



2. Average value of image

Average value of g = 5 = A*"glt ,) g(t , e) So
e

g(0 , 0)
3. DFT of a rotated image

Consider a NXN image g.

Then : Jim ,
n= gieres esnilai

- eWrite & and I in polar coordinates :

k = ucosO ; 1 = usinO

Similarly
,

write mewcosp ; n = W sinb.

Note that : km + In = Uw (CosOcosP + sinOsink) = rwcos (0-0).

Denote ((g) = [(U ,
0) : (rcosO ,

rsint) is a pixel of g)
(Polar coordinate set of9)



Fi)
If24ERcOsO , then Cr

,
o EGe.

Then : 9(m ,
u) = (w , D) = ,

6) e
j2π (cosoe

-

Identify (m ,
n) with

Identify
(w ,

P) g(k , 1) with g(r ,
O

Consider a rotated image (r
, 01 = g(U ,

0 + 00) where is defined

between -00 to TY2-00.

: image g is rotated clockwisely by 00
.

DFT of is :

(w ,
4)
= [g(r , 01 esci 10-01) = To gr ,

) e-j2 cosco - ol in
L

gcr,

T

i
. (W , 4) = g(W , P + 00). (4 is also defined between - 00 to 2-00)



DET

DFT



DFT DFT



Example:
-

Let g = (8040) .

Then : = iti
Note that g

in the coordinate system:

-O > l by 900
O OI Rotated

·· Yo - -
O 10 o o O

Qo I O clockwisely I I 17

O O O O

k W

X

I k
- 3 = l= 0Note that indices of g are taken as :

Lock = 3. g



Now. DFT of = (given by :2 55(k , 1) e
-j2π n e

O

I ( i .

01k = 3iii) iO - 3 = l = 0

O O 0 -
l >

- 2 - I O

4
.

DFT of a shifted image

Let g = (9(k' , l') be a NXN image ,
where the indices are taken as :

- Ro = k' < N-1-Ro and - lo ' N-1-lo

Let be shifted image ofg defined as :

(k , 1) = g(k-ko
,
1-10) Where o K < N-

0 = l = N- 1

Then

Image-ho,element -juin e

(m ,
n)



: (m ,
n) = (m ,

n) 3 -j2π)

Remark: (m-mo ,
n -10) = DFT)9 x ej2π)mthol) with carefully chosen indices.



Note :

(Spatial domain) I * g (Linear filtering :

Linear combination of
neighborhood pixel

↓ DFT values (

Modifying the
(Frequency domain MNE ( Fourier coefficients

pixel-wise by multiplication)
multiplication



Image enhancement in the frequency domain:
Goal: 1

.

Remove thefrequency components (low-pass filter) for image denoising.
noise

2. Remove low-frequency components (high-pass filter) for the extraction
--

of image details.
non-edge

Let # be the DFT of an NXN image
F

.

(indices take

from O to N-1

Then : for all 0 < M ,
n < N,

jzπ(km + (n)

Flm ,
n) = #

jπ(km + In

i
. F(k

, 1) is associated to the complex function g(m , n)=

Goal : Remove "jumpy" components by setting Suitable ECk
,
1) to zero.



im = aN +M

M
To remove noise

,
truncate c (let c = 0)



Observation:
whenh and I are close to 0

,

Eck
,
ll is associated to gimin) = echmelal

= ejacommon
i .
Fourier coefficients at the bottom left are associated to

2 1 (constant)

low frequency components ! (Not "jumpy")
2

. When k and I are close to N ,
Eltel) is associated to

gcm ,
n) = ej(km + In)

: ej(NM + NN)
=

j2π(mtn)
= 1 (Not "jumpy")

i .
Fourier coefficients at the bottom right are associated to low frequency components

2. Similarly ,
we can check that Fourier coefficients at the 4 corners

are associated to low frequency components.

3. Fourier coefficients in the middle are associated to high-frequencyI
components=

ECK
,
1) is associated to :

Nz Remove coefficients at 4 cornersWheneGodareclosie
i
. High-pass filtering

g(m , n) = 2
E(mth) M+ H Low-pass filtering

= et = (- 1) Remove
"

Coefficients at the center



Centralisation:
Assumeperiodic conditions on F

.

We can let Flu , v) = F(n-1
, -) Where 04 < N-

OIVEN - 1

Then
,
High-frequency components are located at 4 corners of Flu,

Low-frequency components are located at center of Flu , V)

Let F be an image whose indices are taken between -E2 to

Then
,
DFT(F) is a matrix whose indices are also take

between -E to E
.

In this care,
Fourier coefficients located at 4 corners of PFTCF)

are associated to high-frequency components (jumpy)

Fourier coefficients located in the middle of DFTCF) are associated

to low-frequency components (less jumpy



↳ocedures forimageprocessingbymodifyingFortier Coefficie
a

Compute DFT of I (Denote

Then : Obtain a new DFT matrix
,
Enew

, by :

knew = HO (Here HO(u,
v) = H(n,

v)E(n,)
A

pixel-wise
H is a suitable filter. multiplication

Finally, obtain an improved image by inverse DFT :

Inew-IT) Ever
inverse DFT



Note : Let h = TCH)

inverse DFT

HO EnvereDFTs f t * E

↑
normalizing
constant



Example of Low-pass filters for image denoising
-

Assume that we work on the centered spectrum !

That is
,

consider E(n
, v) where -* M <M2- ,

-*** = M2 -1.

1 Ideal low pass filter (ILPF)
:

Hcm
,
v = 3 7i <Cuv) :=ac

+

In 1-dim cross-section
,
iDFTCH(2,1) looks like :

hx I(X , y)

=+ 2 h(X- 4
, y

- v) I(u ,
v

Ne
4 , V

↑
every pixel values of

I has an effect on

hx I(X, y) !!



Good : Simple
Bad : Produce ringing effect !


